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PREFACE 


The principal aim of this book is to initiate the student in the 
basic ideas and methods of Higher Geometry and to furnish him 
with an adequate background for further geometrical studies. 
It aspires, not to cover a large range of topics, but to develop a 
few fields thoroughly, with special emphasis on fundamentals 
which are common to all geometry. 

Of the groups of geometrical transformations, the most im¬ 
portant are the projective group and the group of circular trans¬ 
formations, and it is the geometries associated with these groups 
which are selected for intensive study. 

Since the book is intended as an introduction to the subject, it 
is based on the student’s previous training. Though the lack of a 
logical foundation makes the achievement of absolute rigor a 
difficult, if not an impossible, task, it may not be used as an ex¬ 
cuse for treating rigor too lightly. If the student is to come to an 
appreciation of the need of rigor in geometry, as well as in other 
mathematical fields, he must be trained in accurate geometric 
thought. Accordingly, considerable emphasis is laid on this 
point. In particular, the phrase “in general” is used only 
sparingly. This phrase, when properly defined, is on occasion 
advantageous. But frequently the cases excluded by it are as 
interesting as the general case itself. And, what is of greater 
moment, placing it at the disposal of the student at an early 
stage subjects him to the temptation to use it as a cover for 
slackness. 

A well balanced book on geometry should employ both syn¬ 
thetic and analytic methods. Of the two, the analytic methods 
are the more indispensable; without them, in particular, without 
the simple introduction of imaginary elements which they 
afford, the handicap is severe. Moreover, synthetic methods are 
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born with the race, whereas analytic methods must be developed. 
Accordingly, the reader will find the early chapters largely ana¬ 
lytic in character. If, however, he recognizes that any result 
which has been arrived at by synthesis of known facts has been 
obtained synthetically, regardless of the origin of the facts in 
question, he will find an abundance of synthetic reasoning 
throughout the book. 

The very aims of the book dictated the systematic method of 
exposition rather than the problem method. Certainly, the prob¬ 
lem method, especially in a field which is so rich in striking 
results, would have been the more dramatic and inspiring. But 
there is the danger, in using it, of leaving with the student the 
impression of many striking pictures, entirely uncoordinated and 
apparently without design. On the other hand, experience has 
shown that a single purposeful picture which is an organic unit is 
more satisfying, and will, if it contains enough color, be sufficiently 
inspiring to stimulate interest. 

The book is built around the Erlanger Programm, which is 
introduced, in geometric form, at the very beginning and gradu¬ 
ally developed. Klein’s fundamental idea is easy for the student 
to grasp and helps greatly in keeping him oriented during the 
early stages of the geometric development, when he is most 
subject to bewilderment. 

Another concept that has been brought in at the beginning is 
that of the rank of a matrix. This, too, causes the student no 
difficulty, and the advantages it brings with it are too obvious to 
mention in detail. 

The first eight chapters are largely introductory. It may seem 
that this is a good deal of space to give to introductory mate¬ 
rial. But the number of new concepts which are necessary is 
so large and the concepts in themselves so novel, that it is 
time well spent in fixing them clearly in the student’s mind. 
Elements at infinity, homogeneous coordinates, line coordinates, 
cross ratio, transformations, and complex elements form a 
formidable set of new ideas. In fact, these new ideas and the 
order in which they should be introduced constitute the most 
difficult problem of the teacher. It is perhaps of some significance 
that the order which experience finally dictated to be best turned 
out to be the order in which the ideas were historically developed. 
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There is no question that the student finds more difficulty in 
making his peace with the complex domain than with any of the 
other new concepts. Accordingly, imaginary elements are not 
brought in until the last of the introductory chapters. This is 
unfortunate in that it limits the previous chapters to linear 
problems, but it is hoped that enough interesting material has 
been found for these chapters so that they will bore neither stu¬ 
dent nor teacher. 

Chapters IX to XVII cover the projective geometry of the 
plane and its most important subsidiary geometries, affine geom¬ 
etry and metric or Euclidean geometry. The major emphasis is, 
of course, placed on the theory of conics. 

Chapter XVIII, on the circle, presupposes only the intro¬ 
ductory chapters. It falls into two parts. In the first, the circle 
is treated in the extended Cartesian plane, with due recognition 
and use of the line at infinity. This domain seems to be the most 
suitable for the development of the elementary geometry of th£ 
circle, besides being useful in a natural approach to the geometry 
of inversion. The second part of the chapter deals with the latter 
geometry, both in the real and the complex inversive plane. 
Unfortunately, lack of space prevented the inclusion of an inter¬ 
mediate part, on the circles related to a triangle. 

The last chapter, on the geometry of space, deals primarily with 
projective geometry and its subsidiaries. The important connec¬ 
tion between the projective geometry on a quadric and inversive 
geometry is given proper attention, and a few pages are devoted 
to the line geometry of space. 

A word to the student. He should keep a pencil in hand in 
reading the book, first, to draw figures and then more figures, and 
secondly, to check up, or supply, the details of the analytic work. 
He should note that PiP 2 means the directed line-segment from 
the point Pi to the point P 2 , whereas P\Pi denotes the distance 
between P\ and P 2 ; and that Analytic Geometry refers to Osgood 
and Graustein: Plane and Solid Analytic Geometry. 

I wish to express my appreciation to Miss Esther Comegys for 
drawing most of the figures, to Professor J. L. Walsh for helpful 
suggestions concerning the manuscript, and to the publishers for 
the interest and pains which they have taken in the making of the 
book. 
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PREFACE 


A final word, without which this preface would be woefully in¬ 
complete. For what the book contains I am responsible. But 
whatever success it may achieve is due to the course at Harvard 
University known as Mathematics 3, or better, to those of my 
past and present colleagues who inaugurated and developed it. 

William C. Graustein 


Cambridge, Massachusetts, 
September, 1930.' 
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INTRODUCTION TO HIGHER GEOMETRY 


CHAPTER I 

LINEAR EQUATIONS AND LINEAR DEPENDENCE 

1 . Introduction. Matrices. In the analytic treatment of geometry 
there are certain algebraic tools which are indispensable. The most 
important among them are determinants, the theory of linear equa¬ 
tions, and the closely related theory of linear dependence. 

It is assumed that the reader has a working knowledge of deter¬ 
minants, and that he is familiar with the application of them to the 
solution of n linear equations in n unknowns which goes by the name 
of Cramer’s rule and reads, when n = 3, as follows.* 

The three linear equations in three unknowns, 

a\X + 61 y + ciz = k u 
(1) o 2 x + b 2 y + dz - k 2 , 

a 3 x + b 3 y + cjz = k 3 , 

when the determinant of the coefficients of the unknowns is not zero: 

| a b c[ 7 * 0, 

have one and only one simultaneous solution, namely, 



where |fc 6 c|, for example, is the determinant obtained from |o 6 c| 
by replacing each a by the corresponding k. 

To help us in pursuing further the study of linear equations, we 
need a new concept, that of a matrix. In the system of equations (I), 
the number of equations is equal to the number of unknowns, and 
hence the coefficients of the unknowns form a square array. This is, 
however, a special case. In general, the number of equations is 
different from the number of unknowns and the array of coefficients 
is rectangular. 

* A knowledge of §§ 1-6, 8 of Ch. XVI, Analytic Geometry, is all that is pre¬ 
supposed. 
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Rectangular arrays of this type, of which the square arrays are 
special cases, are called matrices. Thus 


( 2 ) 


j| Ui a 2 a 3 
l) b 1 bt ba 


is a matrix of two rows and three columns, and 


Hi 


a 3 

a 4 

bi 

ba 

b 3 

b 4 

Cl 

Ci 

Ca 

c 4 

di 

da 

da 

d 4 


is a square matrix with four rows and four columns. 

A matrix, even when square, is not a determinant. The matrix (3) 
is the set of sixteen quantities arranged as shown, whereas the cor¬ 
responding determinant is a single quantity, a polynomial formed 
from the sixteen quantities according to a certain law. 

On the other hand, numerous determinants can be formed from a 
matrix by suppression of rows and columns. From the matrix (2) 
we have the three two-rowed determinants 


a 2 

a 3 


|uj 

<13 


(l\ &2 

b 2 

ba\ 

1 

|*i 

&3 

t 

62 


obtained by suppressing each of the columns in turn; and six one- 
rowed determinants, namely the elements themselves. Again, from 
the matrix (3) there can be formed determinants of the fourth, third, 
second, and first orders. 

Definition. If, of the determinants which can be formed from a 
given matrix, not all those of order r are zero, whereas all those of order 
greater than r are zero, the matrix is said to be of rank r. 

For example, if, of the determinants that can be formed from a 
matrix of eight rows and six columns, all those of orders six, five, and 
four are zero, but at least one of order three is not zero, the rank of the 
matrix is three. 

If the elements of a matrix are all zero, the definition cannot be 
applied. It is reasonable to agree that in this case the rank be zero. 

The ranks of the matrices, 


2 

1 3 


4 

2 

6 


0 

0 

0 

4 

5 2 

> 

G 

3 

9 

> 

0 

0 

0 


are, respectively, 2, 1 and 0. 
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EXERCISES 


Find the ranks of the following matrices. 


4 

- 6 


2 6 
3 - 9 


2 . 

1 0 1 

2 1 3 

3 . 


1 2 3 



1 2 
4 3 
- 2 1 



3 

1 

5 


4. Show that the rank of the matrix obtained by interchanging the rows and 
columns in a given matrix is the same as that of the given matrix. 


2 . Homogeneous Linear Equations. A polynomial in x 2f x 2 , x 3 , all 
of whose terms are of the same degree in x 2 , x 2 , x 3 , is said to be homo¬ 
geneous. Thus 

2 x\ — 5 x 2 + 3 xi, 3 xix 2 — 5 x\ + 4 xii 3 

are homogeneous polynomials in x it x 2 , x a of the first and second 
degrees, respectively. 

A. System of Two Homogeneous Linear Equations in Three Unknowns. 
Consider the simultaneous equations 

cqx i + a 2 x 2 a&Xa = 0 , 
b\X 1 -j" b 2 x 2 -}- 63X3 = 0. 


An obvious solution of these equations is £1 = 0, x 2 — 0, x 3 — 0. 
This solution is never very useful in practice. In seeking other 
solutions, we distinguish three cases, according as the rank r of the 
matrix of the coefficients, 


( 2 ) 

is 2 , 1 , or 0 . 


Cl 1 dz 

61 62 63 


Case 1: r = 2. At least one of the two-rowed determinants in (2) 
is not zero. Suppose that af) 2 — a 2 b x ^ 0 and rewrite equations (1) 
in the form 


(3) 


a 1 X 1 -f" a 2 x 2 — — a 3 X 3 , 
61 X 1 -}- b 2 x 2 — — & 3 X 3 . 


Considered as equations in x x and x 2 alone, these equations have, by 
Cramer’s rule, the solution 


(4) 


Xl = 


&2 

a 3 

?>2 

&3 

Oi 

a. 2 

hi 

b 2 


Xj, 


SC 2 ' 


as 

ai 

63 

hi 

ai 

a 2 

h, 

b 2 


Xj, 


no matter what the value of is may be. Hence equations (1), in 
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ii, i 2 , is, have the solution 


(5) 


ii 


Oj ^8 1 
flj b 2 


is, 


Is 


n» b\ | 
fli M *" 


is = is, 


where is is an arbitrary constant.* 

If k is an arbitrary constant, k | aj b 2 1 is also an arbitrary constant. 
Hence we may replace is in (5) by k j a x & 2 |. The result is 

(I) ii = fc|aj& 3 |, is = A|as6i|, is = &|ai 6 2 | , 


where k is an arbitrary constant. 

Inasmuch as all the solutions of (3) are given by (4), all the solu¬ 
tions of (1) are given by (I). 

Since (I) comprises all the solutions of (1), it is known as the general 
solution of (1). A solution obtained from it by giving to A; a specific 
value is called a particular solution. The particular solution for 
k — 0 is 0, 0, 0, and that for k = 1 is | a 2 6 a |, | as f>i |, | ai 6 2 1. 

Case 2: r = 1. All the two-rowed determinants in (2) vanish, but 
at least one element is not zero. Assume, for example, that a x ^ 0 
and solve the first equation for ii: 


d 2 Os 

X\ ' X2 “ Xj. 
d\ 

This value of i 2 satisfies the second equation, considered as an equa¬ 
tion in ii, no matter what the values of i 2 and is are, for the result of 
substituting it in the second equation is 

(aj) 2 — ajb i)i 2 + (ai&s — a»bi)x t = 0, 

and ai& 2 — a 2 6i and ai&s — as&i are both zero, by hypothesis. 

It follows that the general solution of equations (1) is given by 


( 6 ) Xi =- x 2 - Xz 9 x 2 = x 2 y x 3 = X 3 , 

d\ d\ 

or by 

(II) ii — — ka 2 —l a t , x 2 = ka h i 3 = la 1, 

where k and l are arbitrary constants. 

Case 3: r — 0. Since in this case all the coefficients in (1) are zero, 
the general solution is 

(III) ii = k, X2 — l, is = m, 

where k, l, and m are arbitrary constants. 

* Each of the determinants in (4) we have now represented by the elements 
of its principal diagonal, enclosed by bars. 
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In all three cases the two equations have solutions other than 0, 0, 0. 
This is true also of a single equation, as may be readily verified. 

Theorem A. A system of less than three homogeneous linear equations 
in three unknowns always has solutions other than 0, 0, 0. 

Inspection of the three cases shows that the general solution of the 
system (1) always contains 3 — r arbitrary constants. The values of 
3 — r unknowns may be arbitrarily assigned and those of the remaining 
unknowns are then determined. Thus, the general solution (II) in 
the case r = 1 contains the two arbitrary constants, k and l, corre¬ 
sponding to arbitrary values assigned to x 2 and x s . 

Exercise. Show that the italicized statement is true also of a single 
equation a x x i + atx% + asx t = 0. 

B. System of Three Homogeneous Linear Equations in Three Un¬ 
knowns. The equations, 

aiJi + a 2 X 2 + a 3 x 3 = 0, 

(7) b\X\ + b 2 x 2 -f- b 3 x 3 = 0, 

cixi + c 2 x 2 + C 3 X 3 = 0, 

do not always have solutions other than 0, 0, 0. For, if the deter¬ 
minant | a b c | of the coefficients is not zero, the system has, according 
to § 1, just one solution, given by Cramer’s rule, and this solution, 
since the right-hand members in (7) are all zero, is 0, 0, 0. 

It follows that, if equations (7) are to have solutions different from 
0, 0, 0, the determinant of the coefficients must vanish. Conversely, 
if j a fc c | = 0, the equations actually have solutions other than 
0, 0, 0, for the rank r of the matrix jj a b c || is then 2, 1, or 0, and we 
shall show that in these three cases equations (7) behave precisely as 
did equations (1) in the three corresponding cases. 

Case 1: r = 2. We may assume, for example, that |a l h 2 | tA 0. 
The general solution of the first two equations in (7) is, then, by 
Case 1 under A, 

(I) xi=fc|u 2 6 s |, x 2 = &|a* &i|, x s = fc|aib 2 |. 

The result of substituting these values of xi, x 2 , x» in the third equation 
is 

k\ a b c j = 0, 

and | a b c | = 0, by hypothesis. Hence all the solutions of (7) are 
given by (I). 
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Case 2: r — 1. In this case, at least one coefficient in (7) is not 
zero, say ai ^ 0. The general solution of (7) is then (II), for the 
values in (II) constitute the general solution of the first equation, and 
they satisfy the remaining equations by virtue of the fact that all 
the two-rowed determinants formed from || a b c || are zero; see Case 2 
under A. 

Case 3: r = 0. Here, all the coefficients in (7) are zero and the 
general solution is given by (III). 

The proof of our contention is now complete. 

Theorem B. A necessary and sufficient condition that three homo¬ 
geneous linear equations in three unknowns have a solution other than 
0, 0, 0 is that the determinant of the coefficients of the unknowns vanish. 

Here, too, it is true that, if the rank of the system, that is, the 
rank of the matrix || a b c |[, is r, the general solution contains 3 — r 
arbitrary constants. For, if r < 3, the solutions of (7) are in each 
case precisely those of (1); and, if r = 3, the general solution of (7) 
is the single solution 0, 0, 0 and contains no arbitrary constant. 

C. System of More than Three Homogeneous Linear Equations in 
Three Unknowns. Imagine that to equations (7) there are adjoined 
additional equations of the same type. The resulting system has a 
matrix whose rank r is at most three. 

If r = 3, at least one of the three-rowed determinants in the matrix 
is not zero. Suppose that | a b c | ^ 0. Then the first three equations 
have as their only solution 0, 0, 0, and hence this is the only solution 
of the system. 

If r = 2, and we assume, in particular, that | <ii 6 2 | 9^ 0, the general 
solution of the system is (I), for the values in (I) constitute the general 
solution of the first two equations, and they satisfy the remaining 
equations by virtue of the fact that all the three-rowed determinants 
in the original matrix are zero; see Case I under B. 

If r = 1 and a\ 0, (II) is the general solution of the system; and, 
if r = 0, the general solution is given by (III). 

From this, and the previous, discussion we conclude the theorem: 

Theorem C. A system of three or more homogeneous linear equations 
in three unknowns has solutions other than 0, 0, 0 if and only if the rank 
of the matrix of the coefficients is less than three. 

We note that in this case, as well as in the preceding cases, the 
general solution always contains 3 — r arbitrary constants. 
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Summary. We may summarize our theoretical results in one 
simple theorem. 

Theorem 1. If the rank of a system of homogeneous linear equations 
in three unknowns is r , the general solution of the system contains 3 — r 
arbitrary constants. 

The theorem says that, when r = 3, the general solution contains 
no arbitrary constant. This means that the only solution is 0, 0, 0; 
for, if there were a solution x u x«, x 3 other than 0, 0, 0, then k X\, k x 2) 
k x 3 , where k is an arbitrary constant, would be a solution. 

Since the theorem guarantees 0, 0, 0 as the only solution when 
r = 3, and implies solutions other than 0, 0, 0 when r < 3, it actu¬ 
ally covers the three previous theorems. Thus, if there are fewer 
than three equations, r is always less than three and there are always 
solutions other than 0, 0, 0 (Theorem A). If there are at least three 
equations, r may be equal to three or less than three, and only in the 
latter case are there solutions other than 0, 0, 0 (Theorems B, C). 

General Case. The results obtained for systems of equations in 
three unknowns are typical. They admit immediate extension to the 
general case of a system in any given number of unknowns. 

Theorem 2. If the rank of a system of homogeneous linear equations 
in n unknowns is r, the general solution of the system contains n — r 
arbitrary constants. 

Corollary A. If the number of equations is less than n, the system 
always has solutions other than 0, 0, • • •, 0. 

Corollary B. If the number of equations is equal to n, the system 
has solutions other than 0, 0, —, 0 if and only if the determinant of 
the coefficients vanishes. 

Corollary C. If the number of equations is equal to or greater than 
n, the system has solutions other than 0, 0, • • •, 0 if and only if r < n. 

EXERCISES 

1. Solve the system of equations 

2xi + 3xj + 6x 3 = 0, 3xi — 6xj + 2x 3 = 0. 

Find a particular solution and then write the general solution. 

2. Find all the solutions of the system 
3xi + 2x 2 — 2x» = 0, 2xi + 3x 2 — x 3 = 0, 

3. Prove Cor. B of Th. 2 when n = 2. 


8xi + 7z 2 — 5xj = 0. 
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4 . Prove Cor. C of Th. 2 for the system of equations 

OiXi + OsXi = 0, bix i + biX t = 0, CiXj + c 5 x 2 = 0. 

5. Discuss completely a system of three linear homogeneous .equations in 
four unknowns. Then prove Cor. B of Th. 2 for n = 4. 

6. Find all the solutions of the system 

X\ + 2x 2 — Xj + x 4 = 0, xi + 2x» + x s — 2x< = 0. 

7. Show that a system of homogeneous linear equations in n unknowns 
has a solution other than 0, 0, —, 0 if and only if its rank is less than n. 

3. Proportionality. Linear Dependence. The ordinary definition 
of proportionality of two pairs of numbers demands that each number 
pair be a multiple of the other. The number pairs 2, 4 and 3, 6 are 
proportional according to this definition. On the other hand, the 
number pairs 2, 4 and 0, 0 are not proportional according to it; for, 
though the second is a multiple of the first, the first is not a multiple 
of the second. It is convenient to extend the definition so that pairs 
of numbers of this type will be proportional, by demanding merely 
that at least one of the number pairs be a multiple of the other. 

We formulate the extended definition as follows. 

Definition 1. The number pairs a h a 2 and b u b 2 are proportional 
if there exist two numbers, k and l, not both zero, such that 

(1) k <ii -(- l bi — 0, k o 2 l b 2 = 0. 

Since it is required that at least one of the numbers k, l be not zero, 
the definition does demand that at least one of the number pairs be a 
multiple of the other.* 

An important advantage of the extended definition is easily cited. 
If a i, a 2 and b u b 2 are proportional in either sense, their determinant 
is zero: \ab\ =0. The converse is not true, if we hold to the original 
definition, as the case of the number pairs 2, 4 and 0, 0 shows. It is 
true, however, when the extended definition is adopted. 

Theorem 1. The number pairs oi, o 2 and b i, b 2 are proportional (in 
the extended sense) if and only if their determinant vanishes: \ a b | = 0. 

Definition 1 says that Oi, a 2 and b if b 2 are proportional if and only 
if equations (1) in k, l have a solution other than 0, 0. But two 
homogeneous linear equations in two unknowns have a solution other 

* For example, if k 0, (1) can be rewritten a t = m b\, o 2 «= m bi, where 
m = — l/k. 
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than 0 , 0 when and only when the determinant of their coefficients 
vanishes. Hence the theorem is proved. 

The definition of proportionality can be readily extended to the 
case of two sets of n numbers each. For example, when n = 3, we 
have: 

Definition 2. The number triples 


(2) 


All 0 , 3 , 

b i, bi, bt, 


are proportional if and only if two numbers, k and l, not both zero, exist 
so that 

(3) k fli't' l bi = 0, k a 2 -h l bi = 0, k a 3 -f- 1 b 3 = 0. 

In other words, the number triples are proportional when and only 
when the system (3) of three homogeneous linear equations in the two 
unknowns k, l have a solution other than 0, 0 . But a condition, 
necessary and sufficient that such a solution exist, is that the rank of 
the system be less than two; see § 2, Th. 2, Cor. C. 

Theorem 2. The two number triples Oi, a 2 , a 3 and b u b 2 , b 3 are 
proportional if and only if 


d 2 

a 3 

= 0 , 

03 

01 

= 0 , 

d\ d2 

b 2 

b> 

v f 

bi 

61 

y 

b 1 b 2 


that is, if and only if the rank of their matrix is less than two. 

Linear Dependence. Proportionality of two sets of numbers is a 
special type of dependence of the two sets upon one another. Equa¬ 
tions exhibiting this dependence are linear. Herein lies the motivation 
of the term “linear dependence,” which, when applied to two sets of 
numbers, is synonymous with “proportionality.” 

We proceed to extend the idea of linear dependence in applying it 
to three number triples. 


Definition 3. The number triples 


a u 

a i, 

a*, 

(5) b u 

bi, 

bi, 

Cl, 

Ci, 

c», 


are linearly dependent if and only if three numbers k, l, m, not all zero, 
exist so that 


(6) 


k cq + l bi + m ci = 0 , 

k o 2 + l b t + m Ct = 0 , 

k a 3 + l b» + m c» = 0 . 
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Equations (6) have a solution for k, l, m, other than 0, 0, 0, if and 
only if jabcl =0. Hence: 

Theorem 3. Three number trifles are linearly dependent if and only 
if their determinant vanishes; or, if and only if the rank of their matrix 
is less than three. 

The numbers k, l, m in this case, or k, l in the previous cases, are 
known as the constants of dependence. They may frequently be found 
by inspection, and can always be found by solving the equations which 
express the linear dependence. 

We have seen that two number triples are linearly dependent if and 
only if the rank of their matrix is less than two, and that three are 
linearly dependent if and only if the rank of their matrix is less than 
three. In general: 

Theorem 4. A necessary and sufficient condition that m number 
triples be linearly dependent is that the rank of their matrix be less than m. 

Since the matrix of the triples always has three columns, its rank 
can never be greater than three and consequently is always less than 
m, when m > 3. Hence the theorem implies that more than three num¬ 
ber triples are always linearly dependent. 

Let us prove that this is the case when m = 4. The three number 
triples (5) together with a fourth, di, d 2 , d 3 , are, by definition, linearly 
dependent if and only if four numbers A, B, C, D, not all zero, exist 
so that 

Aa\ 4" Bb\ 4" Cci -f- Ddi — 0 , 

(7) Aa 3 + Bb 3 4" Cc-i 4 ~ Z)d 2 — 0 , 

Aa 3 4~ Bb 3 4" Cc 3 4~ Dd 3 — 0. 

These three equations in the four unknowns A, B, C, D always have a 
solution other than 0, 0, 0, 0; see § 2 , Th. 2, Cor. A. Hence four 
number triples are always linearly dependent. 

By similar reasoning we could show that five or more triples arc 
always linearly dependent. We prefer, however, to prove this in 
another way. Let the triples be, for example, the previous four and 
Ci, e 2 , e 3 . The previous four we know are linearly dependent: A, B, 

C, D, not all zero, exist so that equations (7) are valid. Then A, B, 

C, D, E, not all zero, exist so that the three equations 

Aa{ 4” Bb, 4" Cc, 4" T)d, 4" Ee% — 0, (i — 1, 2, 3), 

are valid; we have but to retain the previous values for A, B, C, D, 
and take E as 0. 
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General Case. The generalization of our results to the case of sets 
of n numbers each is simple. 

Theorem 5. A necessary and sufficient condition that m sets of n 
numbers each be linearly dependent is that the rank of their matrix be 
less than m. In particular, if m > n, the sets are always linearly 
dependent. If m — n, they are linearly dependent if and only if their 
determinant vanishes. 


„ EXERCISES 

1. Show that the number triples 5, 14, 4; 2, — 1, 1; 3, 4, 2 are linearly 
dependent and find values for the constants of dependence. 

2. Formulate the definition of linear dependence for four sets of four 
numbers each. Show that a condition, necessary and sufficient that they be 
linearly dependent, is that their determinant vanish. 

3. Are the sets of numbers 1, 2,4, 3; 2, 2,1,3; 4,1, 2, 5 linearly dependent? 

4. Formulate the definition of linear dependence for m sets of n numbers 
each. Hence establish Theorem 5. 

5. Show that if there exists, among m sets of n numbers each, a smaller 
number of sets which are linearly dependent, the rn sets are linearly dependent. 

6. Prove that, if any one of m sets of n numbers each consists exclusively 
of zeros, the m sets are linearly dependent. 

4. Linear Combination. The number triple ci, c 2 , c 3 is called a 
linear combination of the number triples ai, a 2 , a s and 6i, b 2 , b s if 
two numbers k, l exist so that 

( 1 ) Ci = k Oi -f - l b\, c 2 = k o 2 -F l b 2 , Cj — k ai -j- 1 63 . 

In general, the number set hi, h 2 , • • •, h„ is a linear combination of 

the number sets Oj, a-, ••*, a„; b u b 2 , • • •, b„; .; g u g t , • • •, g n 

if numbers A, B, • • •, G can be found so that the n equations 

(2) hi = Aa , + Bb t + • • • + Gg t , (i = 1,2, • • •, n), 
subsist. 

Linear combination and linear dependence are closely related. For 
example, equations (1) can be rewritten in a form, 

k a\ l bi — Ci = 0 , k a 2 -(- 1 6 2 — c 2 = 0 , k as -J- l i>s — c$ — 0 , 

which tells us that the triples of a’s, b’s, and c’s are linearly dependent. 
Again, equations (2) may be interpreted as expressing the linear de¬ 
pendence of Oi, o 2 , •••, a„; bi, 6 2 , • • •, b„; .; g 1 , g 2 , •••, g n ; 

and hi, h 2 , • • •, h n . 
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Theorem 1. If a number set is a linear combination of m number 
sets, the m -f- 1 number sets are linearly dependent. 

The converse of the theorem is true. 


Theorem 2. If certain number sets are linearly dependent, at least 
one set among them is a linear combination of the others. 


Consider, say, equations (7) of § 3, expressing the linear dependence 
of the number triples a lf a 2 , a»; bi, b 2 , 6 3 ; Ci, c 2 , c 3 ; dy, d 2 , d 3 . Of the 
constants of dependence A, B, C, D, at least one is not zero. Suppose 
that D 0. Equations (7) may, then, be solved for dy, d 2 , d 3 , and 
the triple of d’s is thus obtained as a linear combination of the other 
three triples. 

EXERCISES 


1. Show that 


ay 

3 a i 

~ Cy 

Cy 


a t 

3 a 2 

- c 2 

C 2 

= 0 . 

a s 

3 a s 

- Cy 

Ci 



2. Prove that, if one column, or row, of a determinant is a linear combination 
of two or more columns, or rows, the value of the determinant is zero. 

3. Prove that, if the sum of the elements in each column, or row, of a deter¬ 
minant is zero, the determinant is zero. 


5. Homogeneous Linear Equations. Conclusion. 

Theorem 1. If r,, r 2 , • •• ,r n and Sy, s 2 , are two solutions of a 

system of homogeneous linear equations in n unknowns, Xy, x 2 , • • •, x„, 
then 

(a) kr lt k r 2 , kr„, 

(b) r x + »i, r 2 + s-i, • • •, r n + s„, 
where k is arbitrary, are also solutions. 

The proof of the theorem is left to the reader. From it follows that, 
if ry, r 2 , • • •, r„ and s I( s 2 , • • •, s n are solutions, k ry, kr 2 , • • •, kr„ and 
l Sy, l s 2 , • • •, l s„ are solutions, and therefore 

(c) k ry + l Sy, kr 2 + 1 82 , • • •, k r„ + l s„ 

is a solution. Similarly, if fi, t 2 , ***,<„ is a third solution, 

(d) kry + l sy + mty, k r 2 + l s 2 + m t 2 , • • •, k r„ + l s„ + mt n 

is a solution. 

Solution (c) is a linear combination of two particular solutions, and 
solution (d) is a linear combination of three particular solutions. In 
general: 
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A linear combination of a number of solutions is a solution. 

We illustrate these developments by reinterpreting the results ob¬ 
tained in § 2 for the system 

aiXi + 0,2X2 -f- O3X3 — 0, 

biXi + 6 2 x 2 + & 3 X 3 = 0 . 

The general solution of the system in case r = 0, namely, 

X\ = k, X 2 = l, = m, 

may be written in the form 

*i = k (1) + l (0) + m (0), 
x* = k( 0) +1(1) + m(0), 
x, = k (0) + l (0) + m (1), 

and hence is an arbitrary linear combination of the three particular 
solutions 1, 0, 0; 0, 1,0; 0,0,1. It is to be noted that these particular 
solutions are not linearly dependent. 

In case r = 1, the general solution 

Xj = — a t k — a t l, X 2 —k Oj, x» — l a u ai ^ 0, 
or 

x 2 — k (— a 2 ) + l (— ai), x 2 = k (ai) + l (0), X* = k (0) + l (ai) 

is an arbitrary linear combination of the two particular solutions 
— a 2 , Oi, 0 and — a s , 0, a t . Here, too, the particular solutions are 
linearly independent. 

Finally, if r = 2, the general solution 

Xi = A;|a 2 &s!, x* = k\ a 8 bi\ , x 3 = Ar| o 2 6 2 1 

is a linear combination (multiple) of the particular solution | a 2 b 3 1, 
|a 3 &i|, | a, 6*|. 

These results suggest the following proposition. 

Theorem 2. If the rank of a system of homogeneous linear equations 
in n unknowns is r, every solution of the system can be written as a linear 
combination of n — r linearly independent solutions. 

In each example cited, the set of solutions from which the general 
solution was formed by the process of linear combination was a special 
set of linearly independent solutions. As a matter of fact, Theorem 2 
remains true when any Bet of n — r linearly independent solutions is 
employed. 
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EXERCISES 

1. Prove Theorem 1 for n = 3. 

2. The rank of the matrix of the system of equations 

— Xj + Xz + au = 0, Xi + xi + 5xi — 3^4 = 0, 3xj — X 2 + 7 x3 — x< = 0 

is two. Find the general solution of the system, and show that it can be con¬ 
sidered as an arbitrary linear combination of two particular, linearly inde¬ 
pendent solutions. 

6. Determinants and Their Cofactors. The reader will recall that 
the minor 9R of an element m in a determinant A is the determinant 
obtained from A by striking out the row and column in which m 
stands. He will also remember that, if m is in the ith row and jth 
column, the product 

(1) (-l) i+, 'm9E 

consists of all the terms of A which contain m, and that the sum of the 
products of this type formed for all the elements of a row, or column, 
is equal to A. 

We shall find it convenient to attach the sign prefixed to m^)R in 
(1) directly to the minor 9R itself and to give to the signed minor, 
(— 1)* +J 9R, a new name: cofactor. 

Definition. The cofactor, M, of the element m is the signed minor 
of m: 

M = (- !)«■» 911. 

It is now the product mM of an element m by its cofactor M which 
consists of all the terms of A which contain the element. Hence: 

Theorem 1. The sum of the products of the elements of a row, or 
column, of a determinant by their cofactors is equal to the determinant. 

Theorem 2. If each element of a row, or column, of a determinant is 
multiplied by the cofactor of the corresponding element of a different row, 
or column, the sum of the resulting products is zero. 

For a more intensive treatment of the subjects discussed in this 
chapter, the reader is referred to Bocher, Introduction to Higher Al¬ 
gebra, Chs. II, III, IV. 

EXERCISES 

1. The determinant obtained from a given determinant by replacing each 
element by its cofactor is called the adjoint of the given determinant. If A 
is a determinant of the nth order and A' is its adjoint, show that 

(a) if n = 2, A' = A; (6) if n = 3, A' = A s . 

What is the value of A' in the general case? 
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2. If M is the cofactor of an element m m a determinant A of the nth order 
and n is the cofactor of M in the adjoint of A, then 

H = A B-a m. 

Verify this theorem (a) when n = 2; (6) when n = 3. 

3. A determinant is said to be symmetric if each two elements symmetrically 
situated with respect to the principal diagonal are equal. 

If a determinant is symmetric, its adjoint is symmetric. 

Verify this theorem when n = 3. 

4. A determinant is said to be skew-symmetric if each element in the prin¬ 
cipal diagonal is zero, and each two elements symmetrically Bituated with 
respect to the principal diagonal are negatives of one another. 

A skew-symmetric determinant of odd order is always zero. 

Verify this theorem when n = 3. 

5. The product of two determinants of the nth order may be expressed as a 
determinant of the nth order in which the element m the ith row and jth column is 
the sum of the products of the corresponding elements in the ith row of the first and 
the jth column of the second determinant. 

Verify this theorem in the case n = 2: 

I <Xi a% «i <*2 __ ai<*i -b a?fi i n i«2 ~b a^fiz 1 

b i bz di di b\ai -j- 62^1 biaz -f- 62^21 
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GEOMETRICAL INTRODUCTION 

1. Projections and Rigid Motions. Projective and Metric Proper* 
ties. The geometry of Euclid, with which the reader is familiar, 
concerns itself with lengths, angles, and areas; it is a geometry of 
measure, or a metric geometry. In contrast to it, there was developed 
about a hundred years ago a new kind of geometry, known as projective 
geometry, which has nothing to do with measurement. 

In order to understand the fundamental difference between the 
two kinds of geometry, we shall study, first, two corresponding kinds 
of operations, known as rigid motions and projections. 

Projection of a Line upon a Line. Let L and L' be two distinct lines 
in the same plane, and let 0 be a point of the plane not lying on either 
line. Let A, B, C, D, • • • be points of L, and let A', B', C', D\ • • • 
be the points of L' in which the lines OA, OB, OC, OD, • • • meet L'. 
Then A', B', C', D ', • • • are called the projections on L' of the points 
A, B, C, D, • •> of L from the point 0, and the process described is 
known as the projection from 0 of the line L on the line L'. The 
point 0 is called the center of projection. 


o 




Instead of using the lines through a point to effect the projection of 
L on L' (Fig. 1), we can use the lines with a given direction (Fig. 2), 
provided merely that the direction chosen is distinct from those of 
L and U. In this case, the projection is called a parallel projection; 
in the previous case, a central projection. 

Projection of a Plane upon a Plane. Let p and p' be two distinct 
planes in space, and let 0 be a point in space not lying in either plane. 

16 
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In the central projection from 0 of the plane p on the plane p', an 
arbitrary point P of p is projected into the point P' of p' in which 
the line OP meets the plane p' (Fig. 3). 

Again, let d be a direction in space not parallel to either of the planes 
p or p'. In the parallel projection, in the direction d, of p on p', an 
arbitrary point P of p is projected into the 
point P' of p' in which the line through P with 
direction d meets p'. 

A straight line L in p determines with 0 
(Fig. 3) a plane which intersects p' in a 
straight line L'. If a point P traces L, its 
projection P' traces L'. Hence a straight line 
projects by a central projection—and also by 
a parallel projection, as is readily seen—into a straight line. 

Evidently, points which are collinear, that is, lie on a line, project 
into points which are collinear; lines which are concurrent, that is, 
go through a point, project into lines which are concurrent; and a 
triangle projects into a triangle. 

The student is familiar with the fact that the plane sections of a 
cone of revolution are conics. This is also true of any cone obtained 
by joining the points of a conic with a point not in the plane of the 
conic, or of any cylinder obtained by drawing through the points of 
a conic parallel lines not lying in the plane of the conic. It follows, 
then, that a conic projects into a conic. 

We have enumerated various properties of figures which are un¬ 
changed by projections. These properties are known as projective 
properties. 

Definition. A property of a figure which is preserved by every 
projection is called a projective property. 

The following properties we have found to be projective: that a 
curve be a straight line; that a curve be a conic; that a point lie on a 
straight line; that a number of points be collinear; that a number of 
lines be concurrent; that a rectilinear figure be a triangle. 

It is important to note that, in order that a property be projective, 
it must be preserved, not only by some projections, but by all pro¬ 
jections. For example, it is possible to find projections which carry 
a circle into a circle; but not every projection will do so. Hence the 
property that a curve be a circle is not a projective property. 
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Rigid Motions. Whenever we move an object from one place to 
another without in any way altering the object itself, we have sub¬ 
jected the object to a rigid motion. Thus, a rigid motion effects a 
change of the position of the object in space. 

The properties which we have enumerated as being projective are 
obviously preserved by rigid motions. In fact, every projective 
property is preserved by rigid motions. There are, however, many 
nonprojective properties which are unchanged by rigid motions, for 
example, distance, angle, and area. These properties are called 
metric properties. 

Definition. A property which is preserved by all rigid motions, but 
not by every projection, is a metric property. 

A circle is a metric figure, whereas the general conic is projective. 
Again, an isosceles triangle is metric; an arbitrary triangle, projective. 

Projective and Metric Theorems. Just as we have characterized 
properties as projective and metric, so also can we differentiate 
theorems. 

Definition. A theorem which deals merely with projective properties 
is a projective theorem. A theorem into which metric properties enter, 
either alone or in conjunction with projective properties, is a metric 
theorem. 

The Pythagorean theorem is a good example of a metric theorem. 
In fact, all the theorems of Euclidean geometry are metric. Euclidean 
geometry is a geometry of metric properties, or a metric geometry. 

Projective geometry deals merely with projective properties. It 
makes a study of these properties and seeks to establish relationships 
between them, in the form of theorems, in the same general way in 
which Euclidean geometry treats metric properties and sets up the¬ 
orems concerning them.* 

Geometries. The idea of classifying properties of figures according 
to the manner in which they behave when the figures are subjected to 
certain operations was conceived about fifty years ago by the German 
mathematician, Felix Klein (1849-1925). Our present discussion can 

* Though isolated projective theorems and theories existed before his time, 
the real founder of projective geometry was the French soldier, statesman, 
and mathematician, Poncelet (1789-1867). His principal work on the 
subject, Traits des ProprUtis Projectives des Figures, published in 1822, was 
developed during the years (1812-14) which he Bpent as a prisoner of war in 
a Russian prison. 
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be considered only a brief introduction to this idea. We shall seek 
later to develop it more precisely, and to extend its range of applica¬ 
tion. One thing, however, it has already taught us: There is not just 
one geometry. In fact, besides Euclidean geometry and projective 
geometry, there are, as we shall see later, numerous other geometries. 

EXERCISES 

1. Which of the following figures are projective? Which are metric? 

(a) A parallelogram; (6) an acute-angled triangle; (e)a figure consisting of 
four points, no three on a line, and the six lines joining them; (d) a triangle and 
a median line; ( e ) a parabola; (/) a conic and a number of points marked on it; 
(g) the same, when one of the points is a vertex of the conic; (A) a line and a 
conic with two points in common. 

2. Show that the property that a point be midway between two points is 
preserved by every parallel projection and by every central projection in which 
the two lines L and L' are parallel. Is the property metric or projective? 

3. Prove that the property that a line be tangent to a curve is a projective 
property. 

2. Vanishing Points and Lines of Projections. In the central 
projection shown in Fig. 4, a point on L will fail to have a projection 
on L' when the line joining it to 0 is parallel to L'. There is just 
one point V on L with this property. Sim¬ 
ilarly, there is one point on L' which is not 
the projection of a point on L, the point W' 
in which L' is met by the parallel to L 
through 0 . 

When a point P on L approaches the 
point V as a limit, first from the one side 
and then from the other, its projection P' 
recedes on L' indefinitely, first in the one direction and then in the 
other. For this reason, V is known as the vanishing point on L. 
Similarly, W' is the vanishing point on U. 

A point on L, other than V, projects into a definite point on L'; 
conversely, each point on L', other than W', is the projection of a 
definite point on L. Hence, if we exclude V and W', to each point 
on L corresponds one point on L', and to each point on V corresponds 
one point on L. We express these facts by saying that the projection 
establishes a one-to-one correspondence between the points of L, other 
than V, and the points of L\ other than W\ 
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In the central projection of Fig. 5, a line in p is a vanishing line, 
that is, fails to have a projection on p', when the plane determined 
by it and 0 is parallel to p'. There is a unique plane through 0 
parallel to p' and hence a unique vanishing 
line in p, the line V in which this plane meets 
p. Likewise, there is a single vanishing line, 
W, in p'. 

The points of the vanishing lines are vanish¬ 
ing points, and the only vanishing points. 
For a point, say, in p is a vanishing point if 
F ig . 5 and only if the line joining it to 0 is parallel 

to p'. But all the lines through 0 parallel 
to p' lie in the plane through 0 parallel to p', and the points in which 
they intersect p are precisely the points of V. 

The projection establishes a one-to-one correspondence between the 
points of the plane p, other than those on V, and the points of the 
plane p ', other than those on W'. It also establishes a one-to-one 
correspondence between the lines of p, other than V, and the lines of 
p', other than W'. 

In view of the foregoing discussion, we must qualify some of the 
statements made in the previous paragraph. We said there, for 
example, that a straight line projects into a straight line. This is 
true, in general. A vanishing line is, however, an exception, for it has 
no projection. Again, two intersecting lines neither of which is the 
vanishing line, project into two intersecting lines, not always, but only 
in general. They may, by exception, project into two parallel lines; 
see Ex. 3. 



EXERCISES 

1. Describe all the projections of one line upon another in which there are 
no vanishing points. 

2. Describe all the projections of one plane upon another in which there 
are no vanishing points. 

3. Prove that two lines in the plane p (Fig. 5) which intersect on the 
vanishing line project into two parallel lines. 

4. A triangle projects in general into a triangle. What are the exceptions? 

3. Extensions of the Plane and of Space. Higher Geometry sets 
itself the task of devising means to dissolve exceptional cases such as 
those encountered in the preceding paragraph. It seeks, not to set the 
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exceptional cases aside—that is impossible—but to reshape its ideas 
so that the exceptional cases will actually be embraced under the 
general cases, as particular instances of them. 

The exceptions of the previous paragraph can be traced to a single 
cause: the failure of two parallel lines to intersect. If we can remove 
this cause, the exceptions will be removed with it. 

If two parallel lines are to have a point in common, this point must 
be a new point, other than those with which we are familiar. We are 
certainly at liberty to create new points, if it pleases and benefits us. 
We agree, then, to conceive a new point common to the two parallel 
lines, and to call it their point of intersection. This new point is an 
ideal point in that it has no real existence in the sense that the points 
with which we are familiar may be said to have. It is customary, for 
obvious reasons, to call it a -point at infinity. 

The rails of a straight railroad track appear to converge in both 
directions. Shall we then conceive two points at infinity on our 
parallel lines, one for each direction? 

The question is not whether we can or cannot, but whether it would 
serve our purpose. It obviously would not, for then we should have 
the two lines intersecting, not in one point, but in two points, and two 
intersections are as unwelcome as none. 

In the central projection of Fig. 4, we should naturally make cor¬ 
respond to the point V on L the point or points at infinity on L', and 
if we conceived two points at infinity on L', to V would correspond two 
points. Here, again, two are as bad as none, for the projection orders 
to each point on L, other than V, just one point of L'. 

On each line it is convenient to create just one ideal point. 

It is natural to think of the points at infinity on all the lines with a 
given direction as the same point, and to call this point the point at 
infinity in the given direction. 

Let us now summarize the results of our discussion. 

Agreement 1. Corresponding to each set of lines consisting of all the 
lines with a given direction, there is created an ideal point, or point at 
infinity. This point shall be thought of as lying on each line of the set 
and on no other line. It shall be known as the point at infinity in the 
given direction. 

Inasmuch as there are infinitely many directions in the plane, there 
are infinitely many ideal points. It is natural to think of these points 
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as constituting a curve. But what type of curve? A circle? An 
ellipse? Or what? 

Once more the choice is in our hands. We created the ideal points, 
and it is for us to say what they shall constitute. 

We have seen that in a central projection a vanishing point projects 
into a point at infinity. In the projection of Fig. 5, the vanishing 
points in the plane p project into the points at infinity in the plane p'. 
The vanishing points in p constitute the vanishing line V, and every 
line other than V projects into a line. Consequently, it serves our 
purpose to agree that the points at infinity in the plane p' constitute 
a line. 

Agreement 2. The ideal points in a plane shall constitute an ideal 
straight line, the line at infinity in the plane. 

To distinguish the points and lines originally at our disposal from 
the newly created ones, we shall call them finite points and lines. 
Similarly, we shall call the original plane the finite plane. The new 
plane, obtained by adjoining to the finite points the ideal points, 
shall be known as the extended plane. 

Extended Space. The extension of finite space by the adjunction of 
points at infinity is effected by the following agreements. 

Agreement 3. Corresponding to each direction in finite space, there 
is created a point at infinity. This point shall be thought of as lying on 
every line in the given direction and on no other finite line. 

Agreement 4. The points at infinity in the directions perpendicular 
to a given direction shall constitute an ideal line, or line at infinity. This 
line, and the points on it, shall be thought of as lying in every plane per¬ 
pendicular to the given direction and in no other finite plane. 

Agreement 5. All the points at infinity shall constitute an ideal 
plane, the plane at infinity. 

It is evident that these agreements are in keeping with the previous 
agreements for the extension of a finite plane which lies in the given 
space. 

The Suppression of Exceptions. It was in the finite domain that 
exceptional cases arose. In the extended domain, these exceptions 
can all be suppressed in that they can be looked upon as merely par¬ 
ticular instances of the general case. 

For example, hitherto the case of parallel projection was exceptional 
to that of central projection; now, parallel projection is simply a par- 



GEOMETRICAL INTRODUCTION 


23 


ticular case of central projection, occurring when the center of pro¬ 
jection is an ideal point. 

Again, a triangle now projects always into a triangle, provided 
merely that we agree to extend the definition of a triangle to include 
the cases in which one or two of the vertices are points at infinity. 

EXERCISES 

1. Prove that a projection of a line L on a line L' establishes a one-to-one 
correspondence, without exception, between the points of the extended line L 
and those of the extended line L', (a) when there are vanishing points on L 
and L'; ( b ) when there are no vanishing points on L and L'. 

2. Discuss the corresponding questions in the case of the projection of a 
plane upon a plane. 

4. The Triangle Theorem of Desargues.* We are now in a position 
to prove one of the oldest and most important theorems of projective 
geometry. 

Let ABC and A'B'C be two triangles in correspondence so that the 
vertices A and A', B and B', C and C' correspond; likewise, the sides 
BC and B'C', CA and C'A', AB and A'B'. Assume that each two 
corresponding sides and each two corresponding vertices are distinct. 

Desargues’ Triangle Theorem. If the lines joining corresponding 
vertices of the two triangles are concurrent, the corresponding sides 
intersect in collinear points. Conversely, if corresponding sides intersect 
in collinear points, the lines joining corresponding vertices are concurrent A 

We consider, first, the case in which the 
triangles ABC and A'B'C' lie in distinct 
planes, p and p' (Fig. 6). If the lines joining 
corresponding vertices go through a point 0 , 
finite or ideal, then two corresponding sides 
lie in a plane through 0, and hence intersect. 

The point of intersection, being a point in 
both the planes p and p', must lie on the line 
L in which these planes meet. Conse¬ 
quently, the pairs of corresponding sides in¬ 
tersect in points on L. 

* Desargues (1593-1662), a French architect, and a geometer of unusual 
ability, whose work was far ahead of his time. His triangle theorem appeared 
in a small book on conic sections, in 1639. 

t In projective geometry, the sides of a triangle are not segments of straight 
lines, but complete straight lines. Hence there is no mention here of producing 
a side of the one triangle to meet a side of the other. 


o 
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Conversely, if the pairs of corresponding sides of the two triangles 
intersect, then each two corresponding sides lie in a plane. The 
three planes thus obtained meet in a point 0. On the other hand, the 
three lines in which the planes intersect, when taken in pairs, are 
evidently AA', BB', CC'. Hence AA', BB', CC' pass through 0. 

Let ABC and A'B’C' now be two triangles so situated in the same 
plane p that corresponding sides intersect in points of a line L. 
Through these points in a second plane through L draw lines forming 
a third triangle A"B"C", as shown in Fig. 7. Then ABC and A"B"C" 
v' are triangles in different 

planes whose correspond¬ 
ing sides meet in collinear 
points. Hence the lines 
joining corresponding ver¬ 
tices, AA" y BB"y CC"y 
meet in a point V. Sim¬ 
ilarly, the lines A'A", 
B'B"y C'C" meet in a 
point V'. Inasmuch as 
the lines A A" and A' A" 
contain, respectively, the 
Fig. 7 points V and V', the plane 

A A'A" contains the line 
VV'. So also do the planes BB’B” and CC'C". Thus the planes 
AA’A", BB’B", CC'C" pass through a line. Therefore the lines in 
which they intersect the plane p go through a point. But these lines 
are precisely AA', BB 1 , CC', the lines joining corresponding vertices 
of the given triangles. 

Suppose, conversely, that the lines A A', BB', CC' go through a 
point, 0. Choose two distinct points V, V' outside the plane p and 
collinear with 0. Then, since the lines AA' and VV' intersect, in 0, 
the lines AV and A'V' intersect in a point A". By similar reasoning 
BV and B'V intersect, in B" , and CV and C'V intersect, in C". 
Inasmuch as the points A"B"C" lie, respectively, on the lines VA, 
VB, VC, they are the vertices of a triangle which is related to the 
triangle ABC by projection from V. Similarly, this triangle A"B"C" 
is related to the triangle A'B'C' by projection from V'. Consequently, 
the sides of each of the given triangles must pass through the points 
in which the corresponding sides of the triangle A"B"C" meet the 
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plane p. But these three points lie on a line, the line L in which the 
plane A"B"C" intersects p. Thus, corresponding sides of the given 
triangles intersect on L. 

Henceforth, unless the contrary is explicitly stated, we shall restrict 
ourselves to the geometry of the plane. 

Exercise. The treatment of Desargues’ Theorem in the text is in the 
extended domain. Give a complete statement of the theorem in the finite 
domain, taking care to enumerate all the exceptional cases. Select one of 
these exceptional cases, and show that it is actually covered by the treatment 
in the text. 

S. Complete Quadrangles and Quadrilaterals. 

Definition. A complete quadrangle consists of four points, no three 
collinear, and the six lines which join them. 

The four points are called the vertices, and the six lines, the sides, 
of the complete quadrangle. 

Definition. A complete quadrilateral consists of four lines, no three 
concurrent, and the six points in which they intersect. 

The four lines are called the sides, and the six points, the vertices, 
of the complete quadrilateral. 

By means of Desargues’ Triangle Theorem we can deduce a number 
of projective theorems concerning complete quadrangles and quadri¬ 
laterals. 

Theorem 1 . If the points of intersection of five pairs of correspond¬ 
ing * sides of two complete quadrangles lie on a line, the sides of the sixth 
pair intersect on this line, and the four lines joining corresponding vertices 
go through a point. 

Let the two quadrangles be ABCD and 
A'B'C'D', and let CD and C'D' be the 
sixth pair of sides (Fig. 8). Since the 
corresponding sides of the triangles ABC 
and A'B'C' intersect in points on the 
line L, the lines AA', BB ', CC' are con¬ 
current. Similarly, AA', BB', DD' are 
concurrent. It follows that AA', BB', 

CC', DD' all go through the same point, 

* It is assumed that the two quadrangles are in a correspondence similar to 
that of the two triangles in Desargues’ Theorem. 
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the point common to AA' and BB'* Moreover, inasmuch as we now 
know that the lines joining corresponding vertices of the triangles A CD 
and A'C'D' are concurrent, it follows that CD and C'D’ intersect on L. 

The converse of the theorem is not true. We have, instead: 

Theorem 2. If the lines joining corresponding vertices of two com¬ 
plete quadrangles are concurrent, the six points of intersection of the 
pairs of corresponding sides lie by threes on four lines and are then , in 
general, the vertices of a complete quadrilateral. 

The proof of the theorem is left to the reader. 

6 . The Principle of Duality. The principle which bears this name 
is of paramount importance in projective geometry. 

Definition 1. Point and line are called dual elements. 

Definition 2. The drawing of a line through a point and the marking 
of a point on a line are known as dual operations. 

We should, then, say that the drawing of two lines through a point 
and the marking of two points on a line, or the bringing of two lines to 
intersect in a point and the joining of two points by a line, are also 
dual operations. 

The two figures thus obtained, namely, the figure of two lines 
through a point and that of two points on a line, we shall call dual 
figures. 

Definition 3. Two figures consisting of points and lines shall be 
called dual if one figure can be obtained from the other by replacing each 
element in it by the dual element and each operation by the dual operation. 

The dual of a complete quadrangle is a complete quadrilateral, and 
vice versa. A complete quadrangle is formed by taking four points, 
no three on a line, and joining them in pairs by lines. The dual figure 
is obtained by taking four lines, no three through a point, and bringing 
them to intersect in pairs, and is, therefore, a complete quadrilateral. 

From Definition 2, it is clear that the figure of a line and a point on 
it is dual to itself, or self-dual. 

* The reasoning here is invalid if A A' and BB' are the same line. However, 
since the reasoning is always valid as long as A A' and BB’ are distinct lines, 
the conclusion is assured, by continuity, when AA' and BB' coincide. For, 
two fixed quadrangles so situated that AA' and BB' are identical can be 
considered as the limits of two variable quadrangles for which AA' and BB' 
are always distinct; and, if the conclusion in question can always be drawn 
for the variable quadrangles, it remains valid in the limit for the fixed quad¬ 
rangles. 
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If we think of a triangle as formed by three noneollinear points and 
the lines joining them, the dual consists of three nonconcurrent lines 
and their points of intersection, a triangle. Thus a triangle is self¬ 
dual. 

Let us now construct the dual of the figure representing Desargues' 
Theorem, and at the same time dualize the facts of the theorem itself. 
The duals of the two triangles are two new triangles. Dual to bringing 
two corresponding sides of the one pair of triangles to intersect in a 
point is the joining of two corresponding vertices of the other pair of 
triangles by a line. Consequently, the dual of the fact that corre¬ 
sponding sides of the one pair of triangles intersect in collinear points 
is the fact that the corresponding vertices of the other pair of triangles 
lie on concurrent lines. Hence, the hypothesis and the conclusion of 
the direct theorem of Desargues have, respectively, as their duals, the 
hypothesis and the conclusion of the converse. We express these facts 
by saying that the direct and converse theorems are dual theorems, or 
that Desargues’ Theorem, as a whole, is self-dual. 

Just as we have dualized Desargues’ Theorem, so we can dualize 
many other theorems. Thus the dual of Theorem 1, § 5 is: 

Theorem 1. If the lines joining five pairs of corresponding vertices 
of two complete quadrilaterals go through a point, the line joining the 
sixth pair goes through this point, and the four points of intersection of the 
corresponding sides lie on a line. 

Of course it still remains to show that this is a true theorem. 

Remark. The figures and properties which we have been able to 
dualize, on the basis of our definitions, are all projective. Thus the 
principle of duality is peculiar to projective geometry. It has no 
analog in metric geometry. There is, for example, no possible basis 
for dualizing a circle, or a line-segment of length two, or an angle of 
30°.* 


EXERCISES 

1. Describe and draw the dual of a complete five-point: five points, no three 
collinear and the lines which join them. 

* The idea of duality was exploited by Poncelet in his systematic use of the 
theory of poles and polars, a theory in which dual figures correspond to one 
another. The first independent statement of the principle of duality was 
given by Gergonne in 1826. 
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2. Draw the figures dual to the following figures. 



3. Prove Theorem 1. 

4. State and prove the dual of Theorem 2, § 5. 

5 . Two vertices of a complete quadrilateral which do not lie on a side of 
the quadrilateral are called opposite vertices, and the line joining them is known 
as a diagonal. What are the dual definitions, of opposite sides and diagonal 
points, for a complete quadrangle? Draw figures. 

6 . If the vertices of a complete quadrangle lie on the sides of a complete 
quadrilateral so that two opposite sides of the quadrangle are concurrent with 
two diagonals of the quadrilateral, then two opposite vertices of the quadri¬ 
lateral are collinear with two diagonal points of the quadrangle. Prove this 
theorem and state the dual. How is the dual related to the theorem? 



CHAPTER III 


HOMOGENEOUS CARTESIAN COORDINATES. LINEAR 
DEPENDENCE OF POINTS AND LINES 

1. Homogeneous Cartesian Coordinates. In order to take full 
advantage of the points at infinity, we need coordinates for them. 
These are not to be obtained in the usual system of Cartesian coordi¬ 
nates, since every pair of numbers (x, y) has already been assigned as 
coordinates to a finite point. We are thus led to introduce a new 
coordinate system. 

The new coordinates we shall call homogeneous (Cartesian) coor¬ 
dinates. We define them first for finite points in terms of the old, or 
nonhomogeneous (Cartesian) coordinates. 

Definition. Homogeneous coordinates (xi, x 2) x t ) of the finite 
;point (x, y) are any three numbers Xi, x 2 , x 3 for which 


Sets of homogeneous coordinates of (x, y) are (x, y, 1), 
(— 3 x, —3 y, — 3), and ( r x, r y, r), where r is any number, not zero. 

A finite point has, then, infinitely many sets of homogeneous coor¬ 
dinates; each two sets are proportional, and the third coordinate of 
every set is different from zero. Conversely, any three numbers, the 
third of which is not zero, are homogeneous coordinates of a definite 
finite point, namely, the point x = Xi/x 8 , y — x 2 /x 8 . Thus (3, — 2, 4) 
are homogeneous coordinates of the point (3/4, — 1/2). 

Corresponding, therefore, to the finite points, we have as coordinates 
all the number triples (xi, x 2 , x 8 ) for which x 8 ?■* 0. There remain the 
triples (xi, x 2 , 0). We hope to be able to assign them as coordinates to 
the points at infinity. 

Suppose we fix our attention on the point at infinity in the direction 
whose slope is X. An arbitrary line L through this point, that is, an 
arbitrary line of slope X, has the equation 

y — \x + b. 

29 
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Let the variable point P: (x, y) recede indefinitely on L in either 
direction. If, then, homogeneous coordinates of P can be found 
which have limits which are independent of 6, that is, independent of 
the particular line of slope X chosen, these 
limits are reasonable homogeneous coordinates 
to assign to the point at infinity. 

Nonhomogeneous coordinates of P are 
(x, Xx + b). Whenx becomes positively infinite, 
P recedes indefinitely on L in the one direc¬ 
tion, and when x becomes negatively infinite, 
P recedes indefinitely in the other direction. 

A set of homogeneous coordinates of P is (x, Xx + b, 1). Here the 
first two coordinates become infinite with x. Consider, however, the 
set (1, X + ( b/x ), 1/x). When x becomes infinite, positively or 
negatively, these coordinates actually have limits (1, X, 0) which are 
independent of b. 

Accordingly, we assign to the point at infinity in the direction of 
slope X the sets of homogeneous coordinates (r, rX, 0), where r is any 
number, not zero. 

Definition. Any number triple {x x , x 2 , 0) for which 



Xj 

Xi 


= X 


constitutes a set of homogeneous coordinates of the point at infinity in the 
direction of slope X.* 


We have now given to all the points of the extended plane homo¬ 
geneous coordinates, and have thereby exhausted all triples save one: 
(0, 0, 0). We agree not to use this triple at all. f 

Equation in Homogeneous Coordinates of a Straight Line. If, in the 
equation 

(1) aix + aty + o 3 = 0 


of a straight line L, we set for x and y 


x = 


x, 

X» 



* This definition and the previous discussion do not cover the point at in¬ 
finity in the direction of the y- axis. We leave this case to the student. 

t Homogeneous Cartesian coordinates were introduced in 1835 by the Ger¬ 
man geometer and physicist, Pluecker (1801-68). The line at infinity and 
points at infinity had already been employed systematically by Poncelet. 
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and multiply by x 3 , we obtain the equation 

(2) a 3 x i + a 2 x t + a»x» = 0. 

Equation (2) is the equation in homogeneous coordinates of the 
line L. For, it is evidently satisfied by the homogeneous coordinates 
of those and only those finite points which lie on L, and the coordinates 
of an ideal point P satisfy it if and only if P is the point at infinity 
on L; see Ex. 4. 

Since the point ( x\ , x 2 , Xt) is an ideal point if and only if x$ = 0 
the equation 

(3) *. - 0 

is the equation of the line at infinity. 

Equation (1) represents a straight line only if a\ and a 2 are not both 
zero. But equation (2) always represents a straight line, provided 
only that «i, a 2 , a 8 are not all zero. In particular, if ai = a 2 = 0, the 
line is the ideal line. 

Equation (2) is not merely linear in x\, x 2 , x z ; it is also homogeneous 
in x \, x 2 , x 3 . It is from this fact that the homogeneous coordinates 
take their name. 


EXERCISES 

1. Find the homogeneous coordinates of the following points; first give all 
sets and then choose a simple set. 

(a) (0, 0); (b) (- 2, 3); (c) (J, »); (d) (0, 1); 

(e) the point at infinity in the direction of slope 3/4; 

(J) the point at infinity in the direction of the j/-axis. 

2. Identify the following points, giving the nonhomogeneous coordinates 
when they exist. 

(a) (2, 4, - 1); ( b ) (3, 4, 2); (c) (2, 1, 0); (d) (0, 1, 0). 

3. What does each of the following equations represent? 

(a) Xi + x% — 4 Zj = 0; (6) Xi + 2 x 2 = 0; (c) x s — 3 x» = 0. 

4. Show that the coordinates of an ideal point P satisfy equation (2) if and 
only if the point is the point at infinity on the line L. 

2 . Applications to Points and Straight Lines. 

Theorem 1 a. The two points (oj, a 2 , a»), (6i, b t , 6») are identical 
if and only if 


C &2 

as 

= 0 , 

a t 

Oj 

= 0, 

Ol 

at 

?>2 

63 

> 

bt 

bt 

bt 

bi 


0 . 
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Theorem 1 6. The two straight lines, 

^ aiXi + a 2 x 2 + a 3 x a = 0, 

61 X 1 + btxt + b iX S — 0 , 

are identical if and only if 


CL% 

Os 

= 0 , 

fla 

Ol 

= 0 , 

Ol 

Cl 2 

62 

6 s 


&8 

6 , 

6 , 

bi 


These theorems are an immediate consequence of the fact that the 
two points, or the two lines, are the same when and only when the 
two number triples ai, o 2 , a% and b\, 6 2 , 6a are proportional; see Ch. I, 
§ 3, Th. 2. 

Theorem 2 a . Homogeneous coordinates of the point of intersection 
of the two distinct lines (1) are 


( 2 ) 


a 2 

Oj 


at 

a 1 


Ol 

Cl 2 

bt 

6a 

t — 

bt 

6, 

, *t = 

6 , 

bt 


For, by Ch. I, § 2, one simultaneous solution of equations (1) is 
given by (2), and every other solution is proportional to this solution. 
The point of intersection (2) of the two lines (1) lies on a third line, 


if and only if 


Call + c 2 x 2 + CjXj = 0, 


o 2 a 2 
b% bt 


Cl + 


fflj a i 
bt bi 


or 


Ci + 

o6cj = 0. 


<X\ CL 2 
b i b 2 


c t = 0, 


Theorem 3 a. Three lines are concurrent if and only if the determinant 
of the coefficients in their equations has the value zero. 

We give a second proof. The three lines have a point in common 
when and only when their three equations have a simultaneous 
solution other than Xi = 0, x 2 = 0, x s = 0; (0, 0, 0) are not coor¬ 
dinates of a point. But a necessary and sufficient condition that the 
three equations have a solution other than 0, 0, 0 is that the deter¬ 
minant of the coefficients vanish. 

Theorem 2 6. An equation of the line joining the distinct points 
(ai, o 2 , o 2 ) and (6i, 6 2 , 6 S ) is 
(3) |x a 61 = 0. 


An equation of the line must be of the form 
riXi + r 2 x 2 + rax* = 0. 
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Since (a u a 2 , at) and (& 2 , & 2 , bt) lie on the line, 

airi -(- a 2 r 2 a>rg — 0, 
biTi -j- b 2 r 2 -{- bsrg — 0. 


These equations in n, r 2( r% are the same as equations (1) in Xi, x 2 , x 2 . 
Hence a set of values for r i, r 2 , r 3 is given by (2), and an equation of 
the line is 


02 

b 2 



a t 

bt 


a i 

bi 


p2 + 


a, 

bi 



0, 


or 


j x a b | = 0. 


Theorem 3 b. Three points are collinear if and only if the determinant 
of their homogeneous coordinates vanishes. 

For, a third point (c u c 2) c%) lies on the line (3) if and only if 
\cab\ =0, or | a b c| = 0.* 

Cyclic Order and Advancement. The determinants in (2) are the 
two-rowed determinants formed from the matrix 


ai 

a 2 

at 

6 , 

b 2 



The columns of the matrix appearing in the three determinants are 
respectively the columns 2 3, 3 1, 12. 

We have here an example of what is known as cyclic 
order. If the numbers 1, 2, 3 are distributed on a circle 
(Fig. 2), and the circle is traversed in the direction of 
the arrow, the pairs of numbers occur precisely in the 
orders 2 3, 3 1, 12. 

When we proceed on the circle in the direction of the arrow, 1 
advances to 2, 2 to 3, and 3 to 1. If, in the first of the equations (2), 
we advance all the subscripts cyclicly in this manner, the result is the 
second equation. Similarly, if the subscripts in the second equation 
are advanced cyclicly, the third equation is obtained. Hence, to 
write all three equations, we have but to know the first. 


o 

Fig. 2 


EXERCISES 

1. Find the coordinates of the point of intersection of each of the following 
pairs of lines: 

(а) 2xi — 3x 2 + 4xj = 0, Xi + x 2 + x t = 0; 

(б) 4 xi + 6 xt + x t = 0, 2 Xi + 3 x 2 — 2 xj = 0. 

* The proof assumes that at least two of the points are distinct. The the¬ 
orem is true, however, if all three points coincide; for then, on the one hand, 
| a b c | =0, and, on the other, there is a line through the three points. Similar 
remarks apply to the first proof of Theorem 3 o. 
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2. Find the equation of the line joining the points 

(a) (1, - 1, 2), (0, 1, 4); ( 6 ) (4, 1, - 2), (1, 1, 0). 

3. Are the lines 

Xi — Xt — x» = 0, 2 Xi + xt + 3 x t - 0, 7 Xi — z» + 3 z 3 == 0 

concurrent? If so, find their common point. 

4 . Are the points (2, 3, 1), (5, — 2 , 2 ), ( 1 , — 8 , 0) collinear? 

5. Check analytically the fact that two finite lines intersect in a point at 
infinity if and only if they are parallel. 

6 . Deduce from Th. 2 6 a determinant form of the equation in nonhomo- 
geneous coordinates of the line joining the distinct points (xi, yi), ( 22 , 2 / 2 ). 

7. Prove that two finite points ( 01 , a t , a s ), ( 61 , 6 2 , 6 a ) are identical if and 
only if a s 6 j — a t 6 j = 0 , aj&i — aib% = 0 . 

3. Abridged Notation. In the calculus, it is common practice to 
denote functions by simple symbols, for example, the function 
x 1 + y* — 1 of the two variables x, y by /(x, y ): 

/(x, y) = x 2 + y i - 1 . 

It is convenient to carry over this practice to geometry. Here we 
are interested not so much in the function as in the locus of the equa¬ 
tion obtained by equating the function to zero. Thus, /(x, y) = 0 , 
or, more briefly, / = 0 , is a short or abridged notation for the equation 

x 2 + y 1 — 1 = 0 

of the unit circle. 

Similarly, a(xi, x 5 , x*) = 0 , or a = 0 , where 

<*(xi, xs, 23) = aiXi + 02 X 2 + 03 X 3 , 

is the equation in homogeneous coordinates of a straight line. 

The relation p(x 0 , yo) = 0 expresses the fact that the value of the 
function p(x, y) for x = x 0 , y = y 0 is zero, or that the point (x 0 , yo) 
lies on the locus whose equation is p(x, y) = 0. Thus, /(1, 0) = 0 
expresses the fact that the point ( 1 , 0 ) lies on the unit circle/(x, y) = 0 .* 

4 . Linear Combination of Two Straight Lines. Pencils of Lines. 
Let 

a = 0 , ct(xi, x 2 , xj) = 01 X 1 + o 2 x 2 + o* 2 s, 

0 = 0 , 0 (xi, x 2 , x 8 ) = 61 X 1 + b t xt + & 3 x», 

be two distinct straight lines and form the equation 

ka + J/9 = 0, 

* The method of abridged notation, though employed earlier, was a favorite 
with Pluecker and came into prominence through his systematic use of it. 
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that is, 

(k ol\ -f- 1 6i)ii ■+• (k at + l bi)xi ■+■ (ft <z» + l b t )xt — 0, 

where k and l are constants, not both zero. 

The coefficients of X\, x 2 , x 3 in this equation cannot all vanish; for, 
if they were all zero, the number triples Oi, a 2 , a 3 and b it b 2 , b t would 
be proportional (Ch. I, § 3, Th. 2) and the lines a = 0 and )3 = 0 
would not be distinct. The equation represents, therefore, a straight 
line. This line is called a linear combination of the given lines. 

Theorem 1. A linear combination of two distinct straight lines is a 
straight line passing through their point of intersection. 

If (ri, r 2 , r 3 ) is the point common to the lines a = 0 and |3 = 0, 
a(ri, r 2 , r») = 0, /3(ri, r 2 , r 3 ) = 0. 

Therefore, no matter what values k and l have, 

ka(r u r 2) r a ) + l&(r u r 2 , r,) = 0. 

Hence (ri, r 2 , r 3 ) also lies on the line ka -f l(i — 0. 

Theorem 2. Any straight line passing through the point of inter¬ 
section of two distinct lines can be expressed as a linear combination of 
the two lines. 

Let L be the given line through the point P common to a = 0 
and /3 = 0, and let (sj, s 2 , s 3 ) be a point of L other than P. Since the 
line k a + l (3 = 0 goes through P, it will coincide with L if it contains 
the point (s lf s 2 , s 3 ), that is, if 

ka(s i, s 2 , s 3 ) + J|3(si, s 2 , s 3 ) = 0. 

This is an equation in k and l; a{$\, s 2 , s 3 ) and /S(si, s 2 , s 3 ) are con¬ 
stants. One solution is k = 0(s j, « 2 , « 3 ), l = — a(si, s 2 , s 3 ); and for 

these values of k and l, k a + l (i = 0 represents L. 

Example. Let it be required to find the equation of the line join¬ 
ing the point (2, 1, 1) to the point of intersection of the lines 

2 Xi — 3 x 2 + x 3 = 0, 5 Xi — 3 xt — 2 x t = 0. 

The linear combination of the given lines, 

k (2 Xi — 3 Xi + a: 3 ) + l( 5ii — 3z 2 — 2x 3 ) = 0, 

contains the point (2, 1, 1) if 2 k + 5 1 = 0, or k = 5, 1= — 2. 

Thus the required line is found to have the equation x 2 — x, = 0. 
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Pencils of Lines. The totality of lines through a point, finite or 
ideal, is known as a pencil of lines. The point is called the vertex of 
the pencil. 

From Theorems 1 and 2 we have: 

Theorem 3. If a = 0 and fi = 0 are distinct straight lines, the 
totality of lines represented by the equation k a + l /S = 0, when k, l take 
on all possible pairs of valves other than 0, 0, is the pencil of lines having 
the point of intersection of a = 0 and fl = 0 as vertex. 

EXERCISES 

1. Find the equation of the straight line which passes through the origin 
and the point of intersection of the lines 

3x + 2y + 1 = 0, 4x - y - 2 = 0. 

Do twice, once using homogeneous coordinates and once using nonhomo- 
geneous coordinates.* 

2. Find the equation of the straight line which passes through the point of 
intersection of the lines 

2x, + 5xj — x, = 0, 3x, + 2n — 4x« ■= 0 

and is parallel to the axis of x. 

3. Find the equation of the straight line which passes through the point of 
intersection of the lines of Ex. 2, and is perpendicular to the first of the lines 
in Ex. 1. 

4 . What linear combination of the two parallel lines 

6x, — 9x> + 2xj = 0, 4xi — 6x» — 3x» == 0 
is the line at infinity? 

5. Find the equation of the straight line parallel to the lines of Ex. 4, and 
going through the point (2, 3, — 2). 

6. If a = 0 is a finite line and /S = 0 is the line at infinity, what can you say 
of the pencil of lines k a + 1 0 =0? 

7. What does each of the following equations represent, if k and l are arbi¬ 
trary constants? 

(a) k (3xi + 5 x 8 ) + lx, = 0; ( b ) kx — ly = 0. 

5. Linear Dependence of Straight Lines. If a function f(x i, x 3 , x,) 
of x h x 3 , x s has the value zero for all sets of values of xi, x 2 , x$, the 
function is said to be identically zero: f(x u x 2 , x s ) = 0. 

* The theory of linear combination of two straight lines remains essentially 
the same when the homogeneous coordinates are replaced by nonhomogeneous 
coordinates; see Analytic Geometry, Ch. IX, § 3. 
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Lemma. If A\X\ + A 2 x 2 + A 8 x 8 vanishes identically: 

AiX i + A t x 2 + AiXi = 0, 
then Aj = 0, A 2 = 0, A> — 0. 

For, since Aix t + A 2 x 2 + A 3 x» vanishes for all sets of values of 
Xi, x 2 , Xz, it vanishes for x t =1, x 2 = 0, x» = 0; hence A i = 0. 
Similarly, A 2 = 0, and A s = 0. 

Definition. The two lines 

(1) a s aiX\ + a 2 x 2 + azXz = 0, 0 = b\Xi + b 2 x 2 + bzXi = 0 

are linearly dependent if and only if two constants k, l, not both zero, 
exist so that ka + l (3 vanishes for all sets of values of x\, x 2 , x s : 

(2) ka + l0 = 0. 

Since 

k a + l P = (fc ai + l i>i)xi + {k a 2 + l b 2 )x 2 + {k a 3 + l h 3 )x 3 , 
it follows that k a + l (3 vanishes identically if and only if 

(3) k ai + l hi = 0, k a 2 + lb 2 = 0, k a 3 + l b 3 — 0. 

The existence of k, l, not both zero, so that equations (3) are satisfied 
is precisely the condition that the sets of coefficients Oi, a 2 , a 3 and 
b i, b 2 , b 3 in the equations of the lines be linearly dependent; see Ch. I, 
§ 3. But then the lines are identical, and conversely. 

Theorem 1. Two lines are linearly dependent if and only if they are 
identical. 

The definition of linear dependence for any number of lines is similar 
to that for two lines. Thus, the three lines, 

a = aiXi + a 2 x 2 + azXz — 0, 

(4) /3 s biXi + b 2 x 2 + b s Xi — 0, 

7 — CiZi + c 2 x 2 + cjx* = 0, 

are linearly dependent, if and only if three constants k, l, m, not all 
zero, exist so that 

(5) ka + i|3 + my = 0, 
or, what is the same thing, so that 

k at + l bi + m ci — 0, 
k a 2 1 b 2 tn c 2 = 0, 
k a» + 1 6j + m c» = 0. 


(6) 
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Equations (6) have a solution for k , 1, m, other than 0, 0, 0, if and 
only if \abc\ — 0. By § 2, Th. 3 a, this is precisely a condition 
necessary and sufficient that the lines (4) be concurrent. 

Theorem 2. Three lines are linearly dependent if and only if they 
are concurrent. 

We give a second proof, based on identities. Assume that k, l, m, 
not all zero, exist so that the identity (5) holds, and suppose, for 
example, that m^O. Then 


This identity states that the line y = 0 is the same line as 

--a--/3 = 0, or ka + Ip = 0. 
m m 

Hence 7 = 0 passes through the point of intersection of a = 0 and 
0 = 0 , if they are distinct, and is identical with them if they coincide. 

Conversely, let a = 0 , 0 = 0 , 7 = 0 be concurrent. If a = 0 
and 0=0 are distinct lines, then, by § 4, Th. 2, 7 = 0 must be a 
linear combination of them: 

7 = k a + 1 0 . 

Hence 

k a +10 —7 = 0 , 

and the lines are linearly dependent. On the other hand, if the lines 
a = 0 and 0 = 0 are identical, there exist, according to Th. 1, two 
constants, k, l, not both zero, so that ka + 10 = 0. Consequently, 
the identity (5), where m = 0 and k and 1 have the values just noted, 
is valid, and the three lines are linearly dependent. 

Theorem 3. If three distinct lines are linearly dependent, equations 
of the lines can he so chosen that the constants of dependence can all be 
taken as unity. 

If a = 0, 0 = 0, 7 = 0 are three distinct lines which are linearly 
dependent: ka + ip + my = 0, no one of the constants of dependence 
can be zero. Then ka = 0,10 = 0, my = 0 are also equations of the 
lines and when we set ka = a', 10 = 0 ', my = y', the identity be¬ 
comes a' + 0' + y' = 0. Thus the theorem is proved. 

Theorem 4. The linear dependence of a number of lines is coex¬ 
tensive with the linear dependence of the sets of coefficients in the equa¬ 
tions of the lines. 
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The truth of the theorem in the case of two lines has already been 
noted in the proof of Theorem 1. Its verification in the case of three 
or more lines is left to the reader. 

EXERCISES 

1. Show that the lines 

4xi — 2x 2 + 6x 8 = 0, &Xi — 3x a + 9x» = 0 
are linearly dependent and find values for the constants of dependence. 

2. The same for the lines 

5xi + 6x 2 — 3x» = 0, 2xi -+■ 3x 2 — 4x 3 = 0, 4xi + 3x 2 + 6xt = 0. 

3. Choose equations for the lines in Ex. 2 so that the constants of dependence 
in the identity expressing linear dependence can all be taken equal to unity. 

4. Prove that four lines are always linearly dependent. 

5. Show that, if no three of four given lines are concurrent, equations 
a — 0, 0=0, 7 = 0 , 3=0 for the four lines can be so chosen that 
a +0 + y + S^O. 

6. Show that two finite lines are parallel if and only if they and the line at 
infinity are linearly dependent. Hence prove that the finite lines 

a = a\X + a 2 y + a s = 0, 0 ts biX + b 2 y + b, = 0 

are parallel, but not identical, if and only if constants k, l, m, m 0, exist 

so that ka + 10 = m. 

6. Linear Dependence of Points. Ranges of Points. For the sake 
of brevity, we shall henceforth denote the point (xi, x 2 , x 3 ) symbolic¬ 
ally by x and write x: (x it x 2) x 3 ). 

Definition. A number of points are said to be linearly dependent 
if and only if their sets of homogeneous coordinates are linearly dependent. 

In the case of two points, the definition requires that the coordinates 
of the two points be proportional. Hence: 

Theorem 1. Two points are linearly dependent when and only when 
they are identical. 

The three points a: (o 1( o 2 , u 8 ), b: (f>i, b 2 , b 3 ), c: (c t , c 2 , c 3 ) are linearly 
dependent if and only if k, l, m, not all zero, exist so that the equations, 

k a 2 + l b\ + m cj = 0, 

(1) k a 3 + lb t + met = 0, 

k a 3 + l b 3 + m c» = 0, 

are satisfied. The condition, necessary and sufficient, for linear 
dependence is, therefore, that |a b cj = 0. But, by § 2, Th. 3 6, this 
is the condition that the three points be collinear. 
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Theorem 2. Three points are linearly dependent if and only if they 
are collinear. 

It will be noted that these theorems are the precise duals of the 
corresponding theorems concerning the linear dependence of lines. 
Equations (1) can be written more compactly in the form 

k a, + l bi -f m c, = 0, (i = 1, 2, 3). 

We go still further and drop the subscripts altogether, writing 

k a lb me = 0 

as a symbolic equation standing for all three equations. 

Ranges of Points. A range of points is the totality of points on a 
straight line. It is the dual of a pencil of lines. Since a pencil of 
lines consists of all the lines which are linear combinations of two 
distinct lines, a range of points may be expected to consist of all the 
points which are linear combinations of two distinct points. This is 
indeed the case. 

Theorem 3. If a and b are distinct points, the totality of points 
ka + lb: (k a t + 1 6», k o 2 + / b it k a 3 + l b 3 ), 

where k, l take on all possible pairs of values other than 0, 0, is the range 
of points on the line of a and b. 

To show that an arbitrary point k a + l b lies on the line of a and b, 
denote the coordinates k ai + l bi, k a 2 + l b 2 , k a» + l b 3 of this point 
by Ci, cj, c*. Then 

c, = k ai + l bi, (i = 1, 2, 3), 

or, symbolically, 

k a + lb — c = 0. 

Consequently, the points a, b, c are linearly dependent and c, or 
ka + lb, lies on the line of a and b. 

Conversely, if a point c lies on the line of a and b, the points a, b, c 
are linearly dependent: 

k a + lb me = 0. 

Since a and b are distinct points, the constant m cannot be zero. 
Therefore we can divide by m, obtaining c: 


as a linear combination of a and b. 
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Example. Find the points in which the line joining the points 
( — 6, 0) and (6, 4) meets the parabola 

y* — x — 4=0. 


Homogeneous coordinates of the given points are (—6, 0, 1), 
(6, 4, 1) and those of an arbitrary point of their line are 

(- 6fc + 61, 41, k + l). 


These coordinates satisfy the equation in homogeneous coordinates of 
the parabola: 

x\ — xix 3 — 4 x\ = 0 
if 


16 l 2 + 6(A; 2 - l 2 ) - 4(Jfc + l) 2 = 0, 


or 

k 2 — 4 kl + 3 l 2 = 0. 


Thus fc — I=0orfc — 31=0, Setting fc = 1, l = 1, and then k = 3, 
l = 1, we obtain as the coordinates of the required points (0, 2,1) and 
( - 3, 1, 1), or (0, 2) and (- 3, 1). 


EXERCISES 

1. The three points (2, 3, — 2), (4, 5, 2), (1, 2, — 4) are linearly dependent. 
Find values for the constants of dependence. 

2. Choose coordinates for the points in Ex. 1 so that the constants of de¬ 
pendence can all be taken equal to unity. 

3. What linear combination of the two points (1, 1, 2), (2, — 1, 3) is the 
point at infinity on their line? 

Find the coordinates of the point (or points) in which the line joining the 
given points meets the given curve. 



Given points 

Given curve 


4. 

(2, 1, 3), (3, 1, 2), 

Xi ~ h + -Cs 

= 0. 

5. 

(5, 1, 5), (1, 3, 1), 

2z 2 + if - 3 

= n. 

6. 

1 

cf 

o 

x 2 y- — 2 x — 1 

= 0. 


7. Show that, if A , B, C are distinct collincar points, homogeneous coor¬ 
dinates a and b of A and B can be chosen so that C has the coordinates a + 6. 

7. Analytic Proof of Desargues’ Triangle Theorem, To illustrate 

the usefulness of the ideas of linear combination and linear dependence, 
we give an analytic proof of Desargues’ Theorem in the plane. We 
establish first: 

Theorem 1 . If the corresponding sides of the two triangles intersect 
in collinear points, the lines joining corresponding vertices are concurrent. 
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Let the equations in homogeneous coordinates of the sides of the one 
triangle be a — 0, P = 0, y = 0, and those of the sides of the other 
triangle, a' = 0, P’ — 0, y' — 0, as shown in the figure. Let the 
equation of the line L on which lie the points of intersection A", 

B", C" of the correspond¬ 
ing sides be 8 = 0. 

Since L goes through 
the point A" common to 
a = 0 and a' = 0, 5 is 
identically the same as a 
certain linear combination 
of a and a': 8 = Aa — A 'a'. 
Since L also goes through 
B" and C", we can, by 
similar reasoning, write 
8 & B/3 - B'P' and 

8 = Cy — C'y'. Hence * 

(1) Aa - AW ^ Bp - B'P' m Cy - C'y' = 8. 

From this continued identity, we obtain the three identities: 

BP - Cy = B'P' - C'y', 

(2) Cy — Aa = C'y' - AW, 

Aa- BP = AW - B'P'. 

The first of these says that the equations Bp — Cy — 0 and 
B'P' — C'y' — 0 t represent the same line. This line is a linear 
combination of P — 0 and 7 = 0, and hence goes through the point 
A ; it is also a linear combination of P' = 0 and y' = 0, and so 
goes through the point A'. Hence it is the line AA'. 

Similarly, the second identity yields two equations for the line 
BB', and the third, two equations for CC'. Thus we have two sets of 
equations for the lines A A', BB', CC': 


AA': 

BP 

1 

2 

II 

,© 

B'P' 

- C'y' = 0, 

BB': 

Cy 

— Aa = 0, 

C’y' 

1 

sf 

II 

o 

CC': 

Aa 

- BP = 0, 

AW 

- B'P' = 0. 


*The constants of combination A, A', B, B’, C, C' are not to be confused 
with the lettering of the vertices in the figure. 

t Since it is impossible that B = C = 0 or B’ = C’ = 0, these equations 
actually represent lines. 


L 
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The equations of either set are linearly dependent with constants 
of dependence all unity. Hence the lines AA', BB', CC' are con¬ 
current. 

Theorem 2. If the lines joining corresponding vertices of the two 
triangles are concurrent, the corresponding sides intersect in collinear 
points. 

Theorem 2 is the dual of Theorem 1. Moreover, the theory of 
linear combination and linear dependence of straight lines used in the 
proof of Theorem 1 has a precise dual in the corresponding theory for 
points. Consequently, we can give for Theorem 2 a proof which is 
the dual of that of Theorem 1. 

If a: (a u a 2 , a 3 ), b, c are coordinates of the vertices A, B, C of the 
first triangle, a', b', c’ coordinates of the vertices A', B', C' of the second 
triangle, and d: {d u d 2 , d 3 ) coordinates of the point P (Fig. 3), we have, 
symbolically, 

Aa - A'a' = Bb - B’b' = Cc - C'c' = d. 

Let the reader justify these relations, and then complete the proof. 

EXERCISES 

1. Complete the proof of Theorem 2. 

2. Lemma A. A necessary and sufficient condition that three distinct lines, 
one through each vertex of the triangle whose sides are a — 0, p = 0, y = 0, 
be concurrent is that their equations can be put in the forms: 

(4) Bp - Cy = 0, Cy - Aa = 0, Aa ~ Bp = 0. 

The condition is evidently sufficient; equations (4) represent three concurrent 
lines, one through each vertex of the triangle; see equations (3). 

It remains to show that the condition is necessary. The three lines, since 
they are concurrent, are linearly dependent. By § 5, Th. 3, their equations 
Bp + C'y =0, Cy -\- A'a =0, Aa + B'p = 0, 
can be so chosen that the constants of dej>endenee can all be taken equal lo 
unity: 

{Bp + C'y) + {Cy + A'a) + {Aa + B'P) m 0. 

Hence 

{A + A') a + {B + B') P + {C + C') y m 0. 

To complete the proof we conclude that 

A + A' = 0, B + B' = 0, C + C' = 0. 

What is the justification for this conclusion? 

3. Prove Theorem 2, by showing that the steps in the proof of Theorem 1 
can be retraced. Begin by establishing equations (31 with the help of Lemma 
A. 

4. Lemma B. The dual of Lemma A. State and prove. 

tf t»_th -i i- a. : xk_ — o 
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8. Linear Dependence of Four Points or of Four Lines. By Ch. I, 

§ 3, Th. 4, four number triples are always linearly dependent. Hence: 
Theorem 1. Four points are always linearly dependent. 

In seeking the geometric significance of this fact, we consider 
merely the general case in which at least three of the four points are 
linearly independent.* Let a, b, c, d be the four points, and let a, b, 
c be linearly independent. Then, in the symbolic equation 

(1) fcfl + lb + me + nrf = 0 

which expresses the linear dependence of the four points, the constant 
n cannot be zero. Consequently, we can divide by n and write: 

d = Aa + Bb + Cc, 

where A = — k/n, B — — l/n, C = — mjn. Thus, we have the 
coordinates of the point d expressed as a linear combination of those 
of the three points a, b, c. But d might have been any point in the 
plane. Hence: 

Theorem 2. The homogeneous coordinates of an arbitrary point of 
the plane can be expressed as a linear combination of those of three non- 
callinear points. 

The result may be stated in another way: The totality of points 
which are linear combinations of three noncollinear points consists of 
all the points of the plane. 

Geometric proofs of Theorems 1 and 2 can be 
readily given. Consider the latter theorem. 
The point in which the line of a and b (Fig. 4) 
is met by the line of c and (if is a linear com¬ 
bination, ka+lb, of a and b, and the point d 
is a linear combination of this point, k a + lb, 
A(k a + lb) + Cc. Hence d is a linear combina- 

Theorems analogous to Theorems 1 and 2 hold for straight lines. 
Theorem 3. Four straight lines are always linearly dependent. 
Theorem 4. The equation of an arbitrary line in the plane can be 
written as a linear combination of the equations of three nonconcurrent 

lines. 

* The special case in which each three of the four points are themselves 
linearly dependent presents nothing new: the four points are collinear. 
t The theorem is obvious if d coincides with c. 



and c ; that is, d — 
tion of a, b, and c. 
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EXERCISES 

1. Express the point (1, 1, 1) as a linear combination of the three noncol- 
linear points (1, 0, 0), (0, 1, 0), (0, 0, 1). 

2. Give a geometric proof of Theorem 4. 

3. Show that, if no three of four given points are collinear, coordinates 
a, b, c, d of the four given points can be so chosen that a + b + c + d = 0. 

4. Determine specific values for the constants of dependence in (1) in the 
general case in which at least three of the four points are linearly independent. 

9. Applications to Complete Quadrangles and Complete Quadri¬ 
laterals. Two sides of a complete quadrangle whose point of inter¬ 
section is not a vertex of the 
quadrangle are called opposite sides. 

There are evidently three pairs of 
opposite sides: p u p 2 ; q u g 2 ; n, r 2 
(Fig. 5). The points P, Q, R deter¬ 
mined by the pairs of opposite sides 
are known as diagonal points. 

According to § 8, Ex. 3, coor¬ 
dinates a, b, c, d of the vertices of 
the complete quadrangle can be chosen so that 
(1) a + 6-l-c-t"d = 0. 

We have then, for example, 

a + b — — (c + d). 

This symbolic equation says that a + b and c + d are coordinates 
of the same point. This point lies on the line p\ of a and b, and also 
on the line p 2 of c and d; hence it must be the diagonal point P. In 
the same way we get two sets of coordinates for each of the other 


diagonal points. 

Tabulating the results, we have 


P: 

a + b 

or c + d 

(2) 

Q: 

a + c 

or d + b 


R: 

a d 

or b + c 


Is it ever possible that the points P, Q, R be collinear? To answer 
this question, let us assume tentatively that the points are collinear. 
Their coordinates c + d, d + b, 6 + c are then linearly dependent; 
constants B, C, D, not all zero, exist so that 

B(c + d) + C(d + b) + D(b + c) = 0. 

(C + D) b + {D + B) c + (B + C) d = 0. 



Hence 
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Since B, C, D are not all zero, C + D, D + B, B + C are not all 
zero. Hence the points b , c, d are linearly dependent. But this 
means that three vertices of the complete quadrangle are collinear, 
which is impossible. 

Theorem 1. The diagonal points of a complete quadrangle are never 
collinear. 

The triangle whose vertices are the diagonal points is known as the 
diagonal triangle of the quadrangle. 

EXERCISES 

1 . Show that the points P, Q, R in Fig. 5 have the coordinates c — d, 
d — b, b — c and thus prove the theorem: The three points in which three 
nonconcurrent sides of a complete quadrangle, one through each diagonal 
point, meet the opposite sides of the diagonal triangle are collinear. 

2 . Give a geometric proof of this theorem. 

3. Opposite vertices and diagonals of a complete quadrilateral are the duals 
of opposite sides and diagonal points of a complete quadrangle. Define them 
and prove that the diagonals are never concurrent. 

4. State and prove the dual of the theorem in Ex. 1. 



10. Metric Applications. Normal Form 
for the Equation of a Line. Let L be a finite 
line which does not pass through the origin 
0 of coordinates, and let Q be the foot of 
the perpendicular from 0 on L. The posi¬ 
tion of L is determined by the angle $ from 
the positive axis of x to the directed line OQ 
and the length p > 0 of the line-segment OQ. 


The equation of L in terms of <j> and p is * 

(1) x cos $ + y sin <f> — p = 0. 


Directed Distance from a Line to a Point. Let Po be an arbitrary 
point of the plane and let R be the foot of the perpendicular dropped 
from P 0 on the line L. The directed distance, d, from L to Po we 
define as the directed line-segment RPo, taken positive or negative 
according as the direction from R to P 0 is the same as, or opposite 
to, that from 0 to Q. Evidently d is positive if Po lies on the opposite 
side of L from 0, and negative if Po lies on the same side of L as 0. 

To obtain a formula for d, draw through P 0 a line L' parallel to 

* The equation is obtained by equating the projection on OQ of the broken 
line OMP to the projection p of OP on OQ. 



LINEAR DEPENDENCE OF POINTS AND LINES 47 


L. For L', <f>' = 4> and p' = p d, provided L' meets the half-line 
OQ, as in the figure. If L' meets the opposite half-line, <£' = <£ + »■ 
and p' — — p — d. In both cases the equation of L' is 
x cos (j> + y sin <f> — p — d = 0. 

Since P 0 : ( x 0 , yo) lies on L', we have 

(2) d = x o cos <j> + yo sin <£ — p. 

Theorem 1. When the equation of a line is given in normal form 
a(x, y) = x cos 4> + y sin <f> — p = 0 , 
the directed distance d from the line to the point (x 0 , yo) is 

d = a(x 0 , yo)- 

Let a = 0 and 0 = 0 be the equations in normal form of two inter¬ 
secting lines not passing through 0. The linear combination 
a — k j 8 = 0 has, then, a simple geometric interpretation which can 
be readily established by means of Th. 1. 

Theorem 2. The line a — k$ = 0 is the locus of a point which 
moves so that its directed distances from the lines a = 0 and /J — 0 
are in the ratio k. If k > 0, the line passes through the two regions 
bounded by a = 0, = 0, one of which contains the origin; if k < 0, 

the line passes through the other two regions. 

Corollary. The equations of the bisectors of the angles between 
a = 0 and fi = 0 are a — j 3=0 and a + /3 = 0. 

Applications. We are now in a position to prove a number of 
theorems. 

Theorem 3. The bisectors of the internal angles of a triangle meet 
in a point. 

Choose the origin O inside the triangle and let the equations in 
normal form of the sides be a = 0, /3 = 0, 7 = 0. The equations of 
the bisectors in question are, then, 


a — @ = 0 , 0-7 = 0, 7 

But these equations are linearly dependent. 
Hence the bisectors are concurrent. 

Theorem 4. The medians of a triangle are 
concurrent. 


— a = 0. 


c 



B 7-0 U A 

Fig. 7 


Take O, as before, within the triangle. The distances MA' and 
MB' from the mid-point M of AB to the sides a = 0 and 0=0 
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(Fig. 7) are 

MA' = \ c sin B, MB' = ^ c sin A, 

where c is the length of the side AB. Hence the equation of the 
median CM is 

a sin A — fi sin B = 0. 

Similarly, the equations of the other medians are 

/S sin B — 7 sin C = 0, 7 sin C — a sin ^4 = 0. 

The three medians are evidently linearly dependent, and therefore 
concurrent. 

Application to Circles. Let the equations, 

a = x 2 + y 2 -f a x x + a»y + a 3 — 0, 

(8 = x 2 + y 2 + b x x + b 2 y + 63 = 0 , 

represent two circles which intersect in two distinct points P 1 and P 2 . 
Then the equation 

ka -f = 0, 

where k, l are constants not both zero, represents a curve which passes 
through the points P 1 and P 2 - From the form of the equation: 

(k + l)(x 2 + y 2 ) + (kai + lb\)x + (ka^ + lb 2 )y + ( ka 3 + W 3 ) = 0, 

it is evident that this curve is a circle, unless k + l — 0 . 

In the exceptional case, the curve is a straight line. Since it contains 
the points Pi and P 2 , it must be the common chord P 1 P 2 of the two 
circles. Its equation is evidently a — /3 = 0 . 

It can be readily shown that, by choosing k, l suitably, k a +1/3 = 0 
can be made to represent any desired circle passing through Pi and 
P 2 . The totality of these circles, together with the common chord 
PiPt, is known as a pencil of circles. 

Suppose now that 

y = x 2 + y 2 + cix + ciy + c 3 = 0 

is a third circle which intersects each of the circles a = 0 and /3 == 0 
in distinct points. The common chords of the three circles, taken in 
pairs, have the equations 

a — /3 = 0, £ 1 — 7 = 0 , 7 - a = 0, 

and are therefore concurrent. 

Theorem 5. If three mutually intersecting circles are taken in pairs 
and the common chords are drawn, the common chords are concurrent.* 
* The point of concurrency may be a point at infinity. 
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Remark. It frequently happens that, in the proof of a theorem by 
abridged notation, the equations can be reinterpreted so that a new 
theorem results. 

For example, suppose that in the proof of Theorem 3, in which 
a = 0, /3 = 0, 7 = 0 are the sides of a triangle and a — /3 = 0, 
/?— 7 = 0, 7 —a = 0 the bisectors of the internal angles, we now 
think of a = 0, /3 = 0, 7 = 0 as representing circles. Then 
a—(3 = 0, (3— 7 = 0 , 7 —a = 0 are the common chords of the 
circles, and the proof of Theorem 3 becomes that of Theorem 5. 


EXERCISES 


1. Prove that 

d = <*(*■ v) 

■>Jai 2 + aj 2 

is a directed distance from the line 

«(x, y ) m a,x + a 2 y + a 3 = 0 

to the point (x , y), positive for all points ( x , y) on one side of the line and 
negative for all points (x, y ) on the other side. 

2. Prove that the bisectors of the exterior angles at two vertices of a triangle 
and the bisector of the interior angle at the third vertex are concurrent. 

3. Show that the altitudes of a triangle are concurrent. 

4. Prove that if a = 0 and P = 0 are the equations in normal form of two 
intersecting lines, the lines ka — If} =0 and la — kp — 0 make the same 
angle with a — p = 0. 

5. Hence show that if three lines, one through each vertex of a triangle, 
meet in a point Pi, the three lines, one through each vertex, which make the 
same angles as the given lines with the bisectors of the angles, but lie on the 
opposite sides of the bisectors, meet in a point P 2 . The two points Pi and Pi 
are known as isogonal conjugate points with respect to the given triangle. 

6 . Prove that, if two triangles correspond, vertex for vertex, so that the 
perpendiculars from the vertices of one on the opposite sides of the other are 
concurrent, then the perpendiculars from the vertices of the second on the 
opposite sides of the first are also concurrent. 

7. Given three mutually intersecting circles and a point P. Show that the 
three circles which are determined by P and points of intersection of the pairs 
of given circles have in general a second point in common. 

8. If four mutually intersecting circles can be paired in one way so that the 
points of intersection of the pairs of circles lie on a circle, show that the circles 
have this property no matter how they are paired. 

9. What theorem concerning circles results from the proof of Desargues’ 
Triangle Theorem when the equations in the proof are thought of as repre¬ 
senting circles? 



CHAPTER IV 

HARMONIC DIVISION 


1. Division of a Line-Segment. In the elementary theory of the 
division of a line-segment, there are in general two points which divide 
the segment in a given ratio, one external, and the other internal, to 
the segment.* For the purpose of this and later chapters, it is 
advisable to revise the theory so that but one point will correspond to 
a given ratio of division. This end is attained by replacing the ab¬ 
solute ratio hitherto used by an algebraic ratio, defined in terms of 
directed line-segments. 


Definition. The algebraic ratio, p, in which P divides the finite 
line-segment P\P 2 is defined as the quotient of the directed line-segments 
PPi, PP 2 : 

PPi 

ft — -==- • 

PP2 


Inspection shows that, according as P is external or internal to P\P 2 , 
ft is positive or negative. 

Since PPi = ft PPi, the projection of PP X on an axis of coordinates 
is ft times the projection of PP 2 on the axis. Hence we derive for¬ 
mulas for the coordinates of P. 

Theorem 1. The coordinates (x, y) of the point P which divides the 
line-segment bounded by Pi : (xi, yi) and P 2 : ( x 2 , y 2 ) in the ratio p, 
1, are 

(i) x = — - . y — -- 


When ft = 1, formulas (1) have no meaning. It is evident geo¬ 
metrically, however, that when ft approaches 1 as a limit, the point P 
recedes indefinitely. Moreover, in the homogeneous coordinates 
(xi — ft x 2 , yi — ft y 2 , 1 — p) of P, we can set p = 1 and the result is 
the point at infinity on the line. Accordingly, we say that the point 
at infinity on the line divides the line-segment P\P 2 in the ratio p — 1. 

There is now a unique point on a finite line which divides a finite 
segment on the line in a given (algebraic) ratio. 

* See Analytic Geometry, p. 17 
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We next introduce homogeneous coordinates and prove the theorem: 
Theorem 2. The ratio, p, in which the point a + \ b divides the seg¬ 
ment bounded by the finite points a : (ai, a 2 , a 3 ) and b : (i>i, b 2 , b 3 ) is 


( 2 ) 



If a + \ b is the point at infinity on the line of a and b, then 
as + X b 3 = 0 and hence — \b 3 /a 3 has the value 1, as prescribed by the 
theorem. 

If a + X b is a finite point, p can be determined from equations (1). 
These equations, when we set 


reduce to 




b 1 

d\ -f- X6l 

Xi — ~ » 

63 

CI3 -f- X63 

bi 

di “f" X62 

US’ 

II 

w 

^ dz \bz 


(flsbx — Oi&s) (a 3 p -(- X b 3 ) — 0, (a,sbi — a 2 b 3 ){a 3 p \b 3 ) — 0. 

If a 3 bi — aj>s and 0362 — aj> 3 were both zero, x\ and 3/1 would be equal, 
respectively, to x 2 and y 2 , and the points a and b would not be distinct. 
Hence a 3 p + X 6 3 = 0 , and p has the desired value. 


2. Harmonic Division of Points. Two distinct points Q u Q t on a 
finite line L are said to separate harmonically ft P t 
two distinct finite points Pi, P 2 on L if the Qi 0* 

algebraic ratios p 1 , p 2 in which they divide the Fia. 1 

line-segment PiP 2 are negatives of one another: 


( 1 ) 


Pi — — pi or 


Q\P 1 _ _ QtP i 

QiPi QtPt 


If Pi = 1, that is, if Qi is the point at infinity on L, then pi = — 1 
and Qi is the mid-point of PjP 2 . Two distinct finite points are sepa¬ 
rated harmonically by their mid-point and the point at infinity on their line. 

Let Pi, Pi now have the coordinates o : ( 01 , a 2 , a 3 ), b : (b 1 , b 2 , b 3 ). 
Two arbitrary points on their line are a + Xi b, a + X 2 f>. The ratios 
pi, pi in which they divide PxP 2 are, by § 1, Th. 2, 

.. b 3 . b 3 

Pi — — Ai — > Pi — — a 2 — • 

a a dz 


Evidently, pi = — p 3 (^ 0) if and only if Xi = — X 2 (?^ 0). Hence: 
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Theorem 1. Two points separate the distinct points a and b har¬ 
monically when and only when their coordinates can be written in the 
forms 

a + \b, a — X 6, X^O, 

or in the equivalent forms 

ka + lb, ka — lb, hi 0. 

The definition of harmonic separation assumes that the points Pi 
and Pi are both finite, and no longer makes sense when one or both 
of these points are ideal. Theorem 1 does, however, still have a 
meaning in the cases in question. We take the content of the theorem 
as constituting the definition of harmonic separation in these cases. 
The theorem is then universally valid. 

Theorem 2. If Q u Q 2 separate Pi, P 2 harmonically, P h P 2 separate 
Q i, Qi harmonically. 

A proof in the case that all four points are finite consists simply in 
rewriting (1), with due regard for signs, in the form 

P\Q\ _ _ PiQ\ 

PiQi PiQi 

To give a proof which is valid also in case one or all the points are 
ideal, we take the coordinates of the points in the forms specified by 
Th. 1: 

a, b, a + X b, a — X 6, X 0. 

Setting 

a' = a + \ b, b’ = a — \b, 

we find that 

2a = o' + V, 2X6 = a' - 6'. 

Hence we can also write, as coordinates of the four points, 
a’ + b', a' — b', a', b'. 

Consequently, by Th. 1, Pi, P 2 separate Q i, Q 2 harmonically. 

Theorem 2 says that the order of the two pairs of points Pi, P 2 and 
Qu Qi is immaterial. So also is the order of the points in each pair; for, 
it is evident from Th. 1 that, if Qi and Q 2 separate Pi, Pi harmonically, 
Qi and Qi separate Pi, P 2 harmonically. 

If the points of one pair, say Pi and P 2 , and one of the points of the 
other pair, say Q u are given, the fourth point, Qt, is uniquely deter¬ 
mined. For, if Pi and P 2 are the points a and b, Qi has unique coor¬ 
dinates of the form a + X6. Then Q 2 must, by Th. 1, be the point 
a — \ b. 
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Theorem 3. If Pi, P 2 and Q\ are distinct collinear points, there is a 
unique point Qi which with Qi separates Pi, P 2 harmonically. 

The point Qi is known as the fourth harmonic point to Pi, P 2 and 
Qu or as the harmonic conjugate of Qi with respect to Pi and P 2 . 
The two pairs of points Pi, P 2 and Qi, Qi are said to form a harmonic 
set. 

EXERCISES 

1. Show that Pi: (3,1), P 2 : (7, 5) and Qi: (6, 4), Q 2 : (9, 7) form a harmonic 
set, (a) by finding the ratios in which Q i, Q 2 divide PiP 2 ; (b) by expressing 
the homogeneous coordinates of Q i and Qi as linear combinations of those of 
Pi and P 2 . 

2. Prove that (2, 3, 2), (1, — 2, 3) and (8, 5, 12), (4, 13, 0) form a harmonic 
set. 

3. Find the harmonic conjugate of the point (4, 3, 3) with respect to the 
points (2, 1, 1), (1, 2, 2). 

4. Find the fourth harmonic point to the points at infinity in the directions 
of the axes and the point at infinity in the direction of slope unity. 

5. Prove that, if Pi, P 2 , Q i, Qi are four distinct collinear finite points, 
Q i, Qi separate Pi, P 2 harmonically if and only if 

MQl ■ MQi = a 2 , 

where a = \PyP 2 and M is the mid-point of PiP 2 . 

6. Show that, if Q h Q 2 separate Pi, P 2 harmonically, every circle through 
Qi, Qi cuts the circle described on PiP 2 as a diameter orthogonally. 


3. Division of Two Lines. If L\ and L 2 are two finite lines and L 
is a finite line through their point of intersection, the ratio 

Di 


( 1 ) 


fi = 


D, 




of directed distances D i and D 2 from L i and L 2 to an arbitrary point 
on L is constant. This constant ratio we shall speak of as the ratio 
in which the line L divides L\ and Li. 

We do well to enlarge on the first statement. 

If Li and L 2 intersect in a finite point, D i 
and Di will both be positive for all points of 
one of the four regions bounded by Li and L it 
both negative for all points of the opposite 
region, and so forth, as shown in Fig. 2. If the given line L passes 
through the regions (+, +) and (—, —), the ratio y defined by (1) is 
clearly constant and positive. On the other hand, ju is a negative 
constant, if L passes through the other two regions. 
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When L\ and L 2 are parallel, directed distances D i and D 2 from L x 
and L-t to a point P are measured along the same line. We agree to 
take one and the same direction on this line as the positive direction 

for measuring both D x and Z) 2 . Then the 
signs of D i and Z> 2 for the three regions de¬ 
termined by L\ and L 2 are, for example, as 
shown in Fig. 3. In this case, if the given 
line L, parallel to L x and L 2 , lies in either of 
the regions (+, +) or ( —, —), the ratio p is 
a positive constant, while if L lies in the 
region (+, —), n is a negative constant. 

In the case exemplified by Fig. 3, there is no finite line L corre¬ 
sponding to the ratio /u = 1. It is reasonable, however, to take as 
the line corresponding to n — 1 the line at infinity, and we agree to do 
this. 

Inspection shows that there is now always a unique line through a 
point, finite or ideal, which divides two finite lines through the point 
in a given ratio. 

Remark. The sign of the ratio y. depends on the particular directed 
distances chosen. Thus, if instead of D 2 , we took — I> 2 , y would 
change sign. In any particular case, D x and D 2 should be chosen 
first and adhered to throughout. The signs of D x and Z> 2 for each of 
the regions are then fixed, and hence the position of L for any given 
value of y is fixed.* 

A Formula for fi. Let L x and L 2 have the equations 
( 2 ) a = a x x + a 2 y + a s = 0 , /9 = b x x + boj + b 3 = 0 , 


p 




(+.-) 

(+. +) 

j 

'1 1 



Fig. 3 

> 

) 


and choose, as Z), and P 2 (Ch. Ill, § 10, Ex. 1): 

(3) Di= «fejL, = 

Vof+1ii Vz>? + bl 

If L is a finite line dividing L x and L 2 in the ratio /*, the equation of L 
is, by (1), 

gpr, y) = y) 

VaJ + a\ M V&f + b\ 

* In this connection, we note that if, in the case in which L x and L 2 are 
parallel, we had agreed to take the positive directions for measuring D , and 
D} opposite to one another, the sign of one of the distances in Fig. 3, say that 
of D 2 , would be reversed and the pairs of signs in the three regions would read, 
from left to right, ( —, +), (+, +), (+, — )• Then, to the line at infinity we 
should make correspond, not p = 1, but p = — 1. 
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or 

(4) a + X/3 = 0 where \ = - p ^ 

'bi + 0 2 


Theorem 1. 
finite lines a = 

(5) 


The ratio p in which the line a + X /3 = 0 divides the 
0, /3 = 0 is 


u= " x ^ 


hi + hi 
al + al 


provided that it is understood that D\ and D 2 are chosen as in (3). 

If a -f- X/3 = 0 is a finite line, the theorem follows directly from (4).* 


4. Harmonic Division of Lines. Two distinct lines M\, M 2 through 
a point P, finite or ideal, are said to separate harmonically two finite 
distinct lines Li, L 2 through P if the algebraic ratios p\, ju 2 in which 
they divide Li, L 2 are negatives of one another: 

(1) Pi = - pi- 

If P is a finite point and p t = 1, p^ = — 1, then M 1 and Af 2 are the 
bisectors of the angles between L\ and L 2 . The bisectors of the angles 
between two lines intersecting in a finite point separate the lines har¬ 
monically. 

If Li and L 2 are the lines a = 0, j3 = 0 of § 3, but with their equa¬ 
tions now written in homogeneous coordinates: 

<x ^ aiXi -b a 2 x 2 -f- asX 2 = 0, ft ~ b -f- b 2 x 2 -j- b 2 x 2 — 0, 
two arbitrary lines through P are a + Xi/3 = 0, a + X^ = 0. The 
ratios pi, p-> in which these lines divide Li, L 2 are negatives of one 
another, by § 3, Th. 1, if and only if Xj = — X 2 . Hence: 

* To verify the theorem when a = 0, 0 = 0 are parallel and a + A/3 = 0 is 
the line at infinity—to obtain the line at infinity as a linear combination of 
a — 0, /3 = 0, we think of the equations (2) as written in homogeneous coor¬ 
dinates—we must show that (5) reduces to ^ = + 1 or m = — 1, according 
as the positive directions for measuring the distances (3) are the same or 
opposite; see preceding footnote. 

Inasmuch as a = 0 and /3 = 0 are parallel, a constant k, 1 A 0, exists so 
that ai = k bi, o 2 = k fa. If, then, a + A 0 = 0 is to be the line at infinity, 
A must have the value — k. For ai = kfa, a% = kfa, and A = — k, (5) re¬ 
duces to p = k/jk\ Consequently, y. = \ or n = —1 according as k > 0 or 
k < 0. 

It remains to show that, according as k > 0 or k < 0, the positive directions 
for measuring the distances (3) are the same or opposite. From the formulas 
(3) we readily find that, if k > 0, Di — D } a const.., whereas if k < 0, 
D] + D 2 = const. Hence, the positive directions for measuring the two 
distances are the same in the first case and opposite in the second. 
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Theorem 1. Two lines separate the distinct lines a = 0, /3=0 
harmonically if and only if their equations can be written in the forms 

a + XfS = 0, a — X/3 = 0, X ^ 0, 

or in the equivalent forms 

k a l(3 = 0, ka — 1(3=0, kl ^ 0. 

The theorem has been proved in case L\, L s are both finite lines. 
We take the content of it as the definition of harmonic division in case 
one of these lines is the line at infinity. 

The following theorems are the analogs of Theorems 2 and 3 of § 2, 
and are similarly proved. 

Theorem 2. If M u M 2 separate L\, L 2 harmonically, L u L 2 sepa¬ 
rate Mi, Mi harmonically. 

Theorem 3. If L\, L 2 and Mi are distinct concurrent lines, there is 
a unique line M 2 which with Mi separates Li, L 2 harmonically. 

The line M 2 is called the fourth harmonic line to Li, L 2 and Mi, or 
the harmonic conjugate of Mi with respect to Li, L 2 . The two pairs 
of lines are said to form a harmonic set.* 

EXERCISES 

1. Show that the pairs of lines, 

2xi — 3 £2 + 4x s = 0, 7xi — 3 x 2 + 11 x« = 0, 

and 

Xi + Xj + X 3 = 0, xj — 9 x s + 5 x 8 = 0 , 

form a harmonic set. 

2 . Show that the pairs of lines 

x = 0, y = 0 and x + 2y = 0 , x — 2y = 0 
form a harmonic set. 

3. Find the harmonic conjugate of 4xi — 3x 2 + 4x 5 = 0 with respect to 
Xi — 2 x s + x 3 = 0 , 2 xi 4 - x s + 2 x 3 = 0 . 

4. Prove that two perpendicular lines are separated harmonically by any 
two lines which pass through their common point and are equally inclined to 
each of them. 

5. Harmonic Division a Projective Property. We first establish 
the following theorems. 

* Harmonic division and its generalization, cross ratio (Ch. VT), were known 
to the Greeks. The introduction of directed line-segments and the use of 
negative, as well as positive, quantities in geometry are, however, modem 
ideas, first carried through in a consequential manner by Moebius (1790- 
1868) in his principal work, Der barycentrische Calcvl, 1829. 
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Theorem 1. If four lines, when properly paired, form, a harmonic 
set, the four points in which they are cut by a transversal , when corre¬ 
spondingly paired, form a harmonic set. 

Theorem 2. If four points, properly paired, form a harmonic set, 
the four lines joining them to a fifth point, when correspondingly paired, 
form a harmonic set. 

The two theorems can be proved simultaneously. Let Pi, Pi, 
Qi, Qi be four collinear points with the coordinates 
(1) a, b, a +\b, a + \'b. 

Let the lines joining these points to an arbitrary point r : (n, r*, r 3 ) 
external to their line be L u Li, Mi, Mi. The equations of Lj and 
Li are | xar\ =0, \xbr[ =0. The equation of Mi is 


or 


j x a + X6 r | =0 
x a rj + Xjz b r| = 0. 


Similarly, for that of Mi. Thus L x , Li, M u M 2 have the equations 
\x a r\ = 0, \x a r\ + X|a:6r| =0, 

\xb r\ =0, |iar| +X'|a;6r| =0. 


The condition that Pi, Pi and Qi, Qi form a harmonic set is that 
X' = — X. But this is precisely the condition that L x , Li and Mi, 
Mi form a harmonic set. Hence both theorems are proved. 


Theorem 3. Harmonic division is a projective property. 

In the case of a projection of a line on a line (Fig. 4), we have to 
show that, if the pairs of points Pi, Pi and Qi, Qi form a harmonic set, 
their projections Pi, Pi and Q\, Qi form a harmonic set. Since 
Pi, Pi and Qi, Qi form a harmonic set, the lines CP i, CPi and CQi, 
CQi form a harmonic set, by Th. 2. But then, by Th. 1, the points 
Pi, Pi and Qi, Qi form a harmonic set. 




In the case of a projection of a plane p on a plane p’, we have merely 
to show that a harmonic set of four lines projects into a harmonic 
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set of four lines. Given, in Fig. 5, that the four lines through P in 
the plane p form a harmonic set, to prove that their projections on 
p '— the four lines through P' — form a harmonic set. Since the four 
lines through P form a harmonic set, the four points in which they are 
cut by a transversal L form a harmonic set. Consequently, the four 
points in which the projection, L', of L cuts the four lines through P' 
form a harmonic set. But then so do these lines themselves. 

The fact that harmonic division is a projective property could 
hardly have been foreseen from its definition. For this definition was 
based on the ratios of distances, and distance is, in itself, a metric 
property.* 

All previous projective properties were capable of dualization. 
Accordingly, it is natural to agree that a harmonic set of four points 
and a harmonic set of four lines shall constitute dual figures. Theorems 
1 and 2 are, then, dual theorems. 

EXERCISES 

1. Three distinct lines, Li, Li and Mi, through a finite point O, are given. 
A line is drawn parallel to M x meeting L\ and L 2 in Pi and P 2 . The mid¬ 
point of PiPi is joined to O by the line Mi. Prove that M z is the fourth 
harmonic line to L x , Li and Mi. 

2. Three distinct points P t , P 2 and Qi are given, on a line L. Parallel 
lines, Li and Li, are drawn through Pi and P 2 , and a line is passed through Q x 
meeting L x and L 2 in Ai and A 2 . The point P 2 on L 2 is then marked so that 
Pi is the mid-point of AJh, and A,P 2 is drawn meeting L in Q 2 . Show that 
Qi is the harmonic conjugate of Qi with respect to Pi, Pi. 

6. Harmonic Properties of the Complete Quadrilateral and Com¬ 
plete Quadrangle. Connected with the complete quadrilateral and 
the complete quadrangle are numerous harmonic sets of points and 
lines, which are of considerable importance in projective geometry. 

Complete Quadrilateral. Two vertices of a complete quadrilateral 
whose join is not a side of the quadrilateral are called opposite vertices. 

* The reader may have noticed that the development of the theory of 
harmonic division lacked unity and elegance in that first finite elements were 
considered and the results then extended to hold for ideal elements. The 
reason for this is now clear. We were really developing a projective property, 
but deemed it wise to base the development on the metric concept of dis¬ 
tance. It is only in the finite plane that distance is defined, whereas pro¬ 
jective properties must be defined throughout the extended plane. Con¬ 
sequently, the concept of harmonic division, developed first for finite elements, 
had to be extended to hold for all elements. 
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There are three pairs of opposite vertices: Pi, P t ; Qi, Q t ; Ri, Rt 
(Fig. 6 ). The three lines P1P2, Q1Q2, RiRt, or p, q, r, determined by 
the pairs of opposite vertices 
are known as diagonals. 

Finally, the triangle PQR 
formed by the three diag¬ 
onals is called the diagonal 
triangle. 

According to Ch. Ill, § 5, 

Ex. 5, equations a = 0, 0 = 0, 

7 ~ 0, 5 = 0 of the sides of 
the complete quadrilateral 
can be chosen so that 

( 1 ) a + 0 + y + 8 = 0 . 

Making use of this iden¬ 
tity, we obtain two equations for each of the diagonals, as follows: 




p: 

a +/3 = 0 

or 

7 + 5 = 0 , 

( 2 ) 

Q- 

o+ 7=0 

or 

5+0=0, 


r: 

a + 8 = 0 

or 

0+7=0. 

For example, 

since 

R 

+ 

III 

1 

(7 + 5), 

the equations a + 0 = 0 


and 7 + 8 = 0 represent the same line and this line is evidently the 
diagonal p. 

Consider now the two sides of the quadrilateral which intersect in 
Pi and the diagonal p whieh goes through Pi. The harmonic con¬ 
jugate of the diagonal, a + 0 = 0 , with respect to the sides, a = 0 , 
0 = 0 , has the equation a — 0 = 0 . What line is this? The figure 
suggests PiP, that is, the line joining Pi to the point of intersection 
of the other two diagonals, q and r. If this is correct, we should be 
able to show that a — 0 = 0 is a linear combination of one of the 
equations of q and one of the equations of r. This it is, for 

a — 0 = (a + 7 ) - 03 + 7 ). 


Thus, we have established the following harmonic property of the 
complete quadrilateral. 

Theorem la. Two sides of a complete quadrilateral are separated 
harmonically by the diagonal through their point of intersection and the 
line joining their point of intersection with the point of intersection of the 
other two diagonals. 
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Let the reader now draw the line P\P. 

Since the pairs of lines at Pi form a harmonic set, the pairs of points 
in which they are cut by the diagonal r, namely Si, R a and P, Q, 
form a harmonic set. Hence, we have 

Theorem 2 a. Two opposite vertices of a complete quadrilateral are 
separated harmonically by the points in which their diagonal is met by 
the other two diagonals. 

Since R u Ri and P, Q form a harmonic set, the pairs of lines joining 
them to the point R form a harmonic set. Two of these lines, RQ 
and RP, are the diagonals p and 5 ; the other two are the lines joining 
R to the vertices Ri, f ? 2 'which lie on the third diagonal, r. 

Theorem 3 a. Two diagonals of a complete quadrilateral are separated 
harmonically by the lines joining their point of intersection with the 
vertices on the third diagonal. 

Complete Quadrangle. The results here are precisely the duals of 
those just established. 

Theorem 1 b. Two vertices of a complete quadrangle are separated 
harmonically by the diagonal point on their side and the point of inter¬ 
section of their side with the line joining the other two diagonal points. 

To prove the theorem, we do not 
have to duplicate, in the dual, the 
proof of Theorem la. We have to 
show, for example, that the two 
vertices lying on the side p 2 (Fig. 7) 
are separated harmonically by the 
diagonal point P and the point X in 
which p 2 meets the line p. But this 
follows immediately from the fact 
that, in the complete quadrilateral 
consisting of the lines qi, q 2 , r 1 , r 2 , the 
sides qi, q 2 are separated harmonically by p and r. 

The statement and proof of Theorem 2 b, the dual of Theorem 2 a, 
we leave to the reader. 

Theorem 3 b. Two diagonal points of a complete quadrangle are 
separated harmonically by the points in which their line is intersected 
by the sides passing through the third diagonal point. 
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EXERCISES 

I. State and prove Theorem 2 b. 2 . Prove Theorem 36. 

3. Prove Theorem 1 b analytically by dualizing the proof of Theorem 1 a. 

4 . Let A, B, C be three collinear vertices of a complete quadrilateral, and 
let M be the point which with C separates A and B harmonically. Prove that 
the line joining M with the vertex opposite to C goes through the point of 
intersection of the two diagonals which pass through A and B respectively. 
State the dual theorem. 

7. Construction of the Fourth Harmonic Element to Three Given 
Elements. Projective Criterion for Harmonic Separation. When 
three collinear points Pi, P 2 and Qi, are given, the point Q 2 which, 
with Qi, separates Pi, P 2 harmonically may be constructed in the 
following manner. 

On a line through Q i choose two points, A and C (Fig. 8 ), and draw 
the lines joining A and C to Pi and P 2 . Denote the new intersections 
of these lines by B and D. Then the line 
BD meets the line of the given points in 
the required point, Q 2 . For, Pi and P 2 are 
two diagonal points of the complete quad¬ 
rangle ABCD, and Q i and Q 2 are the points 
in which their line is intersected by the sides 
of the quadrangle through the third diagonal 
point. Consequently, by § 6, Th. 3 b, Q u Q 2 separate Pi, P 2 har¬ 
monically. 

The construction tells us that, if Pi, P 2 and Q u Q 2 form a harmonic 
set, there exists a complete quadrangle ABCD with two sides passing 
through each of the points Pi, P 2 and one side through each of the 
points Q i, Qi. Theorem 3 b of the preceding paragraph tells us, con¬ 
versely, that two pairs of points which have this relationship to a 
complete quadrangle form a harmonic set. 

Theorem 1 o. Two pairs of collinear points form a harmonic set if 
and only if there exists a complete quadrangle with two sides through each 
of the points of the one pair and one side through each of the points of the 
other pair. 

We have in this theorem a criterion for a harmonic set of four points 
which is purely projective. If we had seen fit to develop the theory 
of harmonic separation without recourse to the metric property of 
distance, we might well have started with the content of this theorem 
as the definition of harmonic division. 
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EXERCISES 

1 . Give a construction for the fourth harmonic line to three given concurrent 
lines. 

2. State and prove the dual of Theorem 1 a. 

3. Prove: Two pairs of points form a harmonic set if and only if there exists 
a complete quadrilateral which has the points of the one pair as two opposite 
vertices, and the points of the other pair as the intersections of the diagonal 
of these vertices with the other two diagonals. State the dual. 


8 . A Projective Generalization of a Metric Theorem. The reader is 
familiar with the theorem to the effect that the medians of a triangle 
are concurrent. We propose to generalize this theorem, that is, to 
obtain a more general theorem of which it is but a special case. 

The mid-point of a side L of a triangle may be thought of as the 
harmonic conjugate, with respect to the vertices on L, of the point 
at infinity on L. The theorem of the medians may, then, be con¬ 
structed as follows. Start with the points at infinity on the sides of 
the triangle and mark their harmonic conjugates with respect to the 
vertices—the mid-points of the sides; then the lines joining these points 
to the opposite vertices—the medians—are concurrent. 

The points at infinity on the sides of the triangle are three collinear 
points, one on each side of the triangle. If we take, instead of them, 
any three distinct collinear points, one on each side of the triangle, the 
theorem still remains true. 


Theorem 1 . If three distinct points, one on each side of a triangle, 
are collinear, the three lines which join their harmonic conjugates, with 
respect to the vertices of the triangle, to the opposite vertices, are concurrent. 

Let P 1 P 2 P 3 be the given triangle, Q\, Qi, Q 3 the three collinear 
points, one on each side, and R lt Ri, R 3 their harmonic conjugates 



with respect to the vertices, 
as shown in Fig. 9. 

The figure, when accu¬ 
rately drawn, suggests that 
the sides of the triangle 
RiRiRs intersect the corres¬ 
ponding sides of the given 
triangle in the points Qi, 


Fig. 9 


Qi, Q 3 . If this is the case, 


the two triangles are in the 


relationship of Desargues, the lines P\R\, P 2 R 2 , P 3 R 3 joining corre¬ 


sponding vertices are concurrent, and the theorem is proved. 
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The figure actually states the facts. To show, for example, that 
Q i, P 3 , Ro are collinear, we have merely to project the line p 3 , from 
Q i, on the line p 2 . The points Pi, P 2 , and Q 3 project into the points 
Pi, P 3) and Q 2 . Since P 3 is the fourth harmonic point to Pi, P 2 and 
Q 3 , it must project into the fourth harmonic point to Pi, P 3 and 
Q 2 , that is, P 2 . Consequently Qi, R 3 , and P 2 are collinear. 

It is to be noted that, whereas the theorem of the medians is a 
metric theorem, the generalization of it which we have established is a 
projective theorem. 

Converse of Theorem 1. If the lines joining three distinct points, 
one on each side of a triangle, to the opposite vertices are concurrent, the 
harmonic conjugates of the three points, with respect to the vertices of the 
triangle, are collinear. 

Since, by hypothesis, P]Pi, P 2 P 2 , P 3 R 3 have a common point P, 
the points Q\, Q 2 , Q 3 will be collinear if it can be shown that they are 
the intersections of the pairs of corresponding sides of the triangles 
PiP 2 P 3 and PiP 2 P 3 . To prove, say, that P 2 P 3 and P 2 P 3 intersect 
in Qi, consider the complete quadrangle PiP 2 PP 3 . Two sides pass 
through each of the points P 2 , P 3 and one side passes through the point 
Pi. Consequently, by § 7, the sixth side, P 2 P 3 , must pass through 
the harmonic conjugate of Pi with respect to P 2 , P 3 , that is, through 
Qi. Hence P 2 P 3 intersects P 2 P 3 in Q h as desired. 

EXERCISES 

1. Dual of Theorem 1. If three distinct lines, one through each vertex of a 
triangle, are concurrent, the three points in which their harmonic conjugates, with 
respect to the sides of the triangle, meet the opposite sides are collinear. Prove 
this theorem. 

2. Wbat metric theorem results when the bisectors of the interior angles of 
the triangle are taken as the three given lines? 

3. Show that the dual of Theorem 1 is essentially the same as the converse 
of Theorem 1. 

4. Give an analytic proof of Theorem 1. Take, as the coordinates of 
Pi, Pi, Ps, a : (oi, a t , a 3 ), b, c. The coordinates of Qi, Qi, Q a will then be 
Bb — Cc, Cc — Aa, Aa — Bb, where A, B, C are constants (Ch. Ill, §7, 
Ex. 4). Hence R i} P 2 , P 3 will have the coordinates Bb + Cc, Cc + Aa, 
Aa+Bb. (Why?) 

B'inally, find by inspection a point P whose coordinates are a linear combina¬ 
tion of a and Bb + Cc, also of b and Cc + Aa, and finally of c and Aa -f- Bb; 
or write the equations of the three lines FiPi, P 2 P 2 , PiR> and show them line¬ 
arly dependent. 
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5. Give an analytic proof of the dual of Theorem 1. 

6 . Prove that if three distinct points, one on each side of the triangle with 
vertices a, b, c, are given, the lines joining the points to the opposite vertices 
are concurrent if and only if the coordinates of the points can be written in 
the forms Bb + Cc, Cc + Aa, Aa + Bb; see Ex. 4. 

7. State the dual of the preceding theorem. 

8 . If three distinct lines, one through each vertex of a triangle, are con¬ 
current, the harmonic conjugates, with respect to the sides of the triangle, 
of two of the lines intersect on the third. Prove this theorem. What metric 
theorem can be obtained from it as a special case? 

9. Show that if three lines, one through each vertex of a triangle, are con¬ 
current, their harmonic conjugates with respect to the sides of the triangle 
form a second triangle which is in the relationship of Desargues with the first. 

10. Construction of a complete quadrilateral with a given diagonal triangle. 
Show that, if Q\, Qt, Qs are three distinct collinear points, one on each side of a 
triangle, and Ri, R-i, Ri are their harmonic conjugates with respect to the 
vertices, then Q i, R,, Qi, Ri, and Q h Rs are the pairs of opposite vertices of a 
complete quadrilateral whose diagonal triangle is the given triangle. 

11 . Describe and justify the construction of a complete quadrangle with a 
given diagonal triangle. 

12. Prove that if three distinct points, one on each side of the diagonal 
triangle of a complete quadrilateral, axe collinear, their harmonic conjugates 
with respect to the vertices of the quadrilateral are also collinear. 

Suggestion for an analytic proof. Begin by assigning coordinates to the 
vertices of the diagonal triangle, and expressing, in terms of these coordinates, 
the coordinates of the vertices of the quadrilateral; see Ex. 10. 

13. Obtain a theorem concerning the mid-points of the diagonals of a com¬ 
plete quadrilateral from the theorem of Ex. 12. 
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LINE COORDINATES 

1. Point Geometry and Line Geometry. In the geometry which we 
have thus far studied, the point has always been the fundamental 
element. It was to the point that we gave coordinates and it was as 
loci of points that we studied curves. 

We have learned, however, that the straight line, at least in so far 
as the principle of duality holds sway, is as important as the point. 
There must exist, then, in contrast to the familiar geometry of points, 
an equally significant geometry of lines: a geometry in which the 
line is the fundamental element. 

In this geometry the point must be thought of as defined by lines. 
In particular, since in point geometry a line is a range of points, in 
line geometry a point should appear as a pencil of lines. Later we 
shall learn to think of an arbitrary curve, from the point of view of 
line geometry, as defined, not by its points, but by its tangent lines. 

Our initial problem in the development of line geometry is to assign 
coordinates to the lines of the plane. 

2. Homogeneous Line Coordinates. We recall the theorem: 
Every linear homogeneous equation in x\, x 2 , x 3 , 

(1) oixi + a 2 x 2 + a&i = 0, 

where a u a 2 , a 3 are not all zero, represents a straight line, and con¬ 
versely. 

The equations 

(2) 2 xi — 3 Xi + 4 x 3 — 0, 2 r x 3 — 3 r x 2 + 4 r x s = 0, r ^ 0, 

represent the same line. Coordinates of this line must serve to dis¬ 
tinguish it from all other lines. The sets of coefficients in its equations 
surely do this. What simpler choice could we make, then, for the 
coordinates than these sets of coefficients? 

Definition. The coefficients in an equation of a line shall constitute 
a set of homogeneous coordinates of the line. 

Thus, (2, — 3, 4), (4, — 6, 8), and (2 r, — 3 r, 4 r) are sets of homo¬ 
geneous coordinates of the line (2). The triples (oi, o 2 , o s ) and 
(ro i, ra 2 , r a 5 ) serve the same purpose for the arbitrary line (1). 

66 
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It is evident that every line has infinitely many sets of homogeneous 
coordinates, each two sets being proportional. Conversely, any three 
numbers, definitely ordered and not all zero, are homogeneous coor¬ 
dinates of a unique line. Thus, (2, 0, 3) are coordinates of the line 
2 Xi + 3 Xj = 0. 

We shall use (tti, u 2 , u 3 ) to denote homogeneous coordinates of an 
arbitrary line and we shall call this line the line u. 

Theorem 1. The point x : (xi, x t , x 3 ) lies on the line u : (ui, u 2 , u 3 ) 
if and only if 

(3) u-iXi + uix s + U)Xi = 0. 

For, an equation of the line u is 

UiXi -|- UiXt -J- U 3 X 3 — 0, 

where (Xi, X 2 , X 3 ) are “running coordinates,” and the point x lies 
on this line if and only if (3) holds. 

Definition. An equation in line coordinates of a given point is an 
equation in Ui, u 2 , u 3 which is satisfied by the coordinates of those and 
only those lines which pass through the point. 

Geometrically, the definition amounts to saying that, in line 
geometry, a point is to be thought of as a pencil of lines. 

According to Th. 1, the line u goes through the point (2, 1, 3) if 
and only if 

2 Uj -(- Ui -I - 3 u 3 = 0. 

Hence, this is an equation in line coordinates of the point (2, 1, 3). 

Theorem 2. An equation, in line coordinates, of the point 
a : (cti, a 2 , a 3 ) is 

■aiuj -f- aiUi + ajug — 0. 

Conversely, every linear homogeneous equation in Ui, u 2 , Ug, whose coef¬ 
ficients are not aU zero, represents a point. 

The proof of the theorem is left to the reader. 

Analytic Duality between Point and Line. The fundamental aspects 
of point geometry and line geometry are now before us. In point 
geometry a point has coordinates and a line an equation, whereas in 
line geometry it is the line which has coordinates and the point an 
equation in these coordinates. 

The two geometries are related by means of the all important con¬ 
dition (3) that the point x lie on the line u. The relationship is 
reciprocal, inasmuch as (3) is symmetric in the x’s and u’ s. Not only 
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are the coordinates of a line the coefficients in its equation in point 
coordinates; the coordinates of a point are also the coefficients in its 
equation in line coordinates. Thus: 

Coordinates Equation 

Point a : (oi, a 2 , a 8 ) aiUi ■+■ a 2 u 2 + a 8 u 8 = 0, 

Line a : (<ii, o 2 , o 8 ) a 2 Xi d - o 2 x 8 -(- a 8 x 8 — 0 . 

The reciprocal relationship between point and line is an analytic 
reproduction of the geometric reciprocity between point and line. In 
other words, we have laid the foundation for an analytic duality cor¬ 
responding to the geometric duality with which we have long been 
familiar.* 

EXERCISES 

1 . What are the coordinates of the y-axis? The line at infinity? The line 
through the origin of slope 2 ? 

2. Identify in each case the line which has the given coordinates: 

(a) ( 1 , 1 , - 1 ); ( 6 ) ( 1 , - 1 , 0 ); (c) ( 0 , 1 , 0 ). 

3. What does each of the following equations represent? 

2«i — 3 + ut = 0; u 2 — uj — 0; Ui — 0. 

4 . What is the equation in line coordinates of the origin? Of the point at 
infinity in the direction of slope 1 / 2 ? 

3. A Notation. The analytic geometry of the extended plane, as 
developed by means of homogeneous coordinates of points and lines, 
deals with ordered triples of numbers: (ai, a 2 , a 8 ), (xj, x 2 , x 8 ), (wi, m 2 , w 8 ). 
Combinations of these triples which have proved important are 

a x xi + a 2 x 2 + asXj, u ix 8 + « 2 x 2 + w»x 8 . 

Before proceeding further, it is wise to adopt a suitable notation for 
expressions of this type. 

If a : (o 8 , a 2 , a 3 ), b : (&i, b 2 , b 3 ) are two arbitrary ordered triples of 
numbers, we write for the expression 

Oi&i -f- fl 2 f > 2 d - o 8 6 8 

the symbol (a 16 ), to be read “a into b”: 

(a) 6 ) = ai 6 i d- a 2 6 2 d - o 8 6 8 . 

* It is not often that an idea can be ascribed to a single man with the assur¬ 
ance that the concept of the line as fundamental element can be ascribed to 
Pluecker. In 1829 he introduced line coordinates—just as they are here 
defined—and developed the analytic duality between point and line. 
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The equation of the straight line a : (czi, a*, a*) now becomes 
(ajx) = 0, and the condition that the point x lie on the line u 
becomes (u|x) = 0. 

Exercise. Establish the following laws of operation for the symbol (o | b): 
(a( 6 ) = ( 6 |a), (a + 6 [ c) = (a|c) + ( 6 |c), 

(fca|f>) = fc(a|b), (ka + lb\c) — fe(o|c) + l(b|c), 

where k and l are simple numbers. 

4. Analytic Duality between Point and Line. We can best exhibit 
the completeness of the analytic duality between point and line by 
putting the results in parallel columns. 

Points Lines 

Coordinates Equations Coordinates Equations 

(a u a 2 , a 8 ) (a | u) — 0 (ai, a 2 , a s ) (a | x) = 0 

(b u bi, b,) (6 j u) = 0 (hi, b 2 , 6 s) (6 | x) = 0 

(ci, c 2 , c,) (c | u) - 0 (c,, c 2 , c 3 ) (c | x) = 0 . 

We have noted that in testing a number of lines for linear dependence 
it is immaterial whether we apply the test to the equations of the lines 
or to the sets of coefficients in the equations, now the coordinates of 
the lines. Similarly in the case of points, whether we use the coor¬ 
dinates or the equations is immaterial. 

Theorem 1 a. Two -points are Theorem 1 b. Two lines are 
identical if and only if their coor- identical if and only if their coor¬ 
dinates or their equations are line- dinales or their equations are line¬ 
arly dependent. arly dependent. 

Theorem 2 a. Three points are Theorem 2 b. Three lines are 

collinear if and only if their coor- concurrent if and only if their coor¬ 
dinates or their equations are line- dinates or their equations are line¬ 
arly dependent. arly dependent. 

We consider next the point of intersection of two distinct lines and 
the line joining two distinct points. 

Theorem 3 a. An equation of Theorem 3 b. An equation of 

the line joining the points a and b the point of intersection of the lines 
is a and b is 

| x a & | = 0. | u a b | = 0. 

Coordinates of this line are Coordinates of this point are 

|ffl 2 & 8 |, |fla&i|, | ai & 2 |. | a 2 6 j|, | a s &i|, jai& 2 |. 
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The first part of Theorem 3 a is familiar. The second part follows 
from it, for the coefficients in the equation of a line are coordinates of 
the line and the coefficients of Xi, Xj, xa in |x o 61 =0 are precisely 
the two-rowed determinants j a 2 b s |, | a 3 &i |, j oi j. 

It is worth while to give a second proof. According to the definition 
of the equation of a point, a simultaneous solution, other than 0, 0, 0, 
of the equations of the two points a and 6, 

OiUi -f- &iUi -f OaWj = 0, b\Ui -{- bzUz -f* bails — 0, 


is a set of coordinates of the line joining the two points. Hence, 
|a 2 631 , \cnbs\ are coordinates of the line. 


Theorem 4 a. The general 
point of the range determined by the 
distinct points a and b is k a lb; 
or, the equation of an arbitrary 
point of the range determined by 
the points (a|w) = 0, (6|u) = 0 
is 

k{a\u) + l (6|u) = 0. 


Theorem 4 b. The general 
line of the pencil determined by the 
distinct lines a and b is k a + lb; 
or, the equation of an arbitrary 
line of the pencil determined by 
the lines (o | x) = 0, (b | x) = 0 
is 

k (a\x) +Ub\x) - 0. 


The first part of Theorem 4 a and the second part of Theorem 4 b 
are the previous forms of these statements. The other two parts follow 
directly from these two. For example, the equation of the point 
k a l b is (k a + l fc| u) = 0, and this reduces to &(a| u) + l(b | u) = 0. 


Before the introduction of line coordinates we had at our disposal 
only coordinates for points and equations for lines. We now have 
coordinates and equations for both. Whether we use coordinates or 
equations is in general immaterial. We might, if we desired, get along 
with coordinates alone. The following example illustrates this point 
of view. 

Example. Find the coordinates of the line which joins the point 
(1, 2, — 1) with the point of intersection of the lines (2, 1, 3), 
(1, - 1, 0). 

An arbitrary line through the point of intersection of the two 
given lines has, by Th. 4 b, the coordinates (2 k + l, k — l, 3 k). This 
line goes through the point (1, 2, — 1) if 

2 k + l + 2{k — l) — 3 k = 0, 

that is, if k — l = 0, or if k = l = 1. Hence the required line is 
(3, 0, 3), or (1, 0, 1). 
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EXERCISES 

1. Find the coordinates of the line which joins the points 

3 + 4«i — 11 = 0, 5 i*i — 3 t*j + t*> = 0. 

2. Find the coordinates of the point in which the line (1, — 1, 2) is met by 
the line joining the points (3, 4, — 1), (5, — 3, 1). 

3. Find the coordinates of the line which goes through the point of inter¬ 
section of the lines (1, 1, 1), (2, 1, 3) and through the point 2t*i+3u»+i*j = 0. 

4. Prove one half of the triangle theorem of Desargues, using only coor¬ 
dinates of lines. 

5. Show that coordinates of the point in which the line joining the points a 
and b is met by the line c are (6|c) a — (ajc) b. State the dual. 

6 . Show that coordinates of the point in which the line determined by the 
points a and b intersects the line determined by the points c and d are 

|6 cd|o— | a c d 16 or \abd\c — \abe\d. 

5. Nonhomogeneous Line Coordinates. The nonhomogeneous 
coordinates ( u , v) of the line ( 1 * 1 , u it u s ) shall be defined as the ratios 

1*1 1*2 

1* = —» V = —* 

1 *| 1*| 

provided u 3 ^ 0. Since u 3 = 0, or 0 1*1 + 0 1* 2 + u 3 — 0, is the 
equation of the origin, the lines for which i* 3 = 0 are the lines through 
the origin. These lines have no nonhomogeneous coordinates.* 

If, in the relation, 

UiXi + i* 2 x 2 + 1 * 3 X 3 = 0, i* 3 Xj 0, 

we divide by 1 * 3 X 3 and set u — i*i/i*s, v = %h/u 3> x = x\/x 3 , y — x 2 /x s , 
we have 

ttx + ^y + 1 = 0. 

Theorem 1. A necessary and sufficient condition that the point 
(x, y) lie on the line (i*, v) is that 

(1) 1 * x + v y + 1 = 0. 

From this condition follow the theorems: 

Theorem 2. The equation, in nonhomogeneous line coordinates, of 
the point (x 0 , ya), not the origin, is 

(2) Xo u + 2/0 v + 1 = 0. 

* Compare the facts for point coordinates. The nonhomogeneous coor¬ 
dinates (x, y) of the point (xi, x 2 , x l ) are x - Xi/x», y — x 2 /xj, provided 
Xi 5 ^ 0. The points for which x% — 0, that is, the points on the line at in¬ 
finity, have no nonhomogeneous coordinates. 



LINE COORDINATES 


71 


Theorem 3. The equation, in nonhomogeneous point coordinates, of 
the line (uo, v 0 ), not the line at infinity, is 

(3) uo x + v 0 y + 1 = 0. 


If Uo Vo 7* 0, the line (3) has intercepts on the axes, namely, 


Then 



b = 


1 


Vo 



V a = 


1 

6 


Hence, the nonhomogeneous coordinates of the line are the negative 
reciprocals of its intercepts on the axes. 


EXERCISES 

1. Show that the lines (ui, «i) and (m,, t> 2 ) are parallel if and only if 
uiVt — u 2 Vi = 0, and perpendicular if and only if u,u 2 + ViV 2 = 0. 

2 . Show that, if the equations of the two distinct points Pi : (x lt y i), 
Pi : (x 2 , j/i) are written in the forms 

a s xiMi + y t ui + u, = 0, 0 3 x 2 ui + y 2 u 2 + u, = 0, 

the equation a — n 0 = 0 represents the point which divides the line-segment 
PiP 2 in the ratio n. 

3. Prove that the points in which the bisectors of the exterior angles of a 
triangle meet the opposite sides are collinear. 

4. Show that, if a = 0, 0 = 0 are as given in Ex. 2, the points ka — 10=0 
and la — k0 — 0 are equally distant from the mid-point of P t P 2 . Hence 
prove that, if three points, one on each side of a triangle, are collinear, the three 
points, one on each side, which are at the same distances as the given points 
from the mid-points of the sides, are collinear. 
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I. Cross Ratio of Four Lines. Characteristic of a harmonic set 
of four lines, L\, L 2 and L 3 , Li, is that the quotient of the algebraic 
ratios in which L» and L* divide L u L 2 is — 1. We shall now consider 
this quotient for any four concurrent lines, without restriction as to 
the value it may assume. The quotient is then known as a cross 
ratio, or anharmonic ratio, of the four lines. We shall denote it by 
(LiL 2 , L3L4). 

Definition. If Li, L 2} L%, Li are four distinct concurrent lines, of 
which Li and L 2 are finite, the cross ratio (LiL 2 , L 3 L t ) is defined as the 
quotient: 

_ Ratio in which L s divides L lf L 2 
1 2 ’ 3 * Ratio in which Li divides L\, L 2 
Let L u L 2 , L 3 , L t have respectively the homogeneous coordinates 
a, b, a + X, b, a -f \ 2 b. The ratios, p x and p 2 , in which L 3 and L< 
divide L x , L 2 are, according to Ch. IV, § 3, Th. 1, 



Hence, the cross ratio is 

(LiL 2 , LzLi) 


Mi 
M 2 


X_1 

x 2 


Theorem 1. If L\, L 2 , L 3 , L t have respectively the coordinates a, 
b, a + Xj b, a + X 2 6, then 


( 2 ) 


( L\Li , L 3 Li) 


X, 

X 2 


XiX 2 (Xi — X 2 ) 5^ 0 . 


Since the definition prescribes that the four lines be distinct, X| 
and X 2 cannot be zero or equal. Hence the cross ratio can never be 
0 or 1. 

The content of the theorem we take as the definition of the cross 
ratio in case one of the lines L\, L 2 is the line at infinity. The fol¬ 
lowing theorems are then universally valid. 

Theorem 2. The pairs of concurrent lines L x , L 2 and L 3 , Lt form 
a harmonic set if and only if 

(LiLi, L 3 Lt) — — 1. 
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Theorem 3. Interchanging the two pairs of lines does not change the 
cross ratio: 

(LjL 4 , L 1 L 2 ) = (ZiiLj, LjL 4 ). 

In proving the latter theorem, we take the coordinates of the four 
lines as in Th. 1. To reverse the r61es of the two pairs, we set 

a' = a -f- Xi b, b' = a + X 2 b. 

Then, 

(Xi — X 2 ) a — — \ 2 a' -f- Xi b r , (Xi — X 2 ) b — a f — b f . 

Thus, L s , L it Li, L 2 have respectively the coordinates 


b', 


Hence, by Th. 1, 


t t r 

a — c- 0 , 

A2 


a' - b'. 


(L,L 4 , LiLi) — 


- 1 


X_i 

X2_Xi 

X 2 


Theorem 4. If three of the four lines and the value of the cross ratio 
( 5 ^ 0, 1) are given, the fourth line is uniquely determined. 

For, if L lt Li are given, the third known line determines one of the 
constants Xi, X 2 whose quotient is, by (2), the given cross ratio, so 
that the other constant can be computed; the fourth line is then 
uniquely determined. On the other hand, if L 3 , Li are given, we have 
but to appeal to Th. 3 and reverse the order of the two pairs of lines. 

If the cross ratio defined by (1) is negative, the lines L 3 and L t lie 
in different pairs of regions bounded by L\ and L 2 (Fig. 1). It is then 
impossible to rotate a line of one pair continuously 
about C into coincidence with the other line of this 
pair without passing through one of the lines of the 
second pair. We express this fact by saying that 
the two pairs of lines separate one another. 

If the cross ratio is positive, L 3 and L 4 lie in the 
same pair of regions bounded by Li and L 2 . In 
this case, the two pairs of lines do not separate one another. 

Theorem 5. The pairs of lines Li, L 2 and Lj, Li separate or do not 
separate one another according as the cross ratio {L\Lt, L%Lt) is negative 
or positive * 

* The theorem has been proved only for the case in which the four lines in¬ 
tersect in a finite point. If the lines are parallel, their cross ratio is equal to 
the cross ratio of the points in which a common perpendicular intersects 
them. Hence, the theory of separation in this case, and also in the case in 
which three of the lines are parallel and the fourth is the ideal line, reduces 
to the corresponding theory for four collinear points. This is discussed in 
detail in the next paragraph. 
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EXERCISES 

1. Find (L t Li, L%L t ) if L h Li, L», L t are respectively 

(a) x — y = 0, 2x + y = 0, x + y = 0, 3x — y = 0; 

(b ) 2*i — x% + x, = 0, 3*i + *j — 2* s =0, 7*i — * 2 = 0, 5*i — * 3 = 0. 

2. If L u L,, Li have respectively the equations 2 *i + x 2 — x t =0, 

Xi — *2 + *8 = 0, *1 = 0, and (LiL 2 , L*L,) = - 2/3, find the equation of L 2 . 

2. Cross Ratio of Four Points. The theory in this case is essentially 
the same as that for lines. 

Definition. If Pi, Pi, P», P t are four distinct collinear points, of 
which Pi and Pi are finite, the cross ratio (P\Pi, P 3 P 4 ) is defined as the 
quotient: 

Ratio in which P 3 divides PiPi _ P 3 Pi /P*P i 
1 3 4 Ratio in which P 4 divides P\Pi P 3 P 2 / PiP 2 

From Ch. IV, § 1, Th. 2 we conclude: 

Theorem 1. If Pi, P 5 , P s , P 4 have the coordinates a, b, a + \ib, 
a + \ 2 b, then 

(2) (PiPi, P 3 Pi) = ^. \iki(hi - \i) * 0. 

A2 

The content of the theorem we take as the definition of the cross 
ratio in case one or both of the points Pi, P 2 are ideal. 

Theorem 2. The pairs of coUinear points Pi, P 2 and P 3 , Pt form 
a harmonic set if and only if (PiPi, P*P 4 ) = — 1. 

Theorem 3. Interchanging the two pairs of points does not change 
the value of the cross ratio. 

Theorem 4. If three of the four points and the value of the cross ratio 
( 9 ^ 0, 1) are given, the fourth point is uniquely determined. 

If Pi and Pi are two points on a 
circle, there are two continuous paths 
along the circle from Pi to Pi, the 
paths (a) and ( b ) in Fig. 2. Simi¬ 
larly, when two points on an ex¬ 
tended straight line (a straight line 
inclusive of its ideal point) are given, 
there are two continuous paths along 
the line from one point to the other. In the figure, the one path (a) 
from Pi to Pi is along the line-segment P\Pi, whereas the other path 



Fig. 2 
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(b) extends to the left from Pi through the ideal point P » and thus 
back to P t .* 

If the cross ratio (P 1 P 1 , PiP<) is negative, one of the points P», P 4 
lies on the one path, and the other on the second path, from Pi to 
Pi, so that it is impossible to proceed continuously from Pi to P 2 
along either path without passing through P a or P 4 . Similarly, when 
the r61es of the two pairs of points are reversed. We say, then, that 
the two pairs separate one another. 

If the cross ratio (P 1 P 2 , P>P 4 ) is positive, the points P 3 , P 4 both 
lie on the same path from Pi to P 2 , and the two pairs of points do not 
separate one another. 

Theorem 5. The pairs of points Pi, P 2 and P 3 , P 4 separate or do 
not separate one another according as the cross ratio (P 1 P 2 , PsP 4 ) is 
negative or positive, t 


EXERCISES 

1. If Pi, Pi, Pt, P 4 have the coordinates (1, 2), (2, 3), (5, 6 ), (— 2, — 1), 
find the cross ratio (P 1 P 2 , PjP 4 ), (a) by finding the ratios in which P s and P 4 
divide PiP 2 ; ( b ) by finding the ratios in which Pi and P 2 divide P S P 4 ; (e) by 
expressing the homogeneous coordinates of P 3 and P 4 as linear combinations 
of those of Pi and P 2 . 

2 . If Pi, Pi, Pt have the coordinates (1, 1, 1), (1, — 1, 1), (1, 0, 1 ) and 
(P 1 P 2 , P*P 4 ) = 2 , find the coordinates of P 3 . 

3. Show that, if P 4 is the point at infinity on the line of the finite distinct 
points Pi, Pi, Pa, the cross ratio (P 1 P 2 , PjP 4 ) is equal to the ratio in which 
Ps divides the line-segment PiP s . 

3. Cross Ratio a Projective Property. The crux of the proof that 
cross ratio, even though originally defined in terms of distances, is 
preserved by all projections consists in establishing the following 
theorem. 

Theorem 1. If PiP 2 , P 3 P 4 are four distinct collinear points lying 
respectively on the four distinct concurrent lines L\, L 2 , L», L 4 , then 

(LiL 2i UU) = (P 1 P 2 , P 3 P 4 ). 

* The question of the continuity of path ( 6 ) is discussed in detail in Ch. IX, 51. 

t If Pi, P 3 , P 3 , Pi are points at infinity, the cross ratio (PiPt, P»P 4 ) is 
equal to the cross ratio (ZuL 3 , L»L 4 ) of the lines L u L t , L s , L 4 joining Pi, P t , 
Pi, Pi to a finite point, as will be proved in the next paragraph. Consequently, 
if we agree that the pairs of points Pi, Pj and P 3 , P 4 separate or do not separ¬ 
ate one another according as the pairs of lines L u L t and L t , L 4 separate or do 
not separate one another, Theorem 5 is valid without exception. 
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The theorem may be established by the method of Ch. IV, § 5. 
By means of it we can prove, after the manner of the corresponding 
proof in the case of harmonic division, that cross ratio is a projective 
property. We leave the details to the reader. 

The dual of four distinct collinear points is four distinct concurrent 
lines. We now agree, further, that the dual of the fact that the four 
points, in a given order, have a certain cross ratio, is that the four 
lines, in the corresponding order, have the same cross ratio, and vice 
versa. 

4. Formulas for Cross Ratio. The following table gives the values 
of the cross ratio (EiE 3 , E 3 E t ) for various forms of the coordinates of 


four distinct elements, E 1 , 
of lines. 

Ei , E s, E 4 , 

of a range of points or a pencil 

Ei 

E 2 

e 3 

E< 

E^Ei) 


( 1 ) a 

b 

n “f* Xii> 

CL -f- X 2 & 

Xi 

X 2 


( 2 ) 

b 

k\a + hb 


hk 2 

k\l 2 


(3) n -b Xi& 

a “I - \ 2 b 

0 + X 36 

Cl “|“ X 46 

(X 3 Xz)(X 4 — 

X 2 ) 

(X 3 — X 2 ) (X 4 — 

X.) 

(4) kia + hb 

k 2 d “ 1 “ 1 2 & 

k 3 a l 3 b 

kid "f* lib 

| *8 ii | • 1 k< i 2 

1 

I ^3 ii| • | ki h 

r 

In case (4), \k 3 

ii|, for example, is the determinant k 3 l 1 — kil 3 . 



Case (1) has already been treated. The value of the cross ratio in 
(2) is found by applying ( 1 ). In the same way, (4) follows from (3). 

To establish (3), rewrite the coordinates of the elements in the form 
( 2 ). Set 

a + Xi& = a', a + \tb = b', 

solve these symbolic equations for a and b in terms of a' and b', and thus 
express the coordinates of E 3 and E t as linear combinations of a' and 
b\ Coordinates of the four elements, thus obtained, are 

o! 1 b' t (Xj — X 2 ) a' — (X, — Xi) b\ (X< — X 2 ) o! — (X< — Xi) b’. 

Application of ( 2 ) yields the result listed in (3). 
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EXERCISES 


1. Deduce the value of the cross ratio in (4). 

2. Show that if x t , x 2 , x>, x t are the abscissas of four distinct points on the 
axis of x, 


(PiPi, PiP*) 


(Xi - Zi)(x 4 - Xt) ' 
(X, — Xa)(x 4 — Xi) ' 


3. The slopes of four distinct lines passing through a finite point are Xi, 
Xj, X J( Xi. Prove that 

(X 3 - Xi)(X 4 - X t ) _ 

(X 3 — Xa)(X 4 — Xi) 


(LiLj, LiLt ) 


4. If (xj, j/i), (xj, yi), (x a , y»), (x 4 , yi) are four distinct collinear points, show 
that 


(P.Pa, P 3 P 4 ) 


(x 3 - xQ(x 4 — Xa) 
(x s — x 2 )(x 4 — Xi) 


provided the line of the four points is not parallel to the y-axia. What does 
the result become if homogeneous coordinates, o : (oi, aj, oa), b, e, d are 
introduced for the four points? 

5. Prove that, if a, b, c, d are four distinct lines through a point which does 
not lie on the axis of x, their cross ratio, in the order given, is 


jciaal • jdiM > 
jci 63 j •'jdiOil 


where ] Ci a 3 1, for example, is Cia a — c,ai. 

6. Four points a, 6, c, d, not necessarily collinear, determine with a fifth 
point r four distinct lines L l( L 2 , L s , L t . Show that 


(L\Li, LiLt) 


1c a r | • ]d fe r | 
jc 6 r| • |dar| 


Suggestion. Make use of Ch. V, § 4, Ex. 6. 

7. Show that, if we give to each of four concurrent lines Li, Lt, Lt, L 4 a 
sense and understand by ( LJji ), for example, the directed angle through which 
Lt must be rotated in order that it coincide in position and sense with L\, then 


(LiZ/j, LiLt) 


sin (LsLj) Sin {LJjj) 
sin {LiLi) sin (LaLi) 


It is assumed, of course, that the lines concur in a finite point. 

8. Prove that the cross ratio of the four lines joining four given points on a 
circle to any fifth point on the circle is constant. 


5. The Twenty-Four Cross Ratios of Four Elements. Four distinct 
elements, four collinear points or four concurrent lines, can be 
arranged in twenty-four orders. Consequently, they have twenty- 
four cross ratios. We proceed to discuss the relationships between 
these cross ratios. 
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It is natural to pick out one cross ratio and determine the relations 
of the others to it. Arrange the four elements in an arbitrary but 
specific order and call them, in this order, E u E 2 , E z , E t . If coor¬ 
dinates for them are taken in the forms 


a -J- Xi&, a X 26 , a ■+■ \sb, a •+■ X4&, 


the cross ratio (EiE 2 , E s E t ), which we shall now write more simply as 
(12, 3 4), has the value 


( 1 ) 


(1 2, 3 4) 


(X 3 — Xi)(X« X2) 
(X, — Xs)(X< — Xi) 


We have already proved 

Theokem 1 . Interchanging the two pairs of elements does not change 
the cross ratio: 

(3 4, 1 2) = (1 2, 3 4). 


Our experience with harmonic sets suggests 

Theorem 2. The reversal of the order in both pairs does not change 
the cross ratio: 

(2 1,4 3) = (1 2,3 4). 


The theorem is true, for if in (1) we interchange 1 and 2, and also 3 
and 4, the result is 


(2 1, 4 3) 


(X4 — X;) (X; — Xi) 
(X< — Xi)(Xa — X,) 


(1 2 , 3 4). 


It now follows that the twenty-four cross ratios fall into six sets of 
four each, so that the four cross ratios in a set are all equal. For 
example, 

(2) (1 2, 3 4) = (3 4, 1 2) = (2 1, 4 3) = (4 3, 2 1); 

(3) (2 1, 3 4) = (3 4, 2 1) = (1 2, 4 3) = (4 3, 1 2). 


Theorem 3. The reversal of the order in one pair changes the cross 
radio to its reciprocal: 


(2 1, 3 4) 


1 

(1 2, 3 4) ' 


The proof of the theorem is similar to that of Theorem 2. 

Thus far, we have kept the pairs intact. Let us now split them 
and consider, for example, (13, 2 4) and (1 4, 2 3). It is readily 
found that, if we denote the value of (1 2, 3 4) by a: 

(1 2, 3 4) = a, 



then 

(4) 
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(1 3, 2 4) = 1 - a, (1 4, 2 3) = -- 

a 

These results, in conjunction with Theorem 3, enable us to write 
down the value of a representative cross ratio of each of the six Bets: 

(1 3, 2 4) = 1 - a, (1 4, 2 3) = t 

a 

(3 1, 2 4) = -—-— • (4 1,23) = - £L T - 

1 — a a — l 

For example, the four cross ratios in (2) all have the value a and the 
four in (3) the value 1 /a. 

Suppose that the four elements form a harmonic set when E i is 
paired with E% and Es with E* : (E\Ez, EsEi) = — 1. Then the six 
cross ratios in (5) are found to be equal in pairs, to — 1, 2, and 1/2, 
respectively. Conversely, if a has one of these three values, two of 
the cross ratios in (5) are — 1 and the four elements, properly paired, 
form a harmonic set. 

Theorem 4. A necessary and sufficient condition that four elements 
can be so paired that they form a harmonic Bet is that a random cross 
ratio have one of the values, — 1, 2, or 1/2. 

It is only when the four elements, properly paired, form a harmonic 
set that the six cross ratios in (5) fail to be distinct. For, it is readily 
shown that the only real solutions, other than a — 0 or 1, of the equa¬ 
tions obtained by equating the value, a, of the first cross ratio to that 
of each of the other five in turn, are a = — 1, 2, and 1/2. It is un¬ 
necessary to equate the values of each two cross ratios, inasmuch as 
(12, 3 4) was an arbitrary cross ratio of the original twenty-four. 

We summarize our results in the following theorem. 

Theorem 5. The twenty-four cross ratios fall into six sets of four 
each. The four cross ratios of a set have the same value. The six values 
are all distinct unless the four elements, properly paired, form a harmonic 
set. 

EXERCISES 

1. Establish the results expressed in equations (4). 

2. Show that if Ex, Ej, Ei, E*, E t are distinct concurrent lines, or distinct 
collinear points, 


(1 2, 3 4) = a, 


(5) 


(2 1,3 4) 

a 


(12, 3 4)(1 2, 4 5)(12, 5 3) = 1. 
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6. Applications of Cross Ratio. The Theorems of Menelaus and 

Ceva. Let Pi, Pi, P» be the vertices of a triangle, and let Qi, Qi, Qt 
be three collinear points, distinct from the vertices and lying one on 
each side, Qi on P 2 P 3 , Q 2 on P 3 P 1 , and Q s on P\Pi. Mark three other 
points, Qi, Qi, Q», one on each side of the triangle and distinct from 
the vertices, and form the cross ratios: 

( 1 ) (P2P3, Q[Qi) = ki, (PiPi, QiQi) = ki, (P 1 P 2 , QaQi) = k s . 

Theorem 1. A necessary and sufficient condition that the points 
Qi, Qt, Qi be collinear is that the product of the three cross ratios be equal 
to unity: kikik 3 = 1. 

Let Pi, Pi, Pj have the coordinates a, b, c. By Ch. Ill, § 7, Ex. 4, 
the coordinates of Qi, Q 2 , Qt can be written in the forms 

Bb — Cc, Cc — Aa, Aa — Bb, 

where, since Qi, Qi, Qt are distinct from the vertices, no one of the 
constants A, B, C is zero. Coordinates for Qi, Q'i, Q'z are then found, 
by taking account of (1), to be 

Bb — kiCc, Cc — kiAa, Aa — k 3 Bb. 

These points are collinear if and only if three constants l, m, n, 
not all zero, exist so that 

l(Bb — kiCc) + m(Cc — k 2 Aa) + n{Aa — k 3 Bb) = 0, 
or 

(n — k 2 m)Aa + (l — k 3 ri)Bb + {m — k\l)Cc = 0. 

This symbolic equation, since a, b, c are not collinear and ABC 5 ^ 0, 
is equivalent to the three equations 

— kim + n = 0, 
l — ki,n = 0 , 

— kj + m =0. 

A condition necessary and sufficient that these equations have a 
solution for l, m, n, not 0, 0, 0, is that the determinant of their coef¬ 
ficients vanish. But this condition reduces immediately to kik 2 ki = 1. 

Theorem 2. The lines, P 1 Q 1 , PiQi, PzQi, joining the points Q[, Q'i, 
Qt to the opposite vertices of the triangle are concurrent if and only if the 
product of the three cross ratios is — 1: kikjct = — 1. 

The proof is left to the reader. 
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If Qi, Qi, Qi are the points at infinity on the sides of the triangle, 
ki, k 2 , k$ are respectively the algebraic ratios in which Q\, Q' 2 , Q' s 
divide the sides P 2 Ps, PsPi, PiP 2 ; see § 2 , Ex. 3. Theorems 1 and 2 
then became the classical theorems of Menelaus and Ceva. 

Theorem of Menelaus. Three points, one on each side of a triangle 
P1P2P3, are collinear if and only if the product of the algebraic ratios 
in which they divide the sides (P5P3, P3P1, P1P2) is unity. 

Theorem of Ceva. A necessary and sufficient condition that the 
lines which join three points, one on each side of a triangle , to the opposite 
vertices be concurrent is that the product of the algebraic ratios in which 
the three points divide the sides be — 1. 


As an application of the Theorem of Menelaus we establish an 
interesting property of the complete quadrilateral. 

Theorem 3. The mid-points of the diagonals of a complete quadri¬ 
lateral (with finite vertices) lie on a line. 

Let P, Q, R be the mid-points of the diagonals and P', Q', R', the 
mid-points of the sides of the triangle P 1 Q 1 R 1 , as shown in the figure. 
Since R', Q', and P are the mid¬ 
points of the lines which join Pi with 
Qi, Ri, and P 2 , the point P lies on 
the line R'Q'. Similarly, R lies on 
Q'P', and Q on P'R'. Thus, P, R, 

Q lie respectively on the sides of 
the triangle P'Q'R'. Therefore, if 
we can show that 


( 2 ) 


PR' RQ’ QP' 


= 1 , 



Fig. 3 


PQ' RP' QR' 
it will follow that P,Q, R are collinear. 

We note that P 2 , Q 2 , R 2 are collinear points, one on each side of the 
triangle P 1 Q 1 R 1 . Hence 


(3) 


P 2 Q 1 Q 2 R 1 RiPi 


= 1 . 


P 2P1 Q2P 1 RtQi 

Since the line PQ'R' is parallel to the line P 2 R 1 Q 1 , it follows that 
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In the same way, 

q 7 r ! _ W I&Pi _ RQ' 

&PI QR’' Ml RP 

Consequently, (3) reduces to (2) and the theorem is proved. 

EXERCISES 

1. Prove Theorem 2. 

2. State the theorem which is the dual of Theorem 1 and show that the proof 
of Theorem 1 can be reinterpreted as a proof of the dual theorem. 


7. Cross Ratios, When the Four Elements are Not Distinct 
means of the formula, 


(1 2, 3 4) 


(X 8 ~ X,)(X« — X;) ^ 
(Xj — \ t )(h t — Xj) 


By 


for the cross ratio (J?i2? s , E 3 E 4 ) of the four distinct elements a+Xih, 
a X26, a + X 8 d, a + X 4 6, the following limits are readily established: 


(1) lira (1 2, 3 4) = 1, lim (1 2, 3 4) = 0, lim (1 2, 3 4) = ». 

Bi ”*■ Ei Bi^^Bt Bi^^ Bi 

On the basis of these results we adopt the definitions:* 

( 2 ) (EiE 2 , EtEi) = 1, (E1E2, EsEi) — 0 , (EiEt, E 3 E\) = °o. 

Definitions covering the remaining cases in which two of the ele¬ 
ments are the same may be arrived at by noting that, since Theorems 
1, 2 of § 5 are always true for four distinct elements, they remain valid 
when two of the elements coincide. For example, since (E 3 E it EiEJ 
is equal to (F1F2, E 3 Ei) t we define: (E 3 E 3} E1E2) ~ 1. 

The recognition of 0 and 1 as values of a cross ratio removes the 
restrictions from Theorems 4 of §§ 1, 2. We can now say, for example: 

Theorem 1. If Pi, P t , P 8 are distinct collinear points, there exists a 
unique point P on their line for which (P1P2, P3P) has a prescribed 
value, defined or infinite. In particular, according as ,f 0, or 1 is 
prescribed, P is Pi, P 2 , or P 8 . 

Three of the four elements coincide only when the elements of one 
pair coincide with one of the elements of the other pair. Let us allow 

* Strictly speaking, only the first two of equations (2) represent definitions. 
We mean by the third: (EiEt, EzEt) = «, merely the last equation of (1), 
that is, that (EiE t , EiE 4 ) becomes infinite when E t approaches E 1 as a limit. 

t This means that when the prescribed value, thought of as variable, 
becomes infinite, P approaches Pi as a limit. 
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E s and Et to approach Ej in that we 6et 

Xj = Xi +«, x« = X 2 + V, 


and eventually allow both € and i) to approach zero. 
(1 2, 3 4) becomes 


(1 2, 3 4) 


X; — Xi + t 77 _ 
Xj — Xi + i} e 


The cross ratio 


The limit of the first quotient, as e and i\ approach zero, is unity; r\/e 
is, however, the ratio of two independent infinitesimals and can be 
made to approach any preassigned limit or to become infinite by 
properly controlling these infinitesimals. 

The situation is similar, if we let E% and E 4 approach E i, or if we 
let three of the elements approach the fourth. Accordingly, we 
refrain from defining the cross ratio in all these cases. 


EXERCISES 

1. Establish the limits in (1). 

2. By means of limiting processes, justify the definitions: 

t EiEi, EiEi) = 1, (EyEt, EiEi) ~ 0, {E\Ei, EiEi) — 


<*> . 



la 

In the same way, 
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QtRi = QP RtPi _ Rty 

Q*P% = QR'’ RtQi " RP' 

Consequently, (3) reduces to (2) and the theorem is proved. 

EXERCISES 

1. Prove Theorem 2. 

2. State the theorem which is the dual of Theorem 1 and show that the proof 
of Theorem 1 can be reinterpreted as a proof of the dual theorem. 


7. Cross Ratios, When the Four Elements are Not Distinct, 
means of the formula, 


(I 2, 3 4) 


(Xi ~ X,)(X« — Xa) 
(X, - X S )(X 4 -Xi)’ 


By 


for the cross "ratio (E 1 E 1 , E a E t ) of the four distinct elements a+Xih, 
a + Xjh, a + X»6, a + X*h, the following limits are readily established: 


(1) lim (1 2, 3 4) - 1, lim (1 2, 3 4) = 0, lim (1 2, 3 4) - ». 

JBi— 

On the basis of these results we adopt the definitions:* 

(2) (P,P lf EiE t ) = 1, (EiEt, E>E t ) « 0, (EiE t , E l E 1 ) = ». 

Definitions covering the remaining cases in which two of the ele¬ 
ments are the same may be arrived at by noting that, since Theorems 
1, 2 of § 5 are always true for four distinct elements, they remain valid 
when two of the elements coincide. For example, since (EtEt, EiE t ) 
is equal to (EiE%, EiEi), we define: {EiEi, E\Ei) — 1. 

The recognition of 0 and 1 as values of a cross ratio removes the 
restrictions from Theorems 4 of §§ 1, 2. We can now say, for example: 

Theorem 1. If Pi, P*, P* are distinct collinear points, there exists a 
unique point P on their line for which {P\Pt, PjP) has a prescribed 
value, defined or infinite . In particular, according as »,t 0, or 1 is 
prescribed, P is P u P t , or P». 

Three of the four elements coincide only when the elements of one 
pair coincide with one of the elements of the other pair. Let us allow 

* Strictly speaking, only the first two of equations (2) represent definitions. 
We mean by the third: {EiE t , EJS\) — », merely the lak equation of (1), 
that is, that ( EJSj, EiEt) becomes infinite when approaches Pi as a limit. 

t This means that when the prescribed value, thought of as variable, 
becomes infinite, P approaches Pi as a limit. 
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Et and Ei to approach E a in that we Bet 

X* = X a + «, X 4 ™ X* + lit 


and eventually allow both e and i\ to approach zero. 
(1 2, 3 4) becomes 


<12,3 4) 


X* — X« + t i) 

■ i- . — * 

X* — Xj + *i t 


The cross ratio 


The limit of the first quotient, as e and i) approach zero, is unity; ij/e 
is, however, the ratio of two independent infinitesimals and can be 
made to approach any preassigned limit or to become infinite by 
properly controlling these infinitesimals. 

The situation is similar, if we let E t and Ei approach E i, or if we 
let three of the elements approach the fourth. Accordingly, we 
refrain from defining the cross ratio in all these cases. 


EXERCISES 

1. Establish the limits in (1). 

2. By means of limiting processes, justify the definitions: 

{EiEi, EiEi) - 1, EyE x ) - 0, (Ei Et, JSJSi) - « . 



CHAPTER VJI 

TRANSFORMATIONS 


Rigid motions and projections are examples of operations which are 
technically known as transformations. We have recognised their 
importance as & basis for classifying geometric properties. We 
proceed now to study them intensively. 


A. Rigid Motions* 



Pdx ,y j a 


1 . Simple Rigid Motions of the Kane. Translations. A trans¬ 
lation of a plane consists in moving each point in the plane a given 
distance in a given direction. It is completely 
determined by a directed line-segment, A A', in 
the plane, the direction of AA' giving the direc¬ 
tion of the translation and the length of AA' the 
amount. If the projections of AA' on the axes are 
a and b, and the translation carries the arbitrary 
Fra. 1 point P : (x, y) into the point P': (x', y'), then 

(1) x' ~ x + a, y’ = y + b. 

These equations are called the equations of the translation. 

Rotations. We consider first the rotation of the plane about the 
origin through the algebraic angle 6. Let the rotation carry the 
point P : (x, y) into the point P' : (x\ y 1 ) and 
the projection, M, of P on the axis of x into 
the po int M '. Then OM = OM’ — x and 
UP = WP = y. Evidently, 



Proj OP 1 = Proj OM’ + Proj M’F. 

Taking the projections, first on the axis of x 
and then on the axis of y, we obtain as the equations of the rotation 

(2) x r — x cos 0 — j/ sin 9, — xemS + y cos $. 

In a similar manner the equations of the rotation about the point 

*Ia this part of the chapter we shall restrict ourselves to the finite plane. 

84 
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(**, ye) through the angle 9 are found to be 
(3) 


x' — *0 
V' - V» 


(x — xo) cos 9 — (y ~ jfo) sin 6, 
(x — Xo) sin 6 + (y — y») eos 9. 



Fra. 3 


Example. Let it be required to find the equation of 
the parabola C', with vertex at the origin, latus rectum 
of length 2, and axis inclined at an angle of 30° to the 
axis of x, as shown in Fig. 3. 

The parabola C" can be obtained by rotating the 
congruent parabola C of the figure about the origin 
through 30°. The equation of C is 

y* = 2 x. 

The rotation is 

x’ = Ja/3 x —\y, y' = i x + $V3 y. 

Solving these equations for x, y in terms of x', y' : 

x = $V3 x' + § y 1 , y = - $ x' + $a/3 j/, 
and substituting in the equation of C, we obtain the equation of C 

(-**' + *V3y') s - 2 (*V3x' + i y') - 0, 

or 

x'* - 2V3 x'y' + 3 y'* - 4 a/ 3 x' - 4 yf = 0. 


EXERCISES 

1. Show that there is a unique translation which carries a given point into 
a prescribed point. Find the equations of the translation which carries the 
point (2, 3) into the point (0, — 1). Apply this translation to the curve 

y*-x-8y + 18=0. 

2. Show that there is a unique rotation about a point P 0 which carries a 
given point A into a prescribed point A\ provided PqA *= JVt'. Find the 
equations of the rotation about the origin which carries the point (3, 1) into 
the point (— 1, 3). 

3. Rotate the hyperbola x* — y* ■ a* through 45° about the origin. 

4. Find the equation of the ellipse, center at the origin, with semi-axes 3 
and 2, and with the line x — 2 y = 0 as transverse axis. 

5. Prove both geometrically and analytically that, if an arbitrary line is 
rotated about a point through the angle 9, the angle from this line to the new 
line is equal to 9. 
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2. Product of Two Transforxnattens. Inverse of s Transformation. 

Example. Find the equation of the ellipse C' whose center is at the 
point (4, 6), whose semi-axes are of lengths 3 and 2, and whose trans¬ 
verse axis has the slope unity. 

Congruent to the ellipse C' is the ellipse 

C: 4 x* + 9 y' = 36, 

with center at the origin and axis of x as 
transverse axis. To obtain the equation of 
C", we shall rotate C about 0 through 45° 
into the ellipse C and then translate C into 
C', as indicated in Fig. 4. 

The equations of the rotation carrying 
P : (x, y) into P : (x, y) are 

Ti: x = jV2 (x — y), y— $V2 (x + y). 

Those of the translation carrying P : (x, y) into P' : (x', y") are 
T t : x' =* x + 4, y' —y + 6. 

By the methods of § 1 we readily show that the rotation Tj carries 
the ellipse C into 

C: 4(x + y)' + 9(x - y)* = 72, 

and that the translation T z carries C into 



C 4(x' + y' - 10)* + 9(x' - if + 2)* = 72. 

Expanding and collecting terms, we obtain as the required equation 
13 x' J - 10 xV + 13 if* - 44 x' - 116 y' + 364 = 0. 


Alternative Procedure. If we substitute for x, y in Tt their values 
from T i, we obtain a transformation T, 

T: x' = JV2 (x - y) + 4, y' - $V2 (x + y) + 6, 

which carries P : (x, y) directly into P' : (x', y') and hence should 
carry C directly into C f . As a matter of fact, if we solve the equa¬ 
tions of T for x, y: 

x - *V2 ex' + tf - 10), y = - §V5 & -y' + 2), 
and substitute in the equation of C, the result is the equation of C. 

Product of Two Transformations. The two procedures may be 
represented by the following diagrams: 

T t _ T t 


T 
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Evidently, T is the transformation which results from carrying out 
successively the transformations T t and Tj. Technically, it is known 
as the product of these transformations. We express its relationship to 
them by writing, symbolically, 

T = TiT,. 

The product of two numbers is commutative, that is, independent 
of the order of the factors. Is this also true of transformations? 
Will the transformation TiT 2 , the result of following Ti by T t , be the 
same as the transformation T»T X , the result of following Tt by TJ 

Suppose that, in our example, we first translate C into C and then 
rotate C into C", using the same translation and rotation as before. 
Will C" be the same as C'1 Even a rough figure will give the 
answer: Not 

Analytically, we have as the translation T t , carrying (x, y) into 
( 7 , V): 

x = x + 4, y = y + 6, 
and as the rotation T i, carrying (x, y) into (x", y"): 

x" = ^V2 (x - y), y" - $V2 (x + y). 

Eliminating the intermediate variables x, y, we obtain as the product 
T,Ti: 

x" = (x — y — 2), y" = (x + y + 10). 

Evidently, this product T t T x is different from the previous product 
T\Tt. 

The result here is typical. The product of two transformations is, in 
general, not commutative. 

Inverse of a Transformation. The inverse of a transformation T 
is the transformation which undoes the work of T, in that it carries 
all points back into their original positions. Thus, the inverse of the 
translation defined by a directed line-segment is the translation 
defined by the same line-segment oppositely directed. 

If one transformation is the inverse of a second, the second trans¬ 
formation is the inverse of the first. The two transformations are 
reciprocally related. This relationship is analogous to that of a 
number, not zero, and its reciprocal. Accordingly, it is natural to 
denote the inverse of a transformation T by the symbol T~ l . To 
express the fact that the inverse of T~ l is T, we have (T~ l )~ l = T, 
an equation which is actually in agreement with the laWB of algebra. 
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The product of two numbers which are reciprocals of one another is 
unity. Similarly, since each of two transformations which are inverses 
of one another undoes the work of the other, their product, in either 
order, is the identical transformation I, 

x' - x, » y, 

which leaves each point unmoved. Symbolically, 

TT~ X - 1 or T~ l T = I. 

Here again, if we think of I as symbolic for unity, the laws of algebra 
are preserved. 

If a transformation T carries the arbitrary point P : (x, y) into the 
point P' : (x', y r ), the inverse of T carries P" : (x', y') back into 
P : (x, y). Hence, the equations of the inverse of T can be found, in 
general, by solving the equations of T for x, y in terms of x', tf. For 
example, if T is the rotation 

T: x' = x cos 6 — y sin d, y r = x sin 6 + y cos 0, 

the inverse T~ x , found in this way, is 

T ~ l : x = x > cos 8 + y' sin 0, y = — *' sin 6 + y' cos 9. 

EXERCISES 

1. If Ti and T% are x' * x — 2, y' ■= y + 1 and x' = — y, y' =* x, find 
the products T,T X and T t T t . 

2 . Verify, analytically, (hat TT~ l — / in the case of the rotation about O 
through the angle 0. 

3. Find the equation of the hyperbola which has its center at (1, — 2), 
major and minor axes of lengths 4 and 6, and transverse axis of slope — 3/4. 

4 . Associative Law for the Product of Transformations. The product of three 
transformations T u T t , T t in the order given can be found in two ways, which 
are symbolized by (T : Ti)Ti and Ti(TjT t ). In the first case, we form 

and then take the product of T\T\ and T,; in the second, we form T t T, and 
then take the product of Ti and T t T t . The two transformations which result 
are always the same: 

(T t T t )T, - Ti{T t T x ), 

and hence can be denoted simply by TiT t T t . 

Verify the law when 7\ and T t are the transformations of Ex. I and T t is 
the translation: *' - x + 9, / - y — 2. 

5. Show that the product of two translations is always commutative. 

0. Show that the product of two rotations about the origin is always com¬ 
mutative. 

% It the product of a translation and a rotation ever commutative? 
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3, Hie General Rigid Motion of the Plane. We inquire whether, 
in the translations and rotations, we have all the rigid motions of the 
plane. 

We consider, first, the number of pairs of corresponding points 
necessary to determine completely a rigid motion. One pair, A, A\ 
is not enough; for, after the plane has been moved so that A coincides 
with A', it can still be rotated at will about A'. 

Two pairs, A, A' and B, B\ chosen so that the corresponding dis¬ 
tances AB and A'B' are equal, are enough; for, once the plane has been 
moved rigidly so that A and B coincide respectively with A' and B', no 
further motion is possible.* 

Theorem 1. There exists a unique rigid motion which carries two 
given points A, B into two specified points A', B', provided that the 
distance A'B' is equal to the distance AB. 

Let us now consider an arbitrary rigid motion S, and think of it as 
determined by two pairs of corresponding points, A, A' and B, B’, 
where AB = A'B'. 

We can show that S is, for example, a rotation, if we can exhibit a 
rotation R which carries A into A' and B into B J ; for, S and R would 
both carry A into A’ and B into B\ and hence, by Th. 1, would be 
identical. 

If there exists a rotation carrying A into A’ and B into B', its center 
must be in the point C (Fig. 5) in which the perpendicular bisectors, 


c 




a and h, of A A' and BB’ intersect. The existence of the rotation is, 
then, assured if the angles AC A' and BOB' are equal, both in mag- 

* In this connection it is well to emphasize the fact that a transformation 
takes into account only the initial and final positions of the points in the plane. 
Hie paths from the initial to the final positions are immaterial. In the case 
of the rigid motion which carries A into A' and B into B\ there are infinitely 
many ways in which the plane can be moved from the initial to the final posi¬ 
tion. The rigid motion, however, is unique, since the final position of the 
plane is uniquely determined, 


' , ' n'i • * ' 
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nitude and sense. That this is true follows immediately from the 
fact that the triangles ACB and A'CB' hare their corresponding sides 
equal. Henoe S is a rotation. 

We assumed in this discussion that a and b, and hence A A* and 
BB', were not parallel or identical. Suppose that AA' and BB' are 
parallel. Mark A, A', and B, as shown in Pig. 6. Since A'B'*=AB, 
B' can have either of the two positions, B\ and B'i* If B' is in the 
position B\, S is the rotation about C through the angle indicated. 
If B' is in the position B't, S is the translation represented by the 
directed line-segment AA'. 

The case in which the lines A A' and BB’ are identical lends itself 
to similar treatment. The details are left to the reader. 

We have now considered all possibilities, and have found that S 
is always either a rotation or a translation. 

Theorem 2. A rigid motion is either a translation or a rotation. 

All rigid motions are, therefore, given by equations (1) and (3) of 
§ 1. To obtain a single pair of equations representing them all, we 
proceed in a slightly different fashion. 

Consider once more the arbitrary rigid motion S. IS AB and A'B' 
are parallel and have the same sense, S is evidently a translation. 

Suppose that AB and A’B’ are not par¬ 
allel with the same sense. Let 6 be the 
angle from the line AB, directed from 
A to B, to the line A'B’, directed from 
A' to B', and let the rotation R about 
0 through the angle 8 carry A and B 
into A and B. Either A and B coin¬ 
cide respectively with A' and B', or AB 
and A'B' are parallel and have the same 
sense; see § 1, Ex. 5. In the first case, S is the rotation R; in 
the second, S is the rotation R followed by the translation which 
carries A, B into A', B'. 

Theorem 3. A rigid motion is a rotation about the origin followed by 
a translation, or either alone. 

The product of the general rotation about 0 and the general trans¬ 
lation: 

x = x cos 8 — y sin 9, x' *= 1 + a, 

V *= x sin 9 + y cos 8, y' = y -f b, 

•Unless AB is perpendicular to AA'. What is 5 in this case? 



O 

Fig. 7 



has the equations 
( 1 ) 
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x? *= z coa 6 — y and + a, 
yf = x sin 6 + y eos 0 + 6. 

These equations, moreover, include the rotations about 0, when 
a — b « 0, and the translations, when 6=0. Hence 

Theorem 4. All the rigid motions of the plane are represented by 
equations (1). 

EXERCISES 

1. Find the equations of the rigid motion which carries the points (4, 2) 
and (3, 5) respectively into the points (2, 4) and (— 1, 5). Use the method 
of Fig. 6. 

1. Show that the rigid motion i'“-y+3, / “i + lisa rotation 
about the point (1, 2). 

3. Express the rigid motion of Ex. 2 as the product of a rotation about the 
origin and a translation. 


4. Groups of Transformations. The word “ group ” in the theory 
of transformations has a highly specialized meaning. We define it as 
follows. 

Definition. A set of transformations, finite or infinite in number, 
is called a group, if 

(a) the product of every two transformations of the set ( including, in 
particular, the product of every transformation with itself) belongs to the 
8 et; and 

( b ) the inverse of every transformation of the set belongs to the set. 

The identity and the rotation about the origin through 180°, 

(1) x' = x, y 1 = y and x' — — z, yf = — y, 

form a group. For, each is its own inverse, the product of each with 
itself is the identity, and the product of the two is the rotation. 
Similarly, the four transformations 

yf = z, z'= -y, z' — — x, yf - y, 

vf = y, y' = v' = - ». if = - 

namely, the identity and the three rotations about the origin through 
90°, 180°, and 270°, respectively, form a group. 

Groups (1) and (2) both contain the identical transformation. So, 
also, does every group. For, if T is a transformation of a given group, 
its inverse T~ l belongs to the group, and hence the product TT~ l 
belongs to the group; but this product is the identical transformation. 
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Theobem 1. Every group of transformation* contain* the identity. 

The group (1) is a subgroup of the group (2) in that its transforma¬ 
tions are included among those of (2). In general, if among the 
transformations of a given group there exists a subset of transforma¬ 
tions which itself forms a group, this group is called a subgroup of the 
given group. 

The Group of Rigid Motions and Its Subgroups. Consider the set of 
all rigid motions of the plane, 

(3) x* = * coe 9 — y sin 6 + a, y' = x sin 6 + y cos 6 + b, 

where a, b, and $ are arbitrary constants. The product of any two of 
them, since it is necessarily a rigid motion, belongB to the Bet. For 
the same reason, the inverse of every one of them is found in the set. 

Theorem 2. The set (3) of all rigid motions of the plane forms a 
group. 

The set of all translations of the plane, including the identity, is 
represented by the equations 

(4) x' = x + a, = y + b, 

where a and b are arbitrary constants. Let us prove analytically 
that this set forms a group. Two arbitrarily chosen, but fixed, 
transformations of the set are 

x = x + ai, i'=i + at, 

y = y 4 - 6i, y' = y + b t , 

where a lt b u a 2 , b? are fixed. Their product 

x r = x + ai + a s , y 7 — y + bi + bt, 
belongs to the Bet, being the particular transformation for which 
a = aj + a*, 6 «= bi + b t . Moreover, if an arbitrary but fixed 
transformation of the set, say 

x' = z + 04 , l/ = y + bo, 
is chosen, its inverse 

x = x' — an, y ~ y' — bo, 
clearly belongs to the set. 

Theobem 3. The set (4) of all translations of the plane forms a group. 
Theobem 4. AU the rotations about a given point , for example, the 
origin, form a group. 

The proof of the latter theorem we leave to the reader. 
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The group of translations is a subgroup of the group of rigid motions; 
the translations (4) are precisely those rigid motions (3) for which 
9*0, Similarly, the group of rotations about the origin is a sub¬ 
group of the group of rigid motions. 

The equations (3) of the group of rigid motions contain three 
arbitrary constants, or parameters, a, b, and $, to which values can be 
given independently. We express this fact by saying that the group 
depends on three parameters or is a three-parameter group. 

EXERCISES 

1. Verify the statement that the transformations (2) form a group. 

2. Prove analytically that the rotations about the origin form a group. 

3. On how many parameters does the group of translations depend? On 
how many does the group of rotations about a given point depend? 

5. Invariants. We know that the general rigid motion, 

(1) x' = x cos 0 — y sin 0 + a, y' — x sin 6 + y cos 9 + b, 

preserves distance. Let us verify this fact analytically. 

Let Pi : (xi, yi) and P s : (x s , y 2 ) be two arbitrary but fixed points, 
and let Pi : (xi, yi) and Pi : (xi, yi) be respectively the points into 
which they are carried by (1). Then 

xi = Xi cos 8 — yi sin 0 + a, y\ = Xi sin 9 + y i cos 6 + b, 

x» = x* cos 6 — yi sin 9 + a, yi = x t sin 9 + y 2 cos 6 + b. 

Hence, 

xi — xi = (x a — X!) cos 0 — (y 2 — yi) sin 9, 

Vi — yi = (x* - xi) sin 8 + (y t - yi) cob 9. 

Squaring and adding, we have 

(xi — xi)* + (yi — yl) s = (xi — Xi) ! + (y* — y0*. 

Hence PiPi = PiP s and the verification is complete. 

The expression 

(2) (x s - *i)» + (y a - y0* 

in the coordinates of the given points is always equal to the same 
expression in the coordinates of the transformed points. To express 
this fact, we say: 

The expression (2) is an invariant of the points (*i, yi), (x», y 2 ) with 
respect to the group of rigid motions. 
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This is merely the analytic counterpart of the statement that dis¬ 
tance is preserved by every rigid motion. 

Another important property which is preserved by all rigid motions 
k the angle between two lines. Let the lines, arbitrarily chosen but 
fixed, be 

(3) a*x + o»y + o» = 0, bix + &*y + &» = 0. 

To find the lines into which they are carried by the general rigid 
motion (1), we need the inverse of (1). Thk does not mean that we 
have to solve equations (1) for x, y; for, since the inverse k a rigid 
motion, its equations are necessarily of the form (1) and so can be 
written as 


(4) * = x' cos <f> — y' sin + c, y = x' sin ^ + y' cos <j> + d, 


where c, d, <f> are parameters which are related to the original para¬ 
meters a, b, 8 of (1) in a way which k perfectly definite but, for our 
present purpose, immaterial. 

Substituting for x and y in (3) the values given by (4), we obtain, 
as the equations of the transformed lines, 


(5) o^x , + aij ( + a't = 0, 
where 

<*1 = oi cos «t> + sin 

(6) a* = — a t sin d + a* cos d> 
a* *= Oi c -f- a* d + Si, 


b\x + bW + hi = 0, 


b\ = &i cos tf> + b t sin <t>, 
bt = — bi sin 4 > -+• b t cos <(>, 
b’i = bic -f- btd -f" 6j. 


To show that the angle from the first of the lines (3) to the second 
k equal to the corresponding angle for the lines (5), it suffices to show 


that 


Oibt — cii bi Qi bt — <ij b i 

0i + o* bi Oi bi + 0j bi 


The truth of thk equality, regardless of the values of c, d, and <f>, is 
readily establkhed by means of the relations (6). Hence 

The expression for the tangent of the angle from the first of the lines 
(3) to the second , namely 

Qi bt — a» bi 

0i&i + 0,&,' 

is on invariant of the two lines with respect to the group of rigid motions.* 

* Oayiey (1821-1895) and Sylvester (1819-1897), two English mathema- 
imu, deserve the major credit for the creation of the theory of invariants. 
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EXERCISES 

1. Check in detail every step of the foregoing proof that (7) is an invariant. 

2. Show that 

Vi 1 
x t yt 1 
*i V* 1 

i is an invariant of the three points (x Xl y x ), (x Jt y,) t (ar», y,) with respect to the 
group of rigid motions. What is the geometrical meaning of this invariant? 

3. Prove that the slope of a line is an invariant with respect to the group of 
translations. 

4. Establish x x y a — x a y x as an invariant of the two points (xi, y x ), (z a , yi) 
with respect to the group of rotations about the origin. What is its geometrical 
significance? 

5. Show that 

OiZq + Ojya -j- a, 

Voi ,_ +" of 

is an invariant of the point (x 0 , j/o) and the line a,z + a*y + a* = 0 with re¬ 
spect to the group of rigid motions. 

6. Prove that 

x<? + + OriXo + O,V 0 + Ol 

is an invariant of the point (xo, yo) and the circle 

a* + V* + <*iX + a# + a, - 0 

with respect to the group of rigid motions. 

B. One-Dimensional Projective Transformations 

6. Projections and Projective Correspondences. A projection of a 
line L on a line If we have found to possess the two following properties. 

Theorem 1. A projection of a line L upon a line If establishes 
between the ranges of points on L and U a one-to-one correspondence and 
preserves cross ratio. 

Is the converse true? Can every one-to-one correspondence between 
two ranges of points which preserves cross ratio be established by a 
projection? 

In showing that this question is to be answered affirmatively, we 
first prove the following theorem. 

Theorem 2, There exists a unique correspondence between two ranges 
of points which is one-to-one and preserves cross ratio, and which orders 
to three given distinct points A, B, C of the one range three prescribed 
distinct points A', B', C' of the other range. 



m 


x V v 


If a correspondence of the desired type, ordering A* to A, B’ to B, 
and C' to C, exists, it must order to an arbitrarily chosen point P 
of the one range a point P' of the other range such that the cross 
ratio {A'B’, CP") equals the known cross ratio (A B, C P ): 

(1) (A'B', C'P') - (AB, CP). 

By Ch. VI, § 7, Th. 1, there is only one point P' with this property. 
Consequently, there is at most one correspondence of the desired type, 
that defined by (1). 

The correspondence defined by (1) is one-to-one and orders A' to 
A, B' to B, and C’ to C. It remains to show that it always pre¬ 
serves cross ratio, that is, that, if Pi <—> Pi, P*<-+Pi, Pj<->Pi, 
P t «-* Pi are any four distinct pairs of corresponding points, then 

(2) (P'xPi, PiPi) = (PiPi, PsP 4 ) • 


According to Ch. Ill, § 6, Ex. 7, we can choose homogeneous coor¬ 
dinates a and 6 of A and B so that C has the coordinates a + b. 
Similarly, we can take the coordinates a' and b' of A' and B' so that 
C' is the point a' + b'. If, then, P has the coordinates a + nb, P’ 
must have, by (1), the coordinates a' •+• p b'. In particular, if P u 
Pi, Pm, Pm have the coordinates 

a fiib, a + fij), a 4- p»6, a -)- H*b, 

Pi, Ps, P*, Pi have the coordinates 

a’ + nib', a' + fiib', a' + Hsb', a' + n*b'. 


It follows that the cross ratios in (2) are equal, for the values of the 
cross ratio depend only on the p’s and these are the same in both 
cases. 


We are now ready to prove the converse of Theorem 1. Let a 
correspondence between the ranges of points on the lines L and L' 
0 be given which is one-to-one and preserves 

cross ratio, and let A A', B B\ C *■* C* 
be three distinct pairs of corresponding points. 
Move U rigidly so that A' coincides with A 
and then draw BB f and CC' intersecting in 0, 
as shown in Fig. 8. The projection from 0 
of L on L' establishes a correspondence which 
Is one-to-one, preserves cross ratio, and orders A’ to A, B* to B, and 
C' to C. But these are precisely the properties of the given corre- 
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spondence, and since, by Th. 2, there can be but one correspondence 
with these properties, the given correspondence is identical with that 
established by the projection. 

Theorem 1 and its converse may be summarized as follows 

Theorem 3. The correspondences established by projections of one 
line upon another are identical with the correspondences between two 
ranges of points which are one-to-one and preserve cross ratio. 

The theorem serves two purposes. In the first place, it portrays 
the inherent simplicity of the correspondences established by pro¬ 
jections. Secondly, it enables us to replace the study of projections 
by that of the correspondences with the two properties described; in 
other words, it enables us to discuss the effects of projection without 
being hampered by the details of the process itBelf. 

We shall, then, suppress the process of projection and devote our 
attention wholly to the correspondences effected thereby. These 
correspondences it is natural to call projective. 

Definition. A correspondence between two ranges of points which is 
one-to-one and preserves cross ratio is known as a one-dimensional pro¬ 
jective correspondence. 

Theorem 2 now becomes 

Theorem 4. A projective correspondence between two ranges of 
points is uniquely determined by three distinct pairs of corresponding 
points. 

Correspondences and Transformations. In a correspondence between 
two ranges, R and R', two corresponding points, P and P', are re¬ 
ciprocally related: to each corresponds the other. For this reason, we 
use the double arrow, P +-> P\ R <-+ R', to indicate the correspondence. 

A correspondence, R R', determines two transformations, the 
transformation R -4 R\ which transforms the pointB of R into those 
of R and the inverse transformation, R' -» R, which carries the 
points of R' into those of R. 

The transformations determined by projective correspondences we 
shall call projective transformations. 

7 . One-Dimensional Projective Transformations. We proceed to 
deduce the equations of an arbitrary projective Correspondence and 
the resulting projective transformations. 

Let the projective correspondence, between the ranges of points on 
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tie lines L and If, be determined by the three distinct pairs of cor¬ 
responding points, Pi <-> Pi, Pt <-» Pi, Pt *-* Pt. It is then defined 
by the equation 

(1) (PiP* PiP 7 ) = (PiP», P*P), 

where P P f is an arbitrary pair of corresponding points. 

Introduce on L and If arbitrarily chosen systems of Cartesian coor¬ 
dinates; see Ch. IX, § 1. Let ®i, x*, x t , and x be the coordinates of 
Pi, P, t P t , and P, and xi, xi, x», and x', those of Pi, Pt, Pt, and P\ 
Equation (1) of the projective correspondence then becomes 

(a* - x[)(x' - xi) = (x, - xy)(x - xi) _ 

1 ' (xi — xi)(x' - xi) (x, - Xi)(x - Xi) 

To find the equation of the related transformation, say, of the 
range on L into that on L', we have merely to solve (2) for x' in 
terms of ®. The work will be facilitated, if we set 

I t 

XI — XI , X% — X\ 

/ 9 = C f Cm 

x% — Xi Xi — Xt 

Since x t| x t , Xi, xi, xi, xi are constants, c and c' are constants. Equa¬ 
tion (2) now becomes 

, x' — xi x — x, 

<f -7- c- 

X — Xi X — Xi 


Solving for x' f we obtain the desired equation: 


(3) 


oix + a, 
biX + b t ’ 


where oi, a t , bi, bt are constants; for example, b\ — c — o'. 

The transformation (3) takes on a more symmetric form on the 
introduction of homoqenecru* coordinates on L and U. Setting 

x\ , xi 
= —» x — —> > 

Xt Xt 

Xl OlXi T fl*Xt 

xi Mi -f M* 

This equation says that xi, xi are proportional to oixi + ojx,, 


we have 
( 4 ) 
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b&i + bfX^. 

(5) 


Consequently 


px\ 

px\ 


aiXi + ajXtt 

biXi + btXt, 


p 5 ^ 0. 


Conversely, we can pass from (5) through (4) back to (3). Hence 
equations (5) and equation (3) represent the same transformation. 

The right-hand sides of equations (5) are linear in x u x%. Accord¬ 
ingly, we call a transformation of the form (5) in homogeneous coor¬ 
dinates, or a transformation of the form (3) in nonhomogeneous coor¬ 
dinates, a one-dimensional linear transformation. 

We may now state our result as follows. 

Theorem. Every projective transformation of a range of points into 
a range of points is a linear transformation. 


EXERCISES 

1. Find the equation of the projective transformation which carries the 
points 0, 1, 2 of L respectively into the points — 1, 0, — 2 of L'. Write the 
equations of the transformation in homogeneous coordinates and find the 
equations of the inverse transformation in both kinds of coordinates. Deter¬ 
mine the vanishing point on each line. 

2. Find the equation of the projective transformation which transforms 
the points 2, 4, and the point at infinity on L respectively into the point* 
— 1, 1, and the point at infinity on L'. 


8. One-Dimensional Linear Transformations. Let 


( 1 ) 


oi x -j- a 3 pxi — aiXi + a&t, 

bi x + b t px's = biXi + b&t, 


P^O, 


be an arbitrary linear transformation of the points of a line L into 
those of a line V. 

The formal process of finding the inverse transformation, applied 
to the right-hand equations in (1), yields the equations 


( 2 ) 

where 


A xi — p ( b t x\ - o* ii), 
A x» = p(— bi x[ + oi x't), 


A 


0» Oi 

bt bt * 


The determinant A is known as the determinant of the linear trans¬ 
formation (1). If A = 0, equations (2) fail to define the inverse 
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transformation- * We exclude this case and assume henceforth that 
A * 0 . 

Equations ( 2 ) then yield, as the inverse of (1), the linear trans¬ 
formation 


(3) 


bj x — a* 
— bi x + Ol 


or 


trxj = btx\ — a*x*, 
ax 3 = — b\X\ + aix't, 


a pi 0. 


It is to be noted that the determinant of the inverse is equal to that 
of the given transformation. 


Theorem 1. Every linear transformation of a range of points into a 
range of points is a projective transformation. 

This is the converse of the Theorem of § 7. To prove it, we have 
to show that the transformation ( 1 ) has the two properties character¬ 
istic of a projective transformation. It has the first of these proper¬ 
ties: it establishes a one-to-one correspondence between the points of 
L and L'. For, ( 1 ) orders to each point of L a single point of L’ and 
the inverse transformation (3) orders to each point of U a single 
point of L. 

It also has the second property: it preserves cross ratio. Let 
{xj, xi), (j/i, y*), (z*. Zi), ((i, tj) be four distinct points on L and let 
(xj, xi), {y\, y't), (si, xi), (<i, tj) be the four points on L' into which they 
are carried. Then, for example, 


(4) 


PlXi “ BiXi + OiXj, Piz’i = fliXi + 022*, 

pix't — biXi + fe*xj, p*zi = btfi 622 *. 


It is to be emphasized that the constant of proportionality, p, may 
vary from one pair of points to another, inasmuch as the homogeneous 
coordinates of a point admit, themselves, a constant of propor¬ 
tionality. We denote the values of p for the four pairs of points by 
pi, Pi, Pi, P*. 

* When A «= 0, a,, a* and b t , 6 * are proportional. Hence aix +a s and 
bt x + fe* are proportional. If we exclude the case in which oi, a*, 61 , b, 
are all zero, this means that the transformation carries every point of L, save 
one, into the same point of L'. For example, the transformation, 

3x -3 3(x - I) 

* m 2x - 2 ” 2 (x - 1 )’ 

carries every point of L, other than x - 1 , into the point xf - 3/2 of V. We 
have here the analytic analog of a projection of L on U from a center which 
lies on V. We have excluded this type of projection, and accordingly rule 
out the corresponding type of linear transformation. 
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We desire to show that the cross ratio of the four points on £ in 
the order given is equal to the corresponding cross ratio of the trans¬ 
formed four points: 


\£ x' • j 

tw 

r J 

zx\'\ty 

i*VH 

t'x' | 

r 

zy\-\tx 


By virtue of (4), the determinant [z 1 x'\ becomes 


t 

Zl 

p 

Xi 

t 

f 

Zl 

Xi 


1 

PiPi 


OiZi +0*Si 
bih 


diXi -j- OjTj 
biX\ + 6s*i 


_ _A_ 

Zl 

an 

PiPi 

Zl 

Xi 


for the intermediate determinant is the product of the determinants 
A and j z x |; see Ch. I, § 6, Ex. 5. Thus, each determinant on the 
left-hand side of (5) can be replaced by a certain multiple of the cor¬ 
responding determinant on the right-hand side. The left-hand side 
then reduces to the right-hand side, and our theorem is proved. 

We have now achieved a major goal. The projective transforma¬ 
tions of the points of one range into the points of a second range, 
which hitherto have been defined only geometrically, are now char¬ 
acterized analytically. Theorem 1 and the Theorem of § 7 tell us 
that they are identical with the linear transformations of the points 
of the one range into those of the other range. 


The Group of Projective or Linear Transformations. Suppose that 
we think of L and L' as the same line and of x and x' as referred to the 
same coordinate system on this line. Equation (1) then represents 
the general projective, or linear, transformation of the line into itself. 

The totality of these transformations forms a group; for, the inverse 
of a linear transformation we have already seen to be linear, and the 
product of two linear transformations can readily be proved to be 
linear (Ex. 2). 


Theorem 2. The set of all projective transformations of a range of 
points into itself forms a group . 

In establishing equation (5), we proved that 

zx\ • \ty 
ey\‘\tx 

is an invariant of the four points (x u Xt), (yi, y»), (*i, z t ), (ft, <*) with 
respect to the group of linear transformations. 
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1. Prove, by means of nonhomogeneous coordinates, that a linear trans¬ 
formation preserves cross ratio. 

2. Show that the product of two linear transformations is a linear trans¬ 
formation. Note that it is necessary to show that the determinant of the 
product transformation does not vanish. This is done by proving that this 
determinant is equal to the product of the determinants of the given trans¬ 
formations. 

3. Show that the translations x‘ = * + b are the only rigid motions of a 
line into itself and that they form a group which is a subgroup of the group 
of projective transformations of the line into itself. 

Protective Transformations or Pencils of Lines 

Definition. A transformation of the lines of a pencil into the lines of a 
second pencil which establishes a one-to-one correspondence between the lines of the 
two pencils and preserves cross ratio is a projective transformation. 

4. Show that there is a unique projective transformation of the lines of one 
pencil into those of a second pencil which carries three given distinct lines of 
the first pencil respectively into three prescribed distinct lines of the second. 

5. Prove that a projective transformation of one pencil of lines into a second 
is a linear transformation, that is, a transformation of the form 

dl u + O* __ pU I = OiU, + ail!,, * n 

u = . ■ , , ■ or , , i , Afu, 

Oi u -J- 6, pu% = biiti + t>2U,, 

where u and u‘ are nonhomogeneous, and («,, it,) and (uf, uf) homogeneous, 
coordinates in the two pencils; see Ch. IX, $ 1. 

6. Show that a linear transformation of the lines of one pencil into those of a 
second is a projective transformation. 


C. Two-Dimensional Projective Transformations 

9. Two-Dimensional Linear Transformations. In Part B we 
analysed the projections of a line upon a line and characterized them 
geometrically and analytically. We propose to do the same for the 
projections of a plane upon a plane and begin by stating the properties 
of these projections with which we are already familiar. 

Theorem 1 . A projection of a plane upon a plane establishes a one- 
to-one correspondence between the points of the two planes, and a one-to- 
one correspondence between the lines of the two planes , and preserves 

cross ratio. 

& 

The converse is true: every transformation of the one plane into the 
other which haa the three properties enumerated can be established 
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by projections.* Projections are thus characterized geometrically 
as being, in effect, transformations which possess these three proper¬ 
ties. Henceforth, we suppress the actual process of projection and 
concentrate our attention on the transformations in question. These 
we call two-dimensional projective transformations. 

Definition. A transformation of the points of a plane M into the 
points of a plane M' which (a) establishes a one-to-one correspondence 
between the points of M and M', ( b) establishes a one-to-one correspond¬ 
ence between the lines of M and M', and ( c) preserves cross ratio, is 
known as a two-dimensional projective transformation. 

In the one-dimensional case, the projective transformations were 
identical with the linear transformations. This is also true in the 
present case. To prove it, we begin by developing the theory of 
two-dimensional linear transformations. 


Linear Transformations. The general linear transformation of the 
points of M into the points of M' is, in homogeneous coordinates, 

px'i = auXi + auX* + aitXi, 

(1) px» = a«a:i + a 18 x 8 + a tt x,, p 0. 

pxt = a>iXi + ajjij -f- assXi, 


One advantage of the double-subscript notation which we have here 
introduced is that it permits us to write the equations of the trans¬ 
formation in the condensed form 


P*i = Zj aiiX it 
or, more briefly, 

(O 


3 

px t = £ atjXj, 
i~ i 


3 

P x i ~ Z 


J-l 


px» — o*/X|, 


(i - 1, 2, 3). 


The determinant of the coefficients in (1), commonly denoted by 
jo { ,-|, is known as the determinant of the transformation. If =0, 
it can be shown that (1) fails to establish a one-to-one correspondence 
between the points of M and M\ Accordingly, we exclude this case 
and assume that j 1 s* 4 0. 

* For the proof of the converse, the reader is referred to an article in the 
American Mathematical Monthly, VoL XXXV (1928), pp. 412-415. He 
will do well, however, to postpone consulting this article until after he has 
read Ch. XI. 



Equations (1) oan then be solved by Cramer’s rule for xi, z», z*. 
The mult & the inverse transformation of (1): 



vxi — AuXi A- A tiXt 4- AuZt, 


( 2 ) 

<r*i “ AuZi + AttZt ■+■ AijXt, 

tr s* 0, 


cz* = Aitzl + AuXt + Attxi, 


or 

s 


(20 

m ” 2 Ajitf, 

(i = 1, 2, 3), 


where Aij is the cofactor of o</ in the determinant j ay | * According 
to Ch. I, § 6, Ex. 1, the determinant |Ay| of the inverse transforma¬ 
tion has the value | a <3 -1* and hence is not zero. 


The transformation (1) establishes a one-to-one correspondence 
between the points of AT and M'; for, (1) orders to each point of M 
a unique point of Af', and (2) orders to each point of AT a unique 
point of M. 

The transformation (1) establishes a one-to-one correspondence 
between the lines of M and Af'. In verifying this statement, we shall 
use the following lemma, which is readily proved. 


Lbhma. If the transformation (1) carries the points y and z in the 
plane M into the points y* and ll in the plane M', it carries the point 
y + ftz in M into the point pij/' -f ppjz' in M', where pi and pj are, 
respectively, the values of the constant of proportionality p for the pairs of 
points y—*y r and z —> s'. 


If the points y and.z in M are distinct, the points y' and s' in AT 
are also distinct, for otherwise the correspondence between the points 
of Af and Af' would not be one-to-one. Consequently, if we choose 
arbitrarily in AT a line L and think of y and z as two distinct points 
of L, y' and / will determine in Af' a line L'. As p varies, the point 
y + pz traces the line L; then the transformed point p\y' + pp 5 z' 
traces V. Thu®, to the line L in M corresponds the unique line U 
in M r . Similarly, using the inverse of the transformation, we can 
prove that to a given line in M' corresponds a unique line in Af. 

The transformation (1) preserves cross ratio. It suffices to establish 
this factin the case of points. Let 


V, t, y + Mi V + Ma« 

• In (1), on is the coefficient of x/ in the expression for a£; in (2), An is the 
coefficient of z< in the expression for z/. Thus, the first subscript of an a or 
DA A pertains always to an z’, whereas the second pertains always to an x. 
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be four distinct collinear points in M. The points in M' into which 
they are carried have, according to the Lemma, the coordinates 

y', 2 ', pi y' 4- P 1 P 22 ', piy' + 

The cross ratio of each set of points, in the order given, is pi/pt. 
Hence cross ratio is preserved. 

We have shown that the transformation (1) has the three properties 
characteristic of a projective transformation. Hence: 

Theorem 2. Every linear transformation of the points of M into the 
points of M' is a projective transformation. 

The theorem constitutes half the proof that the two-dimensional 
projective and linear transformations are identical. 

EXERCISES 

1. Find the equations of the inverse of the linear transformation 

px[ «= 2 Xi - x, + i, ( pxh =» xi + 2 Xi - x», pxl = Xi + x% + x,. 

Write the equations in nonhomogeneous coordinates of both the given trans¬ 
formation and the inverse. 

2. Into what line is the line 3 Xj + x 2 — 2 x, =0 carried by the trans¬ 
formation of Ex. 1? 

3. What is the equation of the vanishing line in each plane, in the case of 
the transformation of Ex. 1? In the case of the transformation (1) of the text? 

4. Prove the Lemma of the text. 

5. Show that the product of two linear transformations is a linear trans¬ 
formation; see § 8, Ex. 2. 

10. The Fundamental Theorem. The next step in our develop¬ 
ment is to establish the following theorem. 

Theorem 1. There exists a unique linear transformation of the points 
of a plane M into the points of a plane M' which carries four given points, 
no three collinear, in M respectively into four prescribed points, no three 
collinear, in AT'.* 

Special Case A. We shall prove the theorem first in the case when 
the given points in M are the specially chosen points (1, 0, 0), (0,1, 0), 
(0, 0, 1), (1, 1, 1), and the prescribed points o', i>', c', d' in M' are sub¬ 
ject only to the restriction that no three be collinear. 

* This theorem is due to Moebius, who was the first to discuss projective 
transformations systematically. 
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Suppose that there exists & linear transformation, 

px'i = auXi + ai*®* ■+■ ai&i, 

(1) px't = atixi + a is x, + o»x,, 

px't = a*i*i + aijx t 4- a*(Z,, 

which carries (1, 0, 0) into (o'i, o'*, ai), (0, 1, 0) into fc', (0, 0,1) into c', 
and (1, 1,1) into d'. Then 


Pi<*i ■“ On, 

P*hi = ai*, 

PtCi = On, 

P«di = an, 

(2) pid “ u*i, 

p*h i — a**, 

/ 

Pi Cl = £121 f 

t 

— ptd — o 2 „ 

> 

PlO* = 0*1, 

p*h* = 0,1, 

f 

PtCi = an, 

* 

— ptd = £ a *i- 


i-i 

Twelve linear homogeneous equations, to be solved for thirteen 
unknowns: the nine a</s and the four p’e. A first step toward the 
solution consists in eliminating the nine o„’s by substituting the values 
given for them by the first nine equations into the last three. There 
results the following system of three homogeneous equations in the 
four p’s: 

a’lpi + b'jfit + cjpa + dipt — 0, 

dpi + h*p* + c*p* + dap* =* 0 , 
dpi + hip* + c'»p, + dip* = 0. 

Since no three of the four points a', V, c', d' are collinear, the rank of 
the system is three. Hence, an arbitrary solution, other than 0, 0, 0,0, 
is 

(3a) pi = kjh'c'd'l, p f --*|«Vd'|, 

Pi = fc[a' b' d'|, pt — — k\a'b'c'\, 

where k is an arbitrary constant, not zero. Substituting these values 
of the p’s into the first nine equations in (2), we find as the values of 
the Oi/’s: 

«u = k | b' c'd 'j ol, a H = — k\a' c' d'|hi, ai* = Aja' 6' d'|el, 

(3b) a*i *= k\b' c‘ d'\ ai, ajs = — kja'c'd'jha, a» = k\a' b' d'\ci, 

a*i = k\¥c’ d'|a«, a« = — A|a' c' d'|6», a,, = Aja' V d'jci. 

Formulas (3 o) and (3 6) give all the solutions of the thirteen equa¬ 
tions (2), except the solution consisting exclusively of zeros. Con¬ 
sequently, if there is a linear transformation (1) with the desired 
property, its coefficients axe given by (3 b). Moreover, since two sets 
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of Oij’e which correspond to two values of k in (3 b) are proportional, 
this linear transformation is unique. 

The linear transformation does carry the given points in Af into 
the specified points in Af', provided no one of the p’g, as given by 
(3 a), is zero. But no p can vanish, inasmuch as no three of the four 
points a', b\ c', d' are collinear. 

Of one more fact we must make sure, namely, that | oqj 0. 
The value of |oq|, obtained from (2) or (36), is 

I «<;! = PtPiP*|a'6V|. 

Hence |a</| 9* 0 and the proof is complete. 

Special Case B. It follows that there exists a unique linear trans¬ 
formation carrying four arbitrary points a, b, c, d, no three collinear, 
in M respectively into the points (1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, 1) 
in M’. This transformation is essentially the inverse of the one just 
determined. 

General Case. Let the four given points in M be a, b, c, d and the 
corresponding prescribed points in M\ a', 6', c', d'. Insert a new 
plane M and mark in it the four points (1, 0, 0), (0, 1, 0), (0, 0, 1), 
(1, 1, 1). According to the special cases, there exists a unique linear 
transformation Ti of the points of M into those of M which carries a 
into (1, 0, 0), 6 into (0, 1, 0), c into (0, 0, 1), and d into (1, 1, 1); and, 
a unique linear transformation Ti of the points of Af into those of M' 
which carries (1, 0, 0) into a', (0, 1, 0) into 6', (0, 0, 1) into c', and 
(1, 1, 1) into d'. The product, T = TiTj, of these transformations is 
a linear transformation (§ 9, Ex, 5) of the points of Af into those of 
Af' which carries a into o', 6 into V, c into c', and d into d!. 

It remains to 6how that T is the only linear transformation which 
satisfies the requirements. Suppose that there is a second, S. The 
product STi -1 is a linear transformation of M into Af which carries 
a, 6, c, d respectively into (1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, I). But 
there is only one linear transformation doing this, namely Ti. Con¬ 
sequently, STi~ l = Ti, and therefore STi~ l T t = TiT*. But Fr*T* 
is the identity, and TiT» = T, Hence, S = T.* 

* The accompanying diagrams help to clarify the deduction of S = TiT, 
from &2V 1 = 2V The first diagram depicts the hypothesis: STi '*■ - TV 
The second may be thought of as obtained from the 
first by replacing T|~ l by Ti and reversing the corre- r 
spending arrow. It tells us that 8 — TYTi and hence T, 
that S — T. 
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1. Find tiie equations of the linear transformation which carries (1, 0, 1), 
(0,1,1), <1,1,1), (0,0,1) into {1,0,0), (0,1,0), (0,0,1), (1,1,1) respectively. 

2. Prove analytically that there i a a unique linear transformation of the 
points Of a line L into those of a line L' which carries three given distinct points 
of L respectively into three given distinct points of L'. 


11. Two-Dimensional Projective Transformations. We are now 
in a position to complete the proof that the two-dimensional linear 
and projective transformations are identical. We have already shown, 
in § 9, that every linear transformation is projective. It remains to 
show that every projective transformation ib a linear transformation. 

Let T be a projective transformation of the points of a plane M 
into those of a plane M'. Choose four points At, At, A,, D, no three 
collinear, in M, and let the points in M' into which they are carried by 
T be respectively At, A'%, At, D'. These points also have the property, 
by part (6) of the definition of a projective transformation (§ 9), that 
no three lie on a line. There exists, therefore, a unique linear trans¬ 
formation, S, of the points of M into those of M' which carries At 
into A't, At into At, A a into At, and D into D’. 

To prove that T is the same as S, we shall show that they both 
carry an arbitrarily chosen point of M into the Bame point in M'. 

We know already that T and S both carry A ,, A 2 , At, D into 
A\, A\, At, D'. Moreover, since every linear transformation is pro- 



Fig. 9 


jective, S is projective as well 
as T, Hence both carry, for 
example, a* into a't, d, into <4, 
and therefore I>» into Dt (Fig. 9). 

Since both S and T order to 
the points At, At, D* on n* the 
points At, A s, Ds on o», they 
both transform an arbitrarily 


chosen point on at into the same point on at. For, they both estab¬ 
lish between the ranges of points on oj and at projective correspondences 


(Ex. 1 ), and a projective correspondence between two ranges of points 
is uniquel y determined by three distinct pairs of corresponding points. 
We have thus proved that the two transformations carry the points 


on the sides of the triangle A\AtAt into the same points on the sides 
df the triangle AiA'tAi. 

Suppose, finally, that P is an arbitrarily chosen point, not on a side 
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of AtAsAt. Let p be a line through P which intersects the sides of 
AiAiAt in the three distinct points Pi, P», P». Since S and T carry 
Pi, Pt, P» into the same points Pi, Pi, Pi, both carry p into the same 
line p', and transform an arbitrarily chosen point on p into the same 
point on p'. In particular, they both order to P the same point P'. 

Theorem. The projective transformations of the points of a plane M 
into the points of a plane M' are identical with the linear transformations 
of the points of M into the points of M'. 

It follows that the fundamental theorem for linear transformations 
is valid also for projective transformations. 

Exercise 1. Prove that, if a projective transformation of the points of a 
plane M into those of a plane M’ carries the line L in M into the line L’ in 
M', it establishes between the ranges of points on L and L' a projective cor¬ 
respondence. 

12. Linear and Projective Transformations of Planes of Lines. 

Thus far we have considered projective transformations from the 
point of view of point geometry. But a projection of a plane M upon 
a plane M’ can be equally well considered from the point of view of line 
geometry. It establishes a transformation of the lines of M into the 
lines of M'; to each line L of M is ordered the line L' of M’ in which 
the plane determined by L and the center of projection intersects M'. 

It devolves on us to reconsider the material of the preceding para¬ 
graphs from the point of view of line geometry. This we do in brief, 
leaving the proofs of the theorems to the reader. 

Definition. A transformation of the lines of a plane M into the 
lines of a plane M 1 which (a) establishes a one-to-one correspondence 
between the lines of M and AT, (6) establishes a one-to-one correspondence 
between the points of M and M\ and (c) preserves cross ratio, is called a 
projective transformation. 

The general linear transformation of the lines u of the plane M 
into the lines u' of the plane M’ is 

pu\ = bntii + 6 iiUj 4- butt*, 

(1) put - bnUt + btiUt + 6«u», |&tf| s* 0, 

pui = 6*iUi + 6 iiUj + &||V|, 

or 

s 

put = £ btjUj. (i = 1, 2, 3). 
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« - 1 . 2 , 3 ), 


«*< 

where By is the eofactor of by in the determinant | by \. 

Theorem 1. There exists a unique linear transformation of the lines 
of M into the lines of M' which carries four given lines, no three concur¬ 
rent, in M respectively into four prescribed lines, no three concurrent, in 
M'. 

Theorem % The projective transformations and the linear trans¬ 
formations of the lines of M into the lines of M 1 are identical. 

EXERCISES 

1. Prove that the transformation (1) is projective. 

2. Prove Theorem 2. 

3. The linear transformation of § 9, Ex. 1 transforms an arbitrary line u 
of the plane M into a line u' of the plane M'. Find the equations of this 
transformation of lines. 


13. Collineations. The general projective transformation of the 
points of a plane M into those of a plane M', 

(1) px\ =£ ayXf, (i = 1, 2, 3), |o„ | y* 0, 

establishes a transformation of the lines of M into those of AT in that 
it carries an arbitrary line u in M into a line u' in M'. To find the 
equations of this transformation of lines, we substitute the values of 
*i, x it x» given by the inverse of (1): 

(O vxi = L A.#*), (t =* 1, 2, 3), 

i -1 

into the equation, 

U\%\ + «*xt + w»x* = 0, 

of the line w, and collect, in the resulting equation, the terms in x\, 
Xt, x*. We thus obtain, as the equation of the line u'. 


t I / * 

x'l A ijUj + si jC AyUj + XtJ^AyUj '■ 


and hence, as the coordinates of u\ 


( 2 ) 


s 



(i - 1, 2, 3). 
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Equations (2) tell how the line u is transformed into the line 
They are the equations of the required transformation. 

Sinee (1) is the inverse of (1'), it follows by analogy that the inverse 
of (2) is 

(2') tiui = £ aou'i, (i = 1, 2, 3). 

Transformations (2) and (20 are linear and therefore projective. 
Hence: 

Theorem 1. A projective transformation of the points of M into the 
points of M' establishes a projective transformation of the lines of M into 
the lines of M'. 

Let the reader prove the dual theorem, showing that, if the equa¬ 
tions of the given transformation of the lines of M into the lines of 
M’ and its inverse are 

a 8 

(3) put = 52 bijttj, aui = 52 Bjiu'f, (i = 1, 2, 3), 

j-i jZ i 

those of the induced transformation of the points of M into the 
points of M' and its inverse are 

(4) Ar'< = £ B H x h = £ bjiXj, (i= 1,2,3). 

/—i >-i 

It follows from these theorems that the two kinds of projective 
transformations of M into M' differ only in that in the one case the 
point, and in the other the line, is used as the fundamental element. 
In other words, they differ only in point of view. It is natural, then, to 
give them a common name. We call them collineations. 

Definition. A collineation is a projective transformation of a plane 
into a plane which carries points into points and hence lines into lines, 
or lines into lines and hence points into points. 

The term “collineation” pertains especially neither to point ge¬ 
ometry nor to line geometry, but equally to both. A collineation may 
be expressed either in point coordinates or in line coordinates. If (1) 
is the collineation in point coordinates, then (2) is the same colline¬ 
ation in line coordinates. Again, equations (3) and (4) represent the 
same collineation. 

EXERCISES 

1. Prove the dual of Theorem 1. 

2. Find, using the methods but not the formulas of the text, the equations 
in line coordinates of the oollineation 

pX[ - *| + *«, pxi-X i + X h PXI-ZI+ Xf 



14. Groups of Transformations and Th«ir Associated Geometries. 
Suppose that M and M' are the same plane and that (*i, x«, x»), 
(xl, x%, x'%) are referred to the same coordinate system in this plane. 
The general collineation of the plane into itself, represented in point 
coordinates, is 

s 

(1) pXi = jjT dijXj, (t = 1, 2, 3), K,-| ^ o. 

The totality of these collineations form a group; see the text and 
Ex. 5 of § 9. 

Theorem 1. AU the coUineationa of a plane into -itself form a group. 

The equations of the oollineation (1) in nonhoxnogeneous coor¬ 
dinates are readily found to be 

f21 x' = ° ilX — ai2 ^ fll8 ( > _ g aiX + «22 y + a n 

anx + any + a t j ^ Oux + any + osi 

The general rigid motion of the plane, 

(3) x' = x cos 0 — y sin $ + a, y' = x sin 0 + y cos 6 + b, 

may be obtained from (2) by proper specialization of the coefficients 
Oij. Hence: 

Theorem 2. The group of rigid motions of the plane is a subgroup 
of the group of collineations. 

To bring out the significance of thiB theorem, let us recall our 
characterizations of metric and projective geometry. A projective 
property is one which is invariant with respect to the group of col- 
lineations, that is, projective transformations, and projective geometry 
consists of the study of projective properties. On the other hand, a 
property is metric if it is invariant with respect to the group of rigid 
motions, but not with respect to the larger group of collineations, and 
the study of metric properties, either in themselves or in conjunction 
with projective properties, constitutes metric geometry. 

Thus, projective geometry may be described as the geometry 
associated with the group of collineations, and metric geometry as the 
geometry associated with the group of rigid motions. 

Theorem 2 tells us that the group of rigid motions is a subgroup of 
the group of collineations. Accordingly, metric geometry must be 
capable at an interpretation whereby it appears as a “subgeometry” 
of projective geometry. The nature of this interpretation we shall 
discuss in the next chapter. 
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EXERCISES ON CHAPTER VH 

1. Transformations of Similarity. The effect of a rigid motion is merely a 
change of position. The effect of a transformation of similarity may also 
involve a uniform enlargement or reduction of size. In other words, a rigid 
motion preserves both the shape and size of figures, whereas a transformation 
of similarity preserves shape but not necessarily size. 

Show that the radial transformation from the origin 

x' = px, y' = py, p> 0, 

is a special transformation of similarity, and that the general transformation of 
similarity is the product of the general rigid motion and thin radial trans¬ 
formation, and has therefore the equations 

x ' = p(x cos 9 — y sin 6 + a), y' = p(x sin 9 + y cob 0 + 6). 

Prove that the transformations of similarity form a group. 

2. Homothetic Transformations. These are defined by the equations 

x'=* P x + a, y'^py + b, P > 0. 

Prove for them the following properties. 

(a) A homothetic transformation is the product of a radial transformation 
from the origin and a translation, or either alone. 

( b ) A homothetic transformation is either a translation or a radial trans¬ 
formation from a fixed point. 

(c) The homothetic transformations form a group. 

3. The equation 

x >- x + 3 
x — 1 

represents a projective transformation of a line into itself. Show that it 
leaves each of the points x = 3, x = — 1 fixed in position, and carries any 
other point into its harmonic conjugate with respect to these fixed points. 

4. A line is carried into itself by the linear transformation 

x + 4 

Prove that two points of the line remain fixed, and that every other point 
P and the point P' into which it is carried divide these fixed points in a constant 
cross ratio. 

5. A transformation carries each point P of a line, other than two specific 
points Pi, Pt, into the point P' for which the cross ratio (PiPj, PP') is equal 
to a given oonstant k, pi 0, 1. It carries each of the points Pi, Pi into itself. 
Show that it is a projective transformation. 

0. Prove that the collineation 


s' 


X 

2 * — 1 ’ 


y' 


v 

2x — 1 
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leaves the origin O and each point on the line x *■ 1 fixed and carries any 
other point P into its harmonic conjugate with respect to 0 and the point in 
which OP meets x =■ 1. Show that the oollineation is its own inverse. 

7. Describe geometrically the oollineation 

»”3F=2* 

8. Find the equation of the line L' into which the line L :y — 6 = 0 is 
earned by the oollineation 

^ +y± 4 , y> . rJ x J Lk ±}. 

v - i y - i 

Show that, in this particular case, L is carried into £' as by a rigid motion, 
that is, so that distance is preserved. 

9. Find the curve into which the conic 

2x , + 3xy + 2y'+x-l-v — 1 “0 

is carried by the oollineation 

pxl ■» 2*1 + x, + Xt, px{ =* ■+■ 2xi + x», px'i = Xi + xs + 2 z«. 

10. Singular Linear Transformations. 

(a) Show that the transformation 

pxi =» 2xi — x t + Xi, />xi * Xi + x* + x», pxi = 4x, — 5x2 + zi 

is singular, that is, that its determinant is zero. Prove that the transformation 
carries every point erf the plane, except one, into a point of the line 

3 x{ — 2 xi — xi =• 0. 

What is the exceptional point? What is the geometric analog of the trans¬ 
formation? 

(fc) Show that the singular transformation 
pxi = Xi — x* + x t , pxi = — 2X, + 2xi — 2x», px', - 3x t — 3xt + 3xj 

carries every point of the plane, other than those of a certain line, into the 
point (1, — 2, 3). Has the transformation a geometric analog? 

(c) Show that the ranks of the matrices of the coefficients of the trans¬ 
formations of (a) and { b ) are respectively 2 and 1. Formulate a general 
theorem concerning singular linear transformations and their geometric analogs. 


CHAPTER VIII 

METRIC GEOMETRY OF THE COMPLEX PLANE 

1. Introduction. Complex Numbers. Thus far, we have treated 
primarily only linear problems, problems which, when formulated 
analytically, involve only linear equations. Let us now consider a 
quadratic problem, for example, that of finding the points of inter¬ 
section of the circle and line 

x* + y* = 1, x = a, a > 0. 

If a < 1, the line intersects the circle in two points. But if o > 1, 
the line fails to meet the circle. We can, however, still solve the two 
equations. Thus, for a = 2, the solutions are (2, V — 3), (2, — V— 3), 
where the value of y in both cases is imaginary. 

It is in accord with previous aims to demand that the line always 
meet the circle in two points . To meet this demand in the case 
o = 2, we crea te two i deal points to which we assign the number 
pairs (2, V— 3), (2, — V— 3) as coordinates. 

Before proceeding to a systematic development of the idea thus 
suggested, we devote a few words to complex numbers. 

Complex Numbers. If a' and a" are arbitrary real numbers, the 
general complex number, o, is 

a = a' + * a", 

where i is an ideal number which has the property that its square is 
- 1 : - - 1 . 

The real numbers are simply the complex numbers for which a" = 0. 
On the other hand, if a" 0, the complex number a = a r + i a" is 
called imaginary. 

The terms “complex ” and “imaginary” are not equivalent. “Imag¬ 
inary” is the opposite of “real” and “complex” includes both. 

The algebra of complex numbers is the same as that of real numbers. 
In particular, the theories of determinants, matrices, linear equations, 
and linear dependence, developed in Ch. I, remain unchanged when 
real numbers are everywhere replaced by complex numbers. 

Exzaciss. Show that, if the product of two complex numbers, 
a «• a' + ia”, b « V +» V, is zero, at least one of the numbers is aero. 
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2. Complex Points and Lines. Points. Let a Cartesian system of 
axes in the plane be given and let 

x = x' + ix", V**y' + iv" 

be a pair of complex numbers. If x and y are both real, they are the 
coordinates of an ordinary point, or a real point, as it shall henceforth 
be called. If x, or y, or both, are imaginary, there shall be created 
a new point which shall be known as an imaginary point, and to which 
(x, y ) shall be given as coordinates. 

The totality of points (x, y), real and imaginary, constitutes the 
finite complex plane. An arbitrary point of this plane shall be called 
a complex point. A complex point is, then, like a complex number, 
either real or imaginary. 

Instead of the nonhomogeneous coordinates (x, y ), we can use 
homogeneous coordinates: 

Xi *= $1 + l X\ , Zi — Xi + l Xi , Zs = Xt + 1 Xi . 

If Xi, x t , h are proportional to a triple of real numbers, other than 
0, 0, 0, they are the coordinates of a real point; thus, (2, 0, 4), 
(2 i, 0, 4 i), (2 — 2 i, 0, 4 — 4 i) are all sets of coordinates for the same 
real point. If the triple x u x 2f x 3 is not proportional to a triple of 
real numbers, other than 0, 0, 0, it and every proportional triple 
(pxi, px t , px t ), where p is an arbitrary complex number, not zero, are sets 
of homogeneous coordinates of a newly created imaginary point. The 
totality of complex points, that is, of real and imaginary points, 
(xi, Xt, Xi), forms the extended complex plane. 

Lines. The introduction of imaginary lines is analogous to that of 
imaginary points. We have merely to employ line coordinates where 
before we used point coordinates. 

Points and Lines. The condition that the real point x lie on the 
real line u is 

(1) (ttjx) = U\X\ + tt»X s + UiXi — 0. 

We agree to take this also as the condition that the complex point x 
lie on the complex line u. 

The agreement implies that the theory of the relationship between 
point and line, as developed for the real plane in Ch. V, § 4, holds 
equally well for the complex plane. From it follows that (o|«) = 0 
is the equation of the complex point a and that (o | x) = 0 is the equa¬ 
tion of the complex line a, and from these facts the validity in the 
complex plane of the entire theory in question can be established. 
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EXERCISES 

1. Show that the line which joins the points (1, i, 3 + 2t), (1, — i, 3 —2 i) 
is a real line. 

2. Find the point of intersection of the lines 

2xi — ixi + (1 + *')*» = 0, 2txj — x» + (1 + i)*i =* 0. 

3. Conjugate-Complex Elements. The two numbers 

a = a' + i a", a = a! — i a" 

are known as conjugate-complex numbers. In particular, if a" 9* 0 , 
they are called conjugate-imaginary numbers. 

Theorem 1. A necessary and sufficient condition that a complex 
number be real is that it be equal to the conjugate-complex number. 

For, if a" = 0, then a = a. Conversely, if a = &, then i a" = 0 
and a” = 0. 

Definition. Two elements, that is, two points or two lines, are 
conjugate-complex if, when (a lt a 2 , a 2 ) are homogeneous coordinales of 
one, (ai, a 5 , d 3 ) are homogeneous coordinates of the other. 

The definition implies that two finite elements are conjugate- 
complex when and only when their corresponding nonhomogeneous 
coordinates are conjugate-complex. On the other hand, corresponding 
homogeneous coordinates of two conjugate-complex elements are not 
necessarily conjugate-complex, inasmuch as homogeneous coordinates 
admit a factor of proportionality.* 

Theorem 2. An element is real if and only if it coincides with the 
conjugate-complex element. 

Homogeneous coordinates of a real element can be taken as real 
numbers; the conjugate-complex element has, then, the same coor¬ 
dinates and hence coincides with the given element. 

Suppose, conversely, that two conjugate-complex elements are 
identical. Homogeneous coordinates (oi, o 2 , u 3 ) can be chosen for 
one of them so that one of the coordinates, say as, is unity: a* = 1. 
Coordinates of the other element are, then, (3i, a 2f &s), where &i — 1. 
Since the two are identical, 

flj = pd\, fl 2 — pfij, fli = pda. 

* The elements (2, i, 1 - i) and (2-1-2 i, 1 — i, 2i) are conjugate- 
imaginary, despite the fact that the corresponding coordinates are not con¬ 
jugate-imaginary; for, alternative coordinates are (2, i, 1 — i) and 
(2, — t, 1 + i). 
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But a, == fl a =* 1; hence p — 1 and a t ** a* «■ fl*. Therefore, 
di and o s are real and the element is real. The proof of the theorem 
ie thus complete. 

The expression (u| x) can be considered as a single complex number. 
The conjugate-complex number is (uj 2); see Ex. 2. But if a complex 
number is zero, the cdnjugate-complex number is zero. Therefore, if 
«lXi + u*xj + u*x* = 0, 

then 

U\Xi UtXi -J* UtXt — 0. 

Theorem 3. If a point x lies on a line u, the conjugate-complex 
point x lies 'on the conjugate-complex line u. 

In particular, if an imaginary point lies on a real line, the conjugate- 
imaginary point lies on this line. Hence, the points of a real line are 
either real or conjugate-imaginary in pairs. Similarly, the lines 
through a real point are real or conjugate-imaginary in pairs. 

We are now in & position to prove the following important propo¬ 
sition. 

Theorem 4. The point of intersection of two conjugate-imaginary 
lines is a real point. The line determined by two conjugate-imaginary 
points is a real line. 

Let L and L be .two conjugate-imaginary lines, and let P be their 
point of intersection. By Th. 3, since P lies on L and L, the con¬ 
jugate-complex point, P, lies on L and L. Hence P is identical with 
P, and therefore, by Th. 2, P is real. 

We give an analytical proof of the second half of the theorem. Let 
the two conjugate-imaginary points be o and a. Coordinates oi the 
line L joining them are 

at&t — ajfi., fljdj — ajfij, a,5j ~ 

The conjugates of these, which, by Ex. 1, reduce to 

<I|di — flgdt, S|di — Sidt, fljdj fiiflt i, 

are coordinates of the conjugate-complex line L. But these coor¬ 
dinates are the negatives of the preceding ones. Hence, L coincides 
with L and is a real line. 

Coroj.la.by. There is one real line through an imaginary point and 
one real point on an imaginary line. 

A real point on an imaginary line is the point in which it intersects 
the conjugate-imaginary line. If there were a second real point, the 
line would be real. 
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EXERCISES 

1. Show that, if a and b are two complex numbers, the conjugate of their 
sum equals the sum of their conjugates and the conjugate of their product 
equals the product of their conjugates: 

a + b ** a + £, ab =■ ab. 

Extend the theorem to the case of any finite number of complex numbers. 

2. By means of Ex. 1, prove that the conjugate of (u\x) is (u\x). 

3. Show that, if a and b are conjugate-complex numbers, their sum and 
product are real. How must the statement be modified in order that the 
converse be true? 

4. Show that the two lines of § 2, Ex. 2 are conjugate-imaginary. 

5. Find the real point on the line (2, t, 3 — 4i). 

6. What is the real line through the point (X, t, 0)? 

7. Prove that the three points (1 -f i, — 1 + i), (1, 1 + i), (i, — 1 — i) 
are collinear. Find the real point on their line. 

8. Give a geometrical proof of the second part of Theorem 4. 

9. Prove that the real point on an imaginary line is the point at infinity 
on the line if and only if the line has a real slope or is parallel to the y-axis. 

10. Show that the line determined by two given points and the line deter¬ 
mined by the two conjugate-complex points are conjugate-complex. 


4. Metric Geometry of the Complex Plane. Let a circle, with 
center at 0 and radius r, be given. Let A be any point in the plane of 
the circle, other than the center. On the half-line OA, take the point 
B so that 

OA OB - r 3 . 


At C, the mid-point of the segment AB, erect a perpendicular meeting 
the circle in D and draw AD and 0D. 

From the right triangles ACD and OCD, 


AD 1 = CD* + AC*, CD* = r* - OC*. 
Hence 

AD* = r* — ( OC* - AC*), 

AD* = r* — (OC - AC)(0C + AC), 
AD* = r 3 — OA-OB - r 1 - r 3 = 0, 

and 

AD = 0. 



The distance from A to D is zero. Therefore A coincides with D: 
every point, other than the center of the circle, lies on the circum¬ 
ference of the circle! 
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We invite the reader to lay the book aside and find for himself the 
fallacy. 

Critique. Because of the use of the figure, the reader doubtless 
assumed that the proof is restricted to the case of a real circle and a 
real point A. He may, then, make the shrewd and correct guess that 
the point C lies without the circle, so that the point D is imaginary. 
But is he then any better off? Would he want to conclude that the 
real point A is identical with the imaginary point Z>? 

As a matter of fact, the deduction of the fact that AD — 0 holds, 
in general, regardless of whether the circle and the point A are real. 
One or both of them may be imaginary. The figure is, in that case, 
simply symbolic; it merely suggests the steps to be taken in the de¬ 
duction and is not in any way a part of the deduction. 

In working in the complex plane we ought to be wary of assuming 
that a fact which is true for real points is also true for imaginary points. 
We might well question whether the Pythagorean theorem, on which 
the deduction that AD — 0 is based, is always true in the complex 
plane. As a matter of fact, it is true, as will be proved later. 

We are thus forced to conclude that the proof that AD — 0 is 
aiwayB valid. There remains, then, but one question. Does A coin¬ 
cide with D? Are two complex points, which are zero distance apart, 
necessarily coincident? 

EXERCISES 

1. Find all the solutions of the equation 

x t + v* = 0, 

if x and y are restricted to be real? If x and y are complex? Interpret th 
results geometrically. 

2. Explain the fallacy in the text and verify your explanation analytically 
assuming that the circle and the point A are real and taking O aa the origii 
and OA as the axis of x. 

5. Isotropic Lines. We proceed to a systematic discussion o' 
distance and angle in the complex plane. The formulas for them w< 
amreune to be the same as in the real plane. 

Distance between Two Points. If the points are (x w yi), (*,, y t ) 
the square of the distance is 

* " <*» ~ *>)* + (yt - yO*. 

There are, in general, two values for the distance D, and there i 
usually no reason why one of the values should be preferred to th 
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other.* Accordingly, we shall restrict ourselves, whenever possible, 
to the square of the distance. 

The one case when D is single-valued occurs when D 8 is zero. This 
case, though trivial in the real plane, is now, in view of the paradox 
of the previous paragraph, of peculiar interest to us. 

Let us investigate the locus of a point (x, y) which moves always 
at zero distance from the fixed point (xo, yo). The equation of the 
locus is 

(x - xo) 1 + (y - yo) 1 = 0. 

But 

(x - Zo) 2 + (y - yo)* = [(x - xo) — i(y - yo)][(x - xo) + i(y - y 0 )}. 

Hence the locus consists of the two straight lines 

(1) (x - xo) - i(y - yo) = 0, (z - xo) + t(y - y 0 ) = 0 

which pass through (xo, yo) and have respectively the slopes — i 
and i.f 

A line whose slope is — i or i we shall call an isotropic line, or simply 
an isotropic. The answer to our locus problem then becomes 

Theorem 1. The locus of a point which moves so that it is always at 
zero distance from a given point consists of the two isotropic lines through 
the given point. 

Any two finite points Pi, P 2 on an isotropic L are at zero distance; 
for, L is part of the locus of points at zero distance from P, and there¬ 
fore, Bince Pt lies on L, P\Pi = 0. Conversely, if Pj, P 2 are at zero 
distance, the line joining them is an isotropic; for, since PiP 2 = 0, 
P 2 lies on the locus of points at zero distance from Pi, and hence lies 
on one of the isotropies through Pi. 

Theorem 2. A necessary and sufficient condition that a line be an 
isotropic is that the distance between any two finite points on it be zero. 

The isotropies of slope — i form the pencil of parallel lines through 
the point at infinity I : (1, — i, 0); and the isotropies of slope i, the 

* If the points, for example, are (», t), (1, 1), then D* = 2(1 — <)* and 
D - ± ^2 (1 — t). 

t We agree to employ the usual formula, 


*i — Xi 

for the dope of a line. It follows that the slope of a line can be read from its 
equation in the usual way. 
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pencil of parallel lines through the point at infinity J : (1, i, 0). 
The equations of the two pencils are 

x - t v 4- k * 0, * + » y + l = 0, 

where k and l are arbitrary constants. 

The Circular Points at Infinity. The null circle, 

(x - £#)* + (y - yt)* = 0, 

inasmuch as it consists of the isotropic lines (1), goes through the 
points I and J. In fact, every circle goes through I and J, for, the 
equation of an arbitrary circle, in homogeneous coordinates, is 

*! + *? + <*lll®» + OiXiXi -f a»x! = 0, 

and it is readily verified that (1, — i, 0) and (1, i, 0) satisfy this 
equation. 

Conversely, if the conic, 

Ax * 4- Bx\Xt 4* Cx 1 4" Dili* + Ex jx t 4* Px\ — 0, 
contains 1 and J, then * 

A — Bi — C~0, A+Bi~C~0, 

whence A — C and B — 0: the conic is a circle. 

Theorem 3. A necessary and sufficient condition that a conic be a 
circle is that it pass through the vertices, I and J, of the pencils of isotropic 
lines. 

It is from this property that I and J take their conventional name: 
the circular points at infinity. 

Distance from a Point to a Line. The square of the distance is given 
by the usual formula: 

d* * fc* 3 ' 0 ~h a *Vo 4~ fl*)* 
a* 4" a* 

The distance is, in general, defined and double-valued. However, when 
the hue is an isotropic, then a! 4- «i - 0 and the formula has no 
meaning. The distance from an isotropic line to a point, even if the 
poind on the line, is undefined. 

Angle and Perpendicularity. Let L, and L, be two isotropies of the 
same land, that is, two isotropies whose slopes, X s and X„ have the 

* ° r Then - 1 ( or 1 4-XiX s = 0. Since 

tlm b the usual condition for perpendicularity, we are tempted to say 

* lt» assumed that A, B, C are not all sero. 
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that Li and L t , which are already known to be parallel, are also per¬ 
pendicular ! 

According to the agreement made at the beginning of the paragraph, 
the angle from one line to another is given by the usual formula 


( 2 ) 


tan 9 


Xr ~ X| 

1 + XiXs 


or by the corresponding formula for cot 9, so long as either has 
meaning. In the present case, Xi = X s , 1 + X,X* = 0, and neither 
formula has meaning: the angle 6 is undefined. 

Accordingly, we cannot talk of the angle between two isotropic lines 
of the same kind. Nor can we talk of their being perpendicular, for 
perpendicularity means intersection under a right angle. The two 
isotropies remain simply what they were originally—parallel.* 

We consider next the angle from an isotropic to any other finite line, 
not an isotropic of the same kind. If the isotropic is of slope — i and 
the second line of slope X, we have 


Now f 
(3) 


tan 9 — 


X -f- i 
1 - Xt 


. X + i . 

I -S5 t. 

X + t 


1 - e-s. 

tan 9 — - ——■——: 
!«*’ + e~*' 


When tan 9 — i, this relation becomes 


e >{ =0, or 9i = log Of 

If we had taken an isotropic of slope i, we should have found that 
tan 6 = — i and hence that 


e~ ti =0, or — 9i = log Of 

In both cases, the angle 9 is undefined. Hence we conclude: 

An isotropic line fails to make an angle with any line. 

* The concept of parallelism is independent of that of angle. Two finite 
lines are parallel, if they intersect in a point at infinity, 
t Assuming the relations, 

(c) & ■» cos 9 + » sin 9, e~*' = cos 9 — i sin 9, 


we obtain, on addition and subtraction, 

... . - e~ H 

ffi) son 0 — — 2i — ’ 008 9 


2 


Thus, tan 9 has the value given in (3). See Osgood, Advanced Calculus, pp. 
337, 338 for a discussion of the relations (a) when 6 is real and ibid., pp. 503, 
504 for the justification of equations (b) and (3) when 6 is complex. 
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The converse is true: If the angle between two finite lines fails to exist, 
at least one of the lines is an isotropic . The angle between two lines, of 
slopes Xj and X s , fails to exist when tan 0, as given by (2), is of the 
form 0/0, or when tan 0, or cot 0, is defined, but 6, as given by (3) 
or the equivalent formula 


(4) 


/i _ 1 i _ * — tan B 
6 ~ 2i l0g » + tan B 


f 


is not defined. If tan 6 = 0/0, then \! — X 4 and I + XiX* = 0, 
and the two lines are isotropies of the same kind. On the other hand, 
it is a fact, the proof of which need not concern us, that 6, as given 
by (4), is undefined only if tan 6 = i or tan 0 = — i. Then (2) 
reduces to 


(Xi 4- i)(ht —■ {) = 0 or (Xi — t)(Xj + i) = 0, 


and at least one of the lines is an isotropic. 

Remarks. Inasmuch as an isotropic line fails to make an angle 
with any line, it has no slope-angle. This does not mean that it has 
no slope; for the slope X of a line is given by the familiar formula, 

x _ Vt- Vi 
Xt — X\ 


and, thus defined, it is no longer dependent on the concept of angle; 
it is the ratio of the projections on the axes of a directed line-segment 
on the line. 

The tangent of the angle 6 from a line L\ to a line L* can also be 
defined independently of the angle 6. In fact, a slight extension of 

the UBual definition of tan 6, as the ratio of 
two directed line-segments (Fig. 2), yields 



tan 6 = 


MPj 

pji 


from which the usual formula for tan 6 
in terms of the slopes of Li and L t can 
be readily derived.* 

Since the concept of the tangent of the angle from Li to L } is a 
generalization of the idea of slope, we can justifiably call it the relative 

* It is understood, of course, that we derive the formula for real lines and 
then agree to apply it also to imaginary lines. 
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slope of Lt with respect to Li. Thereby, the name as well as the 
definition is divorced from the idea of angle. 

The angle from an isotropic to a second line iB undefined. But the 
relative slope of an isotropic with respect to any finite line, not an 
isotropic of the same kind, is always defined. We found for it the 
constant value, i or — i, according as the isotropic is of slope — i or i. 
Hence, an isotropic has the same relative slope with respect to every finite 
line , not an isotropic of the same kind. It is from this property that 
the isotropic lines take their name.* 

Isotropic lines are frequently called minimal lines, since they are 
the lines of zero distance and hence, so it is argued, of minimum 
distance. The terminology is, however, not well motivated. For, 
though zero is the minimum distance in the real plane, it cannot be 
so regarded in the complex plane. There is no “greater than” or 
“less than” for complex numbers and, therefore, no smallest complex 
number. 

EXERCISES 

1. Prove directly, by means of the distance formula, that the distance 
between two finite points on an isotropic of slope — % is zero. 

2. Find the points on the line x + y -f 2 = 0 which are at zero distance 
from the origin. 

3. Prove that the finite line a,x + a 2 y + a» = 0 is an isotropic if and only 
if cti* "h — 0. 

4. If an ordinary quadrilateral has as its sides four isotropic lines, two of 
each kind, the diagonals are mutually perpendicular and bisect one another. 

Prove the theorem in the special case in which two opposite vertices of the 
quadrilateral are the conjugate-imaginary points (2, 3i) and (2, — 3i). 

5. Show that the square of the distance between two conjugate-imaginary 
points is real and negative. 

6. Show that two conjugate-imaginary lines can never be perpendicular. 

7. Show that the Pythagorean theorem is valid in the complex plane. 

8. What is the locus of a point which moves so that it always subtends a 
right angle at two given imaginary points whose join is isotropic line? 
Substantiate your answer analytically, 

6. Laguerre’s Definition of Angle. The group of rigid motions 
possesses, as an invariant, the square of the distance between two 
points, real or imaginary. A rigid motion must, therefore, carry two 
points at zero distance into two points at zero distance and hence an 
isotropic into an isotropic. 

* Derived from the Greek: lam, equal, and Tpbcw, to turn. 
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To prove this analytically, we have merely to show that a rigid 
motion, carries the circular points at infinity into themselves, since 
then it will carry a finite line through a circular point into a finite line 
through a circular point, that is, an isotropic into an isotropic. 

The equations, in homogeneous coordinates, of the general rigid 
motion are 

px[ = x t cos 8 — Xi sin 8 + a x*, 

pxi = xi sin 6 + x 3 ooe 0 + b x 8 , 

/ 

pxz 23 ITj* 

Substituting for (x*, x%, x») the coordinates (1, — i, 0) of I, we get 
x» “ 0 and 

pzi — cos 9 + i sin 6 = 1 (cos 9 + i sin 0), 

px i = sin 9 — i cos 9 — — i (cos 9 + i sin 6). 

Taking p equal to cos 0 -f i sin 0, we have xi = 1, xi =*= — i. Hence 
the rigid motion carries I into itself. Similarly, it carries J into itself. 

Theorem 1. Every rigid motion carries each of the circular points 
at infinity into itself, and each isotropic line into an isotropic line of 
the same kind. 

Two finite nonisotropic lines, L\ and L 2 , intersecting in a finite 
point P, and the isotropies Li and Lj through P are carried respec¬ 
tively into two finite nonisotropic lines, L\ and is, intersecting in a 
finite point P', and the isotropies L\ and Lj through P'. A rigid 
motion, being a special collineation, preserves cross ratio. Hence 

(UU L’jL’j) = (Liii, LiLj). 

Theorem 2. The cross ratio, 

(1) r = (LiL t , LiLj), 

in which the nonisotropic lines L u Li are separated by the isotropic lines 
Li, L j through their point of intersection is an invariant with respect to 
the group of rigid motions. 

Inasmuch as, when Lj and L s are chosen, the isotropies Li and Lj 
are determined, the cross ratio r is an invariant of the lines Li, L, 
alone. But the angle 9 from Li to Is is a metric invariant of L\, I*, 
and we should hardly expect to find a second invariant which is 
independent of 0. It is natural, then, to look for a relationship con¬ 
necting r and 6. 

Suppose that we compute r. Let the slopes of L t and Li be Xi 
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and X*.* Those of Lj and L j are — i and i. Hence 

r „ t)(X 2 0 = (1 + XlXj) -+■ l(Xa — Xl) 

(Xi - i)(X 2 + i) (1 + XiX 2 ) - t'(Xi — Xl) 


But 

*“ # V + x,x,- 

Hence 

or 

1 -f- i tan 6 

r = —- 

l—t' tan 6 

(2) 

tan 6 = t - — ■) • 
»r+l 

Comparing this relation with 

. „ 1 e 2 * - 1 

tan 9 = -r .. , t » 

t + 1 

we have 

(3) 

r = e 2 *, or 0 = ~ 

2i 


Theorem 3. If Li and L t are finite nonisotropic lines intersecting 
in a finite point, the angle 0 from L\ to Lt is given by 

a 1 r - 1 . 1 , 

*“*-<7+1 or e=s 2 i logr ’ 

where r is the cross ratio (LiL 2i LrLj). 

If Li and Lt are perpendicular, it follows from (2) that r = — 1, 
and conversely. 

Theorem 4. Two finite nonisotropic lines are mutually perpendicular 
if and only if they are separated harmonically by the isotropic lines 
through their point of intersection. 

These theorems f constitute projective definitions of angle and per¬ 
pendicularity; they characterize angle and perpendicularity in terms 
of cross ratio and harmonic division. They thus serve as a connecting 
link between metric and projective geometry, the importance of which, 
as will be borne in on us later, can hardly be overestimated. 

They also throw light on the rftles of the isotropic lines. Formerly, 
we oould only look on the isotropies as destructive; they upset not a 

* The case in which one of the lines is parallel to the axis of y is left to the 
reader. 

f The theorems were first established by the French geometer, Laguerre, 
in 1853. 
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few of our preconceptions. Now, the isotropies appear in a con¬ 
structive r61e, as the bads for new interpretations of angle and per¬ 
pendicularity. 

Moreover, the peculiar behavior of an isotropic with respect to 
angle and Tdative slope now ceases to be a mystery. When one of the 
lines Li, Lt is an isotropic, the four lines in the cross ratio r are no 
longer distinct and we expect something peculiar (Ch. VI, § 7). 
Suppose, for example, that L\ is the isotropic through P of slope — i, 
coincident therefore with Lj. Then r = (LjL s , LiLj) — 0. Thus, 
the cross ratio is the same, no matter what line, other than Li itself, 
is chosen as L t . Consequently, it is no wonder that the relative slope 
of Lj with respect to Lt is constant. 


EXERCISES 

1. Prove directly that a rigid motion carries an isotropic of slope i into an 
isotropic of slope t. 

2. Establish the theorem of § 5, Ex. 4 in the general case- Proceed syn¬ 
thetically, employing the harmonic properties ol a complete quadrilateral and 
Laguerre’s definition of perpendicularity. 


7. The Relationship of Metric to Projective Geometry. We know 
that the rigid motions are particular collineations and we have just 
learned that they leave each of the circular points at infinity fixed in 
position. Can we characterize them as the collineations with this 
property? 

If the collineation 


pdi = onii + OijZj + aitii, 

(1) pXt = UtlXl + 0,2X2 + 02gX|, [®tf| 5^ 0 

pXt — anZi + 0*222 + dtaZit 


leaves I and J fixed, it carries the line of I and J into itself: x * = 0 
into x\ = 0. Hence, o« = 0,2 = 0 and o*a -A 0. Dividing each of 
the equations (1) by o«, we get 


( 2 ) 


l — OlXi + OjXj + dfXt, 

<rx i = biXi + b&i -f- bfXs, 
ffXt = Xt, 


A == 


Ol 

bx 


Ol 

b t 


*0, 


where we have written <r in place of p/o« and, for example, oi instead 
<d an jaw 
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Since (2) is to carry each of the circular pointa at infinity into itself. 



<Ti = a, — i a*, 

<r 2 = + i e 2 , 

Henoe 

— i<j\ = b x — ib t , 

t <r j = bi + 16 * 


* *i + at + 6i — i bt = 0, 

and 

~ * + a 2 + bi + t bt = 0, 


a* = — b u 

6 2 = Of. 


Substituting these results in (2) and introducing nonhomogeneous 
coordinates, we have 


(3) 


Since a\ + 6? ^ 0, we may set 


oix — big 4- a*, 
V' ~ bic + a\y + b\, 


A = a* + 6* 0. 


~ = cos 8, 

bi • A 
— — Bin d, 
T 



where 


r = VaJ + b\. 


Equations (3) then take the form, 


(4) 


x' = r (x cos 8 — y sin 8 + a), 
y' = r (x sin 8 + y cos 8 4- b). 


of a transformation of similarity; see Ex. 1, End of Ch. VII. 

The answer to our question is now clear. 

Theorem 1. The transformations of similarity are the coUineations 
which leave each of the circular points al infinity fixed,.* 

If the transformation (4) carries the points (*i, y x ), (x 2 , Vi) into 
the points (xl, y[), (xi, y[), then 

(x* — x{) s 4- (y'i — yi)* = r*[(x 2 — xi)* + (j/j — y 2 )*]. 

In other words, the square of the distance between two points is 
reproduced, not absolutely by the transformation, but relatively , with 
the factor of proportionality r*. We say, then, that 


(*» — Xi)* + (yt ~ yi)* 

is a relative invariant of the points (*j, yf), (x», yfj with respect to the 
group of transformations of similarity. 

* We have proved only that a collineatum which leaves I and J fixed is a 
transformation of similarity. Let the reader establish the convene. 
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In order that the square of the distance be an absolute invariant, r* 
must be equal to unity, that is, our group of transformations must 
reduce to the group of rigid motions. 

Theorem 2. The rigid motions are the collineations which leave each 
Of the points l and J fixed and have the agitate of the distance between two 
finite points not merely as a relative, but as an absolute, invariant. 

Rigid motions and transformations of similarity differ in only one 
particular. The former preserve both the shape and the size of a 
figure, Whereas the latter preserve only the shape. The geometry of 
similarity, the geometry associated with the group of transformations 
of similarity, takes cognizance only of the shapes of figures, whereas 
metric geometry, the geometry of the group of rigid motions, also 
considers their dimensions. 

The geometry of Euclid is, in part, a geometry of similarity and, in 
part, a metric geometry. In the theory of similar figures, it takes 
account only of shape; in the theory of congruent figures and in the 
large body of work on mensuration, it is concerned also with size. 
Taken as a whole, however, Euclidean geometry is metric geometry, 
inasmuch as it is only with respect to the group of rigid motions that 
all the properties studied in Euclidean geometry are preserved. 

On the other hand, the distinction between metric geometry and 
the geometry of similarity is so slight as to be relatively unimportant, 
particularly in comparison with the relationships which the two 
geometries bear to projective geometry, the geometry associated with 
the group of all collineations. These relationships are evident from 
Theorems 1 and 2. The geometry of similarity is precisely the 
geometry of the subgroup of the group of collineations which consists 
of those collineations leaving the circular points at infinity fixed. 
Metric geometry is the geometry of this subgroup subject to the condi¬ 
tion that distance be an absolute, instead of a relative, invariant. 
Disregarding this condition as of minor significance, we can describe 
metric geomMry as a svbgeomelTy" of projective geometry, obtained 
from it bp^demanding that two conjugate-imaginary points remain fixed. 

In tpSt of this interpretation of metric geometry, the isotropies— 
theiinee through the fixed points—and Laguerre’s definitions of angle 
•ad perpendicularity appear in true perspective, as fundamental, 
Jppber than unnatural or artificial, elements in the theory. 
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Exercise. Determine the collineations which leave each of (he two real 
points (1,1,0), (1, - 1, 0) fixed. Show that 

(*» - aii) 1 — (vj - ih)» 

is a relative invariant of (xi, y{), (x s , y s ) with respect to these collineations. 


8. Applications to Conics. An equation of the second degree, 

(1) Ax* + Bxiit + Cxi + DxiXs + ExjX a + Fxl = 0, 

with real coefficients, of which A, B, C are not all zero, represents a 
conic. According as the discriminant 

A = F(4 AC - B*) + BDE - AE* - CD* 

does not, or does, vanish, the conic is nondegenerate or degenerate; and 
according as B* — 4 AC > 0, = 0, or <0, the conic is a hyperbola, 
parabola, or ellipse. 

In the elliptic case, (1) can be reduced by a change of axes to one of 
the three forms 


( 2 ) 


X s y 1 

- V- — = 1 

a* + V ’ 


£ + £ 


- U 


x l + t 

b* 


= 0. 


The second of these equations has no locus in the real plane. But in 
the complex plane, it has a locus comparable with that of the first 
equation. Thus, there are two kinds of nondegenerate ellipses: those 
with real traces—continua of real points; and those without real traces. 

The degenerate ellipse represented by the third equation of (2) 
consists, for us, of the two conjugate-imaginary intersecting lines 


(3) 



x 

a 


‘1 


= 0. 


In the parabolic case, equation (1) can be reduced to 


y t = 2 mx or y ! = k, 


according as A 0 or A = 0. There is but one type of nondegenerate 
parabola. A degenerate parabola consists of two parallel lines, which 
may be real and distinct, real and coincident, or conjugate-imaginary. 

There is but one type of nondegenerate, and one type of degenerate, 
hyperbola: 


(4) 


*_v ! =1 £ _ ^ = o, 

o* 6* ’ a* 6 s 


A degenerate hyperbola consists of two real intersecting lines. 

From this review of the facts, we conclude the following theorem. 



THX0S3BX 1. ■ & conic is degenerate if mi onlg <f if constats of two 
Straight lines, distinct or coincident. 

Beha&ionship of a Come to the Line at Infinity. The points in which 
the conic (1) is met by the line at infinity, x» = 0, are given by the 
eolations of the quadratic equation 

Ax * + BxiXt + Cxi = 0. 

These points are real and distinct, real and coincident, or conjugate- 
imaginary, according as B* — A AC > 0, = 0, or < 0. 

Thbobsh 2. A conic is a hyperbola , a parabola, or an ellipse ac¬ 
cording as the two points in which it intersects the line at infinity are real 
and distinct, real and coincident, or conjugate-imaginary. 

The characterization of the parabola indicates that the nondegener¬ 
ate* parabola, 

y* = 2mi or *1 = 2 wiXiX*, 

is tangent to the line at infinity. To check this fact, we write the 
equation of the tangent at the point (*o> Vo) or (r,, r%, r>), namely 

yey = m(x + *#) or r*x* = m(r**i + r»x»). 

The point at infinity on the parabola is the point (1, 0, 0), in the 
direction of the axis. The tangent at this point is 

0 x* ** m(0 *i + l x»),t or x* ** 0. 

Theorem 3. A parabola is tangent to the line at infinity at the point 
at infinity in the direction of its axis. 

If the conjugate-imaginary points in which an ellipse meets the 
line at infinity are, in particular, the circular points at infinity, the 
ellipse is a circle. 

Asymptotes. It is reasonable to expect that the tangents to a 
hyperbola at the two points in which it intersects the line at infinity 
are the asymptotes of the hyperbola. Let the reader show that this 
is, in fact,‘the case. 

On the basis of this result, we formulate a new definition of an 
asymptote. 

‘From now on, in this and the folkwing paragraph, we restrict ourselves 
to nondegeaerate conics. 

j t What tacit agreement is bring made here as to the definition of the taa- 
t gent to a conic at a point at infinftyf 
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Definition. A tangent to a curve at a point at infinity it an asymptote 
of the curve, provided that the tangent is not the line at infinity. 

A parabola has no asymptotes. An ellipse, whether or not it has a 
real trace, has two conjugate-imaginary asymptotes which, as can 
readily be shown, intersect in the center. The asymptotes of a circle 
are, then, the isotropic lines through the center. 

EXERCISES 

1. Show that 

2 A B D 

A * i B 2C E . 

D E 2P 

2. Prove that the equation of the tangent to the curve (1) at the point 
(rt, r s , r.) is 

B DE 

A r,x, + 2 ( r *®i + r i a, i) + Cr &i +2 ( r »*i + r i*») + j ( r,x * + r * x> ) 

+ F ri®i = 0. 

First solve the corresponding problem in nonhomogeneous coordinates.* 

3. Find the point at infinity on the parabola 

X* — 4xy + 4y* + 2x + y — 6 =>= 0, 
and hence determine the direction of the axis. 

4. Show that the tangents to the hyperbola represented by the first of the 
equations (4), at its points at infinity, are given by the second of the equations 
(4). 

5. Prove that the asymptotes of either of the ellipses represented by the 
first two equations in (2) have the equations (3). 

6. Find the equations of the asymptotes of the hyperbola 

x* — xy — 2^* — x + 5y — 3=0, 
and hence obtain the coordinates of the center. 

9. Isotropic Tangents. Fod and Directrices. Parabola. There 
is a unique tangent to the parabola, 

(1) y* = 2 mx, 

with a prescribed slope XC?* 0), namely f 

» = Xl+ 2r 

Hence there are two tangents which are isotropic lines, one of slope 

* See Analytic Geometry, p. 188, Ex. 2. 

t See Analytic Geometry, Ch. IX, }fl. 
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» and one of dope - t: 

m 


, m , m 

y =* tr + —, y *■ — « — 


2 i' ’ "Hi 

In what point do these isotropic tangents intersect? Evidently, 
in (m/2, 0), the focus I 

What are their points of contact with the parabola? The points of 
the parabola which lie on the directrix! For, since they have the 
common intercept, m/2, on the axis of x, their points of contact have 
,£) __ the common abscissa, — m/2, and so lie on the direct¬ 
rix x = — m/2.* 

Theorem 1. There are two iaotrojric tangents to a 
parabola. They intersect in the focus and their points 
of contact lie on the directrix. 

The relationships described are pictured symbolic¬ 
ally in Fig. 3. 

Ellipse. There are two tangents to the ellipse 



Fig. 3 


(3) 


o* + 6* lf 


a > b, 


which have a given slope X, namely 


y = \x ± Va*\* + 6*. 

There are, therefore, four isotropic tangents, two of each kind. 
Their equations are readily found to be 

(o) y = t (x - c), (c) y = - i (z - c) k 

(b) y- i(x + c), (d) y - - i (x + c). 


(4) 


Two opposite vertices of the ordinary quadrilateral formed by the 
four isotropic tangents lie on the axis of x, in the real points F : (c, 0) 
and F r : (— c, 0), and the other two lie on the axis of y, in the con- 
jugate-imapnary points G : (0, ci) and G : (0, — ci). The quadri¬ 
lateral is of the type discussed in § 5, Ex. 4. Its diagonals lie on the 
axes and bisect one another. 

Lemma. If the intercepts of a tangent to (3) are d, B, the coordinates 
of the point of contact are (a 1 / A, ft*/B) . 

* That the abscissa of the point of contact of a tangent to (1) is the negative 
of the ^-intercept of the tangent is evident from the equation, yoy-m(x-t-xo), 
e4 the tangent at (ft, y«). 



METRIC GEOMETRY OF THE COMPLEX PLAftE 13$ 

According to the Lemma, the points of contact of the two tangents 
through F . (c, 0) lie on the line D \ x — a 1 /c and those of the tangents 
through F' : (- c, 0) lie on the line 
&' -x — — a’/c. Similarly, the points 
of contact of the tangents through 
G : (0, ci) are on the line E : y — }p/ci 
and those of the tangents through 
G : (0, — c i) are on the line 
E : y = — f>*/ci. 

The points F and F' are the usual 
foci of the ellipse, and the lines D and 
D’ are the corresponding directrices. The points G and G 
we also agree to call foci and the lines E and E f the corresponding 
directrices. 

Theohku 2. An ellipse with a real trace has four isotropic tangents, 
two of each kind. The finite intersections of the isotropic tangents are 
the foci of the ellipse, and the points of contact of the two tangents through 
a given focus lie on the corresponding directrix. 

In the properties which an ellipse has with respect to the real foci 
and directrices, the transverse axis plays the principal r61e. There 
ought to be, and there actually are, similar properties with reference to 
the conjugate axis, and in these the conjugate-imaginary foci and 
directrices are fundamental. 

The two sets of properties can best be exhibited in a table. 

Foci Directrices Properties 

F, F': (±e, 0) ft,D':x=±* ±FP±F'P=2a, c’= | 

_ _ m apt r* 

G, 5:(0 l= fcic) E,E:y~±-. ±GP±GP =2b, ^ = <>'*, - - 

The focus-directrix properties, as exhibited in the last two columns, 
are expressed in terms of the squares of the distances of a point P on 
the ellipse to a focus and to the corresponding directrix, in order to avoid 
the ambiguity which arises from the fact that distance in the complex 
plane is double-valued. 

In the case of the properties appearing in the third column, this 
ambiguity cannot be avoided and the equations must be interpreted 
with care. The first equation, for example, really stands for the four 
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equations corresponding to the four possible combinations of signs 
(+, +)» (***, “}j {+, —), {—, +)i It implies that FP and F'P, 
once they have been chosen as definite determinations of the distances 
from a point P on the ellipse to F and J", satisfy one of the four- 
equations. Thus, if P is a real point and FP and F'P are both taken 
as positive, it is FP + F'P which is equal to 2 a. 

EXERCISES 

1. Verify the relations: 

±GP±SP -2b, 

Show that the sum of the squares of the reciprocals of the two eccentricities 
e, e' is unity. 

2. Discuss the isotropic tangents, foci, and directrices of a hyperbola and 
summarize the results in a table. 

3. The same fpr an ellipse without a real trace. 

4. Determine the coordinates of the focus of the parabola 

z* + 2xy + y* — 2as + 2y — 1=0. 

5. Find the foci of toe hyperbola 

6 & - 24 xy - y* - 150 - 0. 



CHAPTER IX 


ONE-DIMENSIONAL PROJECTIVE GEOMETRY 

1. One-Dimensional Metric Coordinates. Coordinates in a Range 
of Points. As the basis for Cartesian coordinates on a real * line L, 
we choose on L a finite point 0, a sense of 

direction, and a unit distance. The nonhomo* _ 

geneous coordinate 2 of a finite point P is, 
then, the directed line-segment OP: 

x = OP. 


4 * 




1 Pm 

FlO. 1 


Corresponding homogeneous coordinates (xi, x s ) of the finite 
point P consist of any two numbers xi, Xi whose ratio is x: 


- l = x 

~ x t 

x* 


X* 9* 0. 


When P recedes indefinitely on L in either direction, x becomes 
infinite, and conversely. Accordingly, we associate with the point 
at infinity on L the homogeneous coordinates (1, 0) or, more generally 

(p, 0), p 9*0. 

Every point on the extended line L now has homogeneous coor¬ 
dinates and every number pair (xi, x*), other than (0, 0), serves as 
homogeneous coordinates of a point. 

Coordinates in a Pencil of Lines. Let Lo be a fixed line of the pencil 
of lines through a finite point and choose a positive sense for the 
measurement of angles at the point. A nonhomo- 
geneous coordinate, u, of a line L of the pencil is 
the tangent of the angle 6 from La to L: 

u = tan 0. 

The line L» perpendicular to Lo has no coordinate. 
As homogeneous coordinates (t*i, ui) of the line 
L, not L*, we take any two numbers Ui, u. whose ratio is u: 



«i 

— - u, 


tt» 9* 0. 


* We restrict ourselves for the time being to the doma i n of real points and 
real lisas. 
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To L* we give the homogeneous coordinates (1,0), or, more generally, 

Ob 0), p * 0. 

The Extended Line as a Closed Continuum. If the angle <f> in Fig. 3 
increases from 0 to 2 x, the point P traces the circle. Thus the points 

p of the circle are represented by the values of <J> in 

G 7N. the interval 0 = <f> ~ 2 x, where the point P 0 cor- 

^ \ responds to both the values 0 and 2 x. 

1 -Jp # The. totality of real numbers in the interval 

j 0 £ 0 S 2r constitutes what is known as a con- 

/ tinuous set of numbers, or a continuum. Accord¬ 
ing. 3 ingly, we call the totality of points on the circle 

a continuous set of points, or a continuum. 

The points of the circle other than P 0 , represented by the values of 
<t> in the interval 0 < < 2 jt, also form a continuum. In this case 

we speak of an open continuum; in the previous case, of a closed 
continuum. 

The lines of the pencil of Fig. 2 we can think of as represented by 
the values of 6 in the interval — x/ 2 3S 0 = ir/2, where to L* corre¬ 
spond both — 7 t/ 2 and xj 2. The totality of these lines forms a closed 
continuum. 

If one line of the pencil is removed, there remains an open contin- 
tium. If L* is removed, the open continuum which is left is repre¬ 
sented by the values of 9 in the interval — x/2 < 6 < x/2, or by all 
the values of the coordinate u : — » < u < so. 


The points of the line of Fig. 1, exclusive of the point at infinity, 
are represented by the totality of values of the coordinate x : 
— «o < x < so. They form an open continuum. When the point 
at infinity on the line is added, the continuum becomes closed. 

In the cases of the circle and the pencil of lines, there is intuitive 
evidence both of the continuity and the closure. It is, however, 
impossible to visualize the extended straight line as having the in¬ 
tuitive properties of continuity and closure as well as that of straight¬ 


ness. 


Thougjylibe geometric evidence of continuity "across the point at 
infinity jj jfp lacking, the analytic proof is immediate. Since the 
to tali tret* values of ** in the interval 1 S x t S — 1 is continuous, 
tile iffl&ny of number pairs (1000, z 2 ) where 1 = x 3 = — 1 is oon- 
ti nigljp . Hence, the totality of points on the extended line which 
hgafrlhese number pains as coordinates is continuous. But these are 
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(Fig. 4) ail the points of the line beginning with the point x «= 1000, 

continuing to the right "through the point at infinity” and returning 

from the left to the point x — — 1000. 

. -1000 1000 
The extended straight line is a closed con - - 1 . — 1 1 1 " 

tinuum. ^ IQ - 4 

The reader may feel more reconciled to this fact after he has studied 
Fig. 5. This figure depicts a correspondence between the points 
of an extended line L and those of a circle C 
which is continuous and one-to-one without ex¬ 
ception. The correspondence is established by 
the projection of L on C from the point O. In 
particular, to the point at infinity on L corre¬ 
sponds the point V' in which the line through 
O parallel to L meets C, and to the point O 
corresponds the point T in which the tangent 
to C at 0 meets L. 


m 




2. Projective Coordinates in a Range of 
p IQ g Points. We proceed to devise, for use in pro¬ 

jective geometry, coordinates which are based 
only on projective properties.* We begin with the range of real 
points on a real line L. 

Definition. If P *, P», Pi are three distinct fixed points, and P is an 
arbitrary point, of the range, the projective coordinate x of P, with respect 
to P+, P 0 , Pi, is defined as the cross ratio (P+Pa, PiP): t 

x = (P*P 0 , PiP). 


Each point P, other than P+, has a unique coordinate x; in par¬ 
ticular, Po has the coordinate 0, and Pi the coordinate 1; see Ch. 
VI, § 7, Th. 1. The point P* has no coordinate; when a variable 
point P approaches P* as a limit, the coordinate x of P becomes infinite. 

* Von Staudt (1798-1867) was the first to free projective geometry from 
all metric elements. 

t Though the projective coordinate x is defined in terms of cross ratio, it is 
not, S 3 hare introduced, entirely divorced from metric geometry, inasmuch as 
we defined cross ratio originally in terms of distance. It is possible, however, 
starting from a projective definition of harmonic division (Ch. IV, § 7) to 
build up a theory of cross ratio and projective coordinates which is purely 
projective and in which a projective coordinate in a range of points appears, 
as here, as a cross ratio. A development along these lines is beyond the scope 
of tile present book; see J. L. Coolidge, Non-Eudidean Geometry, Ch. XVIII. 



Hie points P*, P«, Pi are called the basic jwmto of the coordinate 
system- Inasmuch as they can be chosen arbitrarily, there are 
infinitely many projective coordinate systems in the range. 

Theorem 1. The metric coordinates on L are the special projective 
coordinates obtained by taking as P* always the point at infinity on L. 

The metric coordinate X of an arbitrary point P on L, refe rred t o a 
finite fixed point P« as origin and a directed line-segment P 0 P 1 as 
0 j x P unit distance, is 

A A A x = PqP ■ 

Fra. 6 PoPi 

On the other hand, the projective coordinate x of P, with respect to 
Pm Caa P#), Pa Pi, is 

x - (P„P* PiP) - (PPi, P.P.) = -^£-. 


Consequently, X = x: the metric coordinate of P is equal to the cross 
ratio in which the point at infinity and the origin are divided by the 
“unit-point," X — 1, and P. 

Change of Coordinates. Let there be given on a line L a metric 
coordinate x and a projective coordinate x', both chosen at pleasure 
<Fig. 7). By definition 0 l *, *, » 

xf - <P,P* P,P). P. A *•’ 

But Fig. 7 

, V T. nn, , (*» ~ Xx){X - *,) 

(PA PS) - (i< _ it)(i _ ^. 

where *i, X{, x*, x are the metric coordinates of P*, P®, Pi, P. Hence 

^ = (*» ~ glMg ~ x *> 

(xj - x»)(x - Xi) 

This equation represents the change from the metric coordinate x 
to the projective coordinate x!. Since xi, x t , xt are constants, it is of 
the form of a linear transformation 


aix+at 
6; X -f bt’ 


ojBj — aibi j* 0. 


The inverse change, from x’ to x, is also of the same form. Thus, the 
change from a metric to a projective coordinate, or vice versa, is given 
by a linear transformation. 
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Let x and x* now be any two projective coordinates on L and let & 
be a metric coordinate. The change from x to z and that from £ to 
x' are given, as we have just proved, by linear transformations* 
Hence bo is the change from x to for the product of two linear 
transformations is a linear transformation. 

Theorem 2. The change from one projective coordinate to a second is 
represented analytically by a linear transformation. 

Properties Expressed in Projective Coordinates. Let Q\, Qt, Q», Q t 
be four points on L with projective coordinates xi, xi, xi, xi and 
metric coordinates Xi, z s , x t , x t . The cross ratio (Q 1 Q 1 , QiQ <) is 
given, in terms of the metric coordinates, by the formula, 


( 2 ) 


(QiQ*. Q*Q*) 


(x« - Xi)(X4 - Xj) 

(Zi - xj)(x 4 - xi) 


The change from the metric coordinate x to the projective coor¬ 
dinate x' is given by a linear transformation and with respect to every 
linear transformation the expression on the right in (2) is an in¬ 
variant. Hence 

(Zl - zj)(z 4 — zj) = (x, - x t )(x 4 - Xt) 

(xi - Xi) (xi — x[) (x* - X2)(x 4 - x 4 ) ’ 


and therefore the value of the cross ratio in terms of the projective 
coordinates is 


(3) 


(QiQt, Q»Qi) — 


(xj — xj)(x 4 — xj) 
(xi — xi) (xi — z'i) 


Theorem 3. The expression for the cross ratio of four points on L 
is the same in projective as in metric coordinates. 

It follows that the analytic theory of projective transformations of 
the points of a line L into those of a line V remains the Bame as before; 
for this theory depended solely on cross ratio. 

Theorem 4. A projective transformation of the points of a line L 
into those of a line U, expressed in terms of projective coordinates on L 
and U, is a linear transformation of these coordinates, and conversely. 

Two Interpretations of Linear Transformations. In metric geometry, 
the equations 

j' as i cos 8 — y sin 8 + ct, y' = * sin 8 + y cos 8 + 6, 

are capable of two interpretations. We can think of them as repre¬ 
senting either a rigid motion of the plane or a transformation from 



tbs Cartesian coordinates (*, y) to new Cartesian coordinates (x\ y'). 
In the first case, the coordinate system remains fixed and the points 
of tiae plane are shifted; in the second case, the points of the plane are 
fixed and new coordinates are assigned to them. 

Hie linear transformation (1) lends itself, in our present work, to 
two analogous interpretations. It can be thought of as representing 
either a projective transformation of the line L into itself or a trans¬ 
formation from one system of projective coordinates on L to a second. 

We have not, however, completely established this latter fact. We 
have proved merely that every transformation of projective coor¬ 
dinates is linear (Th. 2). It remains to show that the converse is true. 

Let x be a projective coordinate on L and let the linear trans¬ 
formation (1) carry x into x'. To prove that x' is a projective coor¬ 
dinate on L. 

Since (1) is uniquely determined by three distinct corresponding 
pain of values, Xi —> x[, x% xi, x» xi, an equation equivalent to 
(1) is 

(xi - xj)(x' - xi) _ (z» - xQ(x - st) . 

(xr-xi) (* r - xi) (x, - Z*)(x - xi) 

In particular, let xi = «, xi = 0, x* = 1, that is, let x t be the value 
of x for which x' becomes infinite, and let x» and x* be the values of x 
for which x' has the values 0 and 1, respectively. Since xi = 0, 
xi =» 1, our equation becomes 

1 ~ xi _ , = (x, - xi)(x - x») . 
x—xi (x, - x*)(x - Xi) 

When xi becomes infinite, the left-hand side has the limit x': 

j _ (x» - xi?(x - x,) _ 

(Xi - x,)(x — Xi) 

Hence z' is, by definition, the projective coordinate on L which is 
based on the points whose coordinates x are respectively xi, x 3 , x« # 

The Nature of the Projective Line. In establishing a system of pro- 
jective coordinates, the point P«, the point in which the coordinate 
becomes infinite, can be chosen at pleasure. On the other hand, the 
point which, in our intuitive conception of the line, we called the point 
at infinity cam be made to take on any desired coordinate, by proper 

choice of the basic points. The point at infinity has, therefore, lost 

t 1 
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its identity; it no longer differs from the other points of the linea 
Hence we conclude, in connection with the considerations of § 1: 

A projective line is a closed continuum with no exceptional point. An 
extended metric line is a closed continuum with one exceptional point. 

Homogeneous projective coordinates of the point P with the pro¬ 
jective coordinate x are any two numbers (x u x%) whose ratio Xi/x 2 
equals x; those of P* are (1, 0) or (p, 0), p ^ 0. 

EXERCISES 

1. The linear transformation, 

Ail = 2zi - 4xi, P xi - xi - xt, 

represents a change of homogeneous coordinates. Find the coordinates in 
each system of the basic points of the other system. 

2. Find the linear transformation which represents the change from a given 
projective coordinate x to a new projective coordinate x' whose basic points 
Pi, Pi, Pi are respectively x = 3, x = — 2, x = 5. 

3. Projective Coordinates id a Pencil of Lines. The treatment here 
is essentially the dual of that developed in § 2. The projective coor¬ 
dinate u of an arbitrary line L of a pencil with reference to three distinct 
basic lines L + , L 0 , L\ is defined by the cross-ratio: 

u — (L+Z«, LiL). 

Corresponding homogeneous coordinates of L are (u,, w 5 ), where 
ut/u,, = u-, while those of L* are (1, 0) or (p, 0), p / 0. 

The change from a metric to a projective coordinate in the given 
pencil, and hence the change from one projective coordinate to a 
second, is given by a linear transformation. It follows that cross ratio 
in the pencil and projective transformations of the pencil into itself 
or into a second pencil have the same analytic representations in 
projective as in metric cooadinates. 

A Familiar Example oj Projective Coordinates. If a : (at, a 2 , a B ) 
and b : (6i, 6 S) b») are two distinct points, or lines, in the plane, every 
element, except a, of the range of points, or pencil of lines, determined 
by a and b has coordinates of the form p a + b. Since there is a one- 
to-one correspondence between the elements, other than a, of the 
range, or pencil, and the values of p, p is a coordinate in the range, or 
pencil. In fact, p is a projective coordinate; for, the. cross ratio of 
the four elements p = «o, p = 0, p = 1, p = p-, that is, of the four 
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elements a, b, a + b, pe + b, ia precisely#*. Similarly, if iba +16 la 
used instead of p a + b, (i, l) are homogeneous projective coordinates 
in the range, or pencil. Hence, we have long since been employing 
projective coordinates in both ranges of points and pencils of lines. 

EXERCISES 

1. geometrically that a metric coordinate in a pencil of lines is a 
special projective coordinate. 

2. State and prove the duals of Ths. 2, 3, 4 of § 2. 

4. Projective Correspondences. By means of projective coordi¬ 
nates we can give a simpler treatment of projective correspondences 
and transformations. At the same time we shall enlarge the scope of 
our theory. 

In Ch. VII we considered in detail projective correspondences 
between two ranges of points. Similar correspondences can also be 
established between two pencils of lines and between a range of points 
and a pencil of lines. To avoid the awkwardness of separate state¬ 
ments in the three cases, we agree to call ranges of points and pencils 
of lines by a single name: one-dimensional fundamental forma. The 
definitions of a projective correspondence in the three cases can then 
be written as one. 

Definition. Two one-dimensional fundamental forms are in pro¬ 
jective correspondence if the elements of one are in one-to-one corre¬ 
spondence with the dements of the other so that corresponding cross ratios 
are equal. 

Similarly, in the case of the fundamental theorem: 

Theorem 1. There exists a unique projective correspondence between 
two one-dimensional fundamental forms which orders to three given 
distinct elements of the one form three prescribed distinct elements of the 
other. , 

We choose to give the proof in the case of two pencils of lines. Take 
the three given lines of the one pencil as the basic lines I**, La, Lx for a 
projective coordinate u, and the three corresponding lines of the other 
pencil as the basic lines l:, ik, la for a projective coordinate u. 
A projective correspondence which orders to I>«, La to La, and lA 
to L\ must order to a line L : « of the first pencil the line L’ : u’ of 
the second for which 


(L*lk IAV) - (L*jU, L t L). 
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Hence 

(1) «' = «. 

But the correspondence established by this equation is surely pro¬ 
jective. Hence, the theorem is proved. 

The projective transformation (1) of the first pencil into the second 
is a linear transformation. Moreover, it remains linear if, instead of 
u and u', other projective coordinates are introduced, since the change 
from one projective coordinate to another is given by a linear trans¬ 
formation. Conversely, every linear transformation of a projective 
coordinate u of the first pencil into a projective coordinate u' of the 
second has the characteristic properties of a projective transformation. 

Theohem 2. The projective transformations of a one-dimensional 
form into a second one-dimensional form are identical with the linear 
transformations of a projective coordinate in the first form into a pro¬ 
jective coordinate in the second. 


5. Complex Projective Geometry. Consider, in connection with a 
projective coordinate system in a one-dimensional form, the arbitrary 
complex number, w — w' + i w". If w is real, it is the coordinate of an 
element already present, a real element. If w is imaginary, there is 
created a new element called an imaginary element, to which w is 
given as a coordinate. The totality of real and imaginary elements 
constitutes the complex one-dimensional form. 

To define the cross ratio of four complex elements of the form, we 
agree to take the usual expression in their coordinates: 


( 1 ) 


EiEf) 


(w 3 - wj)(w, - wj) t 

( U), — Wt){Wi — u>i) 


as long as it has a meaning. But the expression always has a meaning 
when the four elements are distinct, and, when they are not distinct, 
it gives rise to the same considerations and agreements as in the case 
of real elements (Ch. VI, § 7).* 

Since the theory of cross ratio is the same for complex elements as 
for real elements, the theory of one-dimensional projective corre¬ 
spondences, so far as we have developed it, is the same for complex 
one-dimensional forms as for real one-dimensional forms. 

* We note that, if £«, E 0 , E i are the basic elements of the form and E the 
element with coordinate w , then w ■= (E*Eq, E\E) when the element E is 
imaginary as well as when it is real. This follows immediately from (1) when 
we let W\ become infinite and replace w%, w 3 , w\ by 0, 1, u> respectively. 
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EXERCISES 

1. Show that, if the ratio of an imaginar y number to its conjugate is real, 
the ratio equals — 1. Hence establish the theorem: The cross ratio in which 
two teal elements are separated by two conjugate-i mag inary elements is real 
if and only if the two pairs of elements form a harmonic set. 

2. In connection with Ch. VI, § 5, Th. 5, prove that, if one of the twenty- 
four cross ratios of four distinct complex elements is an imaginary cube root 
of — 1, that is, one of the numbers = i(l + V5»), W3 * i(l - V3i), 
twelve of the cross ratios are equal to the other twelve to cm- The four 
elements are said to form, in this case, an equi-anharmonic set. 

6. Fixed Elements and Invariant of One-Dimensional Projective 
Transformations. Let (to If w t ) be homogeneous projective coordinates 
in a one-dimensional form, and consider a real projective transformation 
of the form into itself, 

«i at 
fex 6 S 

where a lf a%, bi, bt are real constants. 

An element is a fixed , or dovble, element of the transformation (1) 
if it is carried by (1) into itself. The element (wj, w t ) is a fixed ele¬ 
ment if and only if 

w\ ottcx ■+• otto* 

m biwi + b t Wt 

or 

( 2 ) b t w* + (bt — Oi)wiWt — a 2 wl = 0 . 

If 6i = 6* — ax = a t =» 0, (1) is the identity and every element is fixed. 
Otherwise equation (2) guarantees just two fixed elements, which are 
real and distinct, real and coincident, or conjugate-imaginary, accord¬ 
ing as the discriminant of (2), 

D = (b, — ox)* + 4 o,b, = (a, + I)*) 1 - 4 A, 
is positive, zero, or negative. 

Theorem 1. A linear transformation, other than the identity, has 
two fixed elements. 

According as the fixed elements are real and distinct, real and 
coincident, or conjugate-imaginary, the transformation is known as a 
hyperbolic , parabolic, or elliptic transformation. 

Nonpasrabolic Transformations.* Of the three distinct pairs of cor¬ 
responding elements necessary and sufficient to determine uniquely 

* The nonparabolic transformations comprise the elliptic and hyperbolio 
transformations, but not the identity. 


pwi = ajwi + atw», 
pwi — bitox + btWt, 
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a linear transformation, two pairs can be taken, in the case of a non- 
parabolic transformation, as the self-corresponding double elements. 
Hence: 

Theorem 2. A nonparabolic linear transformation is uniquely 
determined by its double elements and a pair of corresponding elements. 

If E i and Et are the double elements, E» and E't the given pair, and 
E, E' an arbitrary pair, of corresponding elements, the equation of the 
transformation in symbolic form is 

(EiE t , E%E') = (EiEt, EsE). 

Writing out the equation in full in terms of the nonhomogeneous coor¬ 
dinates of the various elements,— w\ and w t for E\ and E t , w t and 
w't for E» and Et, and w and w' for E and E '—and transposing factors 
so that the coordinates of E and E' appear only on the left-hand side, 
while those of f?» and E't appear only on the right-hand side, we find 

(EtEt, EE) = (EtE,, E t E't). 

The right-hand side of this equation is constant, equal, say, to k, 
where k 0, 1. The equation expresses, then, the important fact: 

Theorem 3. The cross ratio in which an arbitrary pair of correspond¬ 
ing elements separates the double elements, taken in a given order,* is 
constant: 

(3) (EiEt, EE') = k, k y* 0, 1. 


T hin cross ratio is known as the invariant cross ratio, or simply the 
invariant, of the nonparabolic transformation, inasmuch as it actually 
is invariant with respect to a change of the projective coordinates in 
the one-dimensional form. 

The transformation is now expressed by the symbolic equation (3). 
Writing out the cross ratio on the left-hand side of (3) and transposing 
the factors containing the coordinate of E, we obtain as the actual 
equation 


(4) 


w' — Wt . W — Wt 

—. “ tC " -- J 

w — w\ to — ttfi 


k & 0,1, 


where w\ and wt are the coordinates of the fixed elements and k is 
the invariant. 

* There are really two cross ratios, according to which double element is 
taken as Ei and which as E,. The two are reciprocals of one another. We 
pick one and abide by the choice. 
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Theorem 4. A nonparabolic linear transformation is uniquely 
determined by its double elements, in a given order, and its invariant. 

If the transformation is hyperbolic, the double elements are reed and 
the invariant k is real. By a change of projective coordinates, the 
double elements can be made to assume the homogeneous coordinates 
(1, 0) and (0, 1). The new equation of the transformation, which 
can be obtained directly from (4) by setting u> 2 = 0 and letting Wt 
become infinite, has the simple form 

(5) u>' = kw, k 0, 1. 


Thus, by proper choice of the coordinate system, the equation of any 
hyperbolic transformation can be reduced to the normal form (5). 

In the case of an elliptic transformation, the double elements are 
conjugate-imaginary and can be given the nonhomogeneous coor¬ 
dinates i andi by a change of coordinates. We thus obtain, as a 
normal form for an elliptic transformation, 


(6 a) 


w' + i ,w +1 

-: — K -:> 

tor — i w — t 


k * 0, 1, 


or 


(6 b) (1 — k)(ww' + 1) + i(l + k)(w — vf) = 0. 

According to § 5, Ex. 1, the invariant fc is of the form m/m, where m 
is an imaginary number. The only real value which k can have is 
- I. 

Parabolic Transformations. If, by a change of coordinates, the 
double-counting fixed element of a parabolic transformation has been 
given the homogeneous coordinates (1, 0), equation (2) must yield 
(I, 0) as the only fixed element. Hence, b 2 = 0, b 2 — a t = 0. We 
thus obtain, as a normal form of a parabolic transformation, 

(7) vf — w + c, c 5 ^ 0. 


EXERCISES 


1. Find directly, without the use of the formulae in the text, the fixed 
elements and invariant of each of the transformations: 


(a) 


id' - 


Aw — 2 _ 
w + 1 ' 


(b) id' 


w + 5 
u + r 


2. Find the equation of the nonparabolic transformation whose double 
elements are toi = 1, u?i ■* — 1 and whose invariant k has the value 2. 

3 . The same, if v>i — 1 + i, w* “ 1 — * and k * i. 
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4. The same, if Wt = ■— 1, w* = 3 and the transformation carries w =» 1 
into w' = 0, 

5. Show that, if 


( 8 ) 


a x w + flj 
= b<w + b t 


is a nonparabolic transformation and w x , w s are its fixed elements, the in¬ 
variant k has the value 

QiWi “h b 2 W 2 

biWi + a iWt 


provided the right-hand side has meaning. (Suggestion. Compare the coef¬ 
ficients in (4), when rewritten in the form (8), with the coefficients in (8).) 
Hence, show that always 

(9) k = ki ± V (ni + bj) 1 — 4A 

fli + bi =F V (fli + bt) 1 — 4 A 


where the choice of signs depends on which fixed element is taken as u?i and 
which as ui*. 

6. Prove that the double element of a parabolic transformation and an 
arbitrary element E are separated harmonically by the element into which E 
is carried and the element which is carried into E. 

7. Show that, if a double element of a linear transformation and a single 
element E have the property described in Ex. 6, the transformation is parabolic. 


7. Involutions. The general nonparabolic linear transformation 
with invariant — 1 has as its equation 

(1) (E\Ei, EE') = — 1, 

where Ej, Ea are the double elements. The transformation evidently 
carries each element into its harmonic conjugate with respect to the 
double elements. Hence, if it carries E into E\ it also carries E' 
into E: if (EiE 2 , EE') = — 1, then (E\E t , E'E) = — 1. In other 
words, the transformation interchanges the elements of each pair of 
elements which separate the double elements harmonically. 

Since the transformation, when it carries E into E r , also carries E' 
into E, it is its own inverse. A transformation which has this property 
is known as an involutory transformation. 

Definition. A transformation T, other than an identical trans¬ 
formation, is involutory if and only if it is its own inverse. 

The product of a transformation T and its inverse is the identical 
transformation: TT~ l = I. Hence, if T is its own inverse, the 
product of T with itself is the identity: TT = 1. Conversely, if 
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lffi 

TT =■ I, then T has the effect of undoing its own work and hence is 
its own inverse. 

Theorem 1. A necessary and sufficient condition that a transforma¬ 
tion, other than an identical transformation, he involutory is that the 
product of it with itself be the identity. 

We have noted that the linear transformations which are non¬ 
parabolic with invariant — 1 are involutory. There are no other 
involutory linear transformations. 

Theobem 2. A projective transformation of a one-dimensional form 
into itself is involutory if and only if it is nonparabolic and has — 1 as 
its invariant. 

In establishing the theorem, we consider first a nonparabolic 
involutory transformation. Let its invariant be k and its double 
elements, E u E t . When it carries E into E', it also carries E' into E: 

(EiE t , EE’) = k, (ExEi, E’E) = k, k * 0, l. 

The second cross ratio is the reciprocal of the first and therefore 
k *= 1/fc, or K 1 = 1 . Consequently, since k & 1, k = — 1 . 

It remains to prove that a parabolic transformation is never in- 
volutory. This is evident from the equation of the transformation 
written in the normal form, w' = w + c, c / 0, established- in § 6. 

An involutory projective transformation is commonly known as an 
involution. Employing this term, we summarize our results as 
follows. 

Theorem 3. An involution in a one-dimensional form is a non¬ 
parabolic linear transformation with invariant — 1. It amounts simply 
to an interchange of the elements of every pair of elements which separate 
harmonically turn distinct fixed elements. 

The pairs of elements are called pairs in the involution and their 
totality is said to constitute the involution. 

Theorem 4. An involution is uniquely determined by its fixed 
elements. 

If the fixed elements are real, the involution is hyperbolic. A normal 
form in this case, obtained from equation (5) of § 6 by setting 
k =■= — 1, is 

(2) vf *= — w. 

If the fixed elements are conjugate-imaginary, the involution is 
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elliptic. Setting k = — 1 in equation (6 6) of § 6, we obtain for this 

type of involution the normal form 

(3) icv/ + 1 = 0. 

Theorem 5. Each two distinct pairs of real elements in an involution 
do not separate one another or do separate one another, according as the 
involution is hyperbolic or elliptic. 

Two distinct pairs of real elements E, E' and E, E' do not separate 
or do separate one another according as ( EE\ E E’) is positive or 
negative. For the typical hyperbolic and elliptic involutions, (2) 
and (3), this cross ratio reduces respectively to 



and hence the theorem is proved. 

Theorem 6. If a linear transformation T interchanges the elements 
of just one pair of distinct elements, it is an involution. 

Suppose that T interchanges the elements A and A', to prove that 
always, when T carries E into E', it carries E' into E\ that is, to show 
that if T carries E into E' and E' into E, then E is always identical 
with E. Since A, A’, E, E’ go into A', A, E\ E, 

(AA' r EE') = (A'A, E'E). 

Hence {AA’, EE') = {AA', EE'), 

and E is identical with E. 

Theorem 7. There is a unique involution which interchanges the 
elements of each of two given pairs of distinct elements. 

Let A, A' and B, B' be the given pairs. We know that there is a 
unique linear transformation which carries A into A', A into A, 
and B into B', and this linear transformation is, by Th. 6, an involution. 

Theorem 7 leads to the important conclusion: 

Theorem 8. There is a unique pair of elements which separates 
harmonically each of two given pairs of distinct elements. 

The required pair consists of the double elements of the involution 
determined by the two given pairs, whose elements we now assume 
to be real. Its elements are real or conjugate-imaginary according 
as the involution is hyperbolic or elliptic. Hence, by Th. 5. 

Corollary. The elements are real or conjugate-imaginary according 
as the two given pairs do not separate or do separate one another. 
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EXERCISES 

1. Find the equation of the involution whom double elements have the 
nonhomogeneous coordinates w = 1, w «* 4. 

2. The same if the coordinates of the double elements are to «■ 1 + i, 

to * 1 — t. 

3. Show that the transformation to' = (4 — 3to)/(2to + 3) is an involution. 

4. Find the equation of the involution which interchanges the elements 
to <= 1, to = 2, and the elements io => 0, to = 4. 

5. Determine the coordinates of the elements which separate harmonically 
each of the pairs of elements of Ex. 4. 

6. The same if the two given pairs of elements are to = 1, to = 4 and to ** 0, 
to = 2. 

7. Describe completely the involutions represented by the equations (2) 
and (3) when to is thought of as a metric coordinate (slope) in a pencil of 
lines with finite vertex. 

8. The same ,for the involution defined by (3) when to is interpreted as a 
metric coordinate on a finite line. 

9. Prove that the linear transformation (8) of § 6 is an involution if and 
only if fli + b t = 0. 

8. Metric Involutions. In a Pencil of Lines with Finite Vertex. 
The most important involution in a pencil of lines consists of the pairs 
of perpendicular lines in the pencil. We shall call it the circular in¬ 
volution in the pencil. Its double lines are the isotropic lines of the 
pencil and its equation, in terms of a metric coordinate (slope) in the 
pencil, is u'u + 1 = 0. 

Theobem 1. An involution in a pencil , other than the circular in¬ 
volution, contains just one pair of perpendicular lines. 

It contains one pair of perpendicular lines, the bisectors of the 
angles formed by the double lines, and if it contained two or more, it 
would have at least two pairs of lines in common with the circular 
involution and hence, by § 7, Th. 7, would be identical with the circular 
involution. 

In a Range of Points on a Finite Line. We consider first the general 
case in which the point at infinity is not a double point and hence is 
paired with a finite point. This finite point is called the center of the 
involution. The equation of the involution, expressed in terms of a 
metric coordinate x on the line, is of the form (§ 7, Ex. 9): 

, a= gl X a * . 

b\ x — a i 
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If x is m particular referred to the center as origin, the limit of x' 
when x becomes infinite must be zero, and hence a,\ — 0. Thus we 
obtain, as a normal form for the equation of the involution, 

x'x = c, c 0. 

But this equation says: 

Theorem 2. The product of the directed distances from the center of 
an involution on a line to a pair of points in the involution is constant. 

In the special case in which the point at infinity is a double point, 
it is geometrically evident that the points of each pair in the involution 
are equally distant from the finite double 
point. 

An Application. Let a pencil of 
circles through the distinct points A 
and B be given (Fig. 8), and let L be 
a line which cuts the common chord 
AB in a finite point 0 external to the 
segment AB. Then, the pairs of points 
in which L cuts the circles of the pencil Fig. 8 

form a hyperbolic involution with 0 as 

center. For, if P and P' are the points of intersection of an arbitrary 
circle C of the pencil with L, 

OP -OP' = OA-OB, 

and hence, since OA-OB is constant, the coordinates x and x' of P 
and P', referred to 0 as origin, are connected by the relation 

xx' = c\ c 2 = OA ■ OB. 

From the figure we see that OT 2 = OA-OB — c 2 . Hence a 
circle with 0 as center and OT as radius will intersect L in the points 
x = ± c, that is, in the double points of the involution. It is evident 
that this fact can be used to effect a construction of the double points 
of a (hyperbolic) involution which is determined by two pairs of real 
points not separating one another. 

EXERCISES 

1. Two perpendicular lines which are paired in an involution in a pencil of 
lines may be called the principal lines of the involution. Show that, when the 
slope u in the pencil is referred to a principal line as initial line (u = 0), the 
equation of the involution reduces to the normal form u'u = c, c r* 0. What 
geometric theorem results? 
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2. The double Uses of an involution in the pencil of lines through the 
origin in the metric plane are x*/A + if IB m 0. Show that the equation of 
the involution, in terms of the slope X, is XX' <= — B/A. 

3. Prove that, if P lt Pi and Qi, Q* form a harmonic set, the mid-points of 
the segments PiPs, Q&t are paired in the involution determined by P t , P, 
and Qi, Q,. 

4. Give in detail the construction, referred to in the text, of the pair of 
points separating harmonically two given pairs of points which do not separate 
one another. 

5. Prove that through two points A, B and tangent to a line L meeting the 
line AB in a point external to the segment AB there are two circles. Give a 
construction for them. 

6. What does the theorem of Fig. 8 become when L is chosen so that O is 
internal to the segment ABU Verify your answer. 

EXERCISES OR CHAPTER IX 

1. Show that an involution contains infinitely many or no pairs of conjugate- 
imaginary elements, according aa it is hyperbolic or elliptic. Hence prove that 
two conjugate-imaginary elements can never separate two other conjugate- 
imaginary elements harmonically. 

2. Prove that two involutions in the same one-dimensional form whose 
double elements are distinct have just one pair of elements in common, and 
that the elements of this pair are either real or conjugate-imaginary. By 
Ex. 1 prove that the elements are real if at least one of the involutions is 
elliptic. What are the facts if neither is elliptic? 

3. Show that a line which does not contain a vertex of a complete quadrangle 
cuts the pairs of opposite sides of the quadrangle in pairs of points in an in¬ 
volution. 

4. Describe a construction, based on the theorem of Ex. 3, for the point 
corresponding to an arbitrarily chosen point in an involution which is deter¬ 
mined by two given pairs of distinct points. 

Bilinear Forms. The polynomial on the left-hand side of the equation 
(1 a) ciwiwi towiwi + Ciwtw! -f- cavtwi *» 0, CiC, — cac s s* 0. 

is linear and homogeneous in Wi, w 3 and also linear and homogeneous in wi, wi. 
It is known as a nonsingular bilinear form, in the two sets of homogeneous 
variables wi, wt and wlj wi. The corresponding equation in the nonhomo- 
geneous variables w and t tf is 

(16) CiWvf + w> + cup' -f- cu - 0. 

5. Show that (1 a) or (1 b) represents the general projective transformation 
of a one-dimensional fundamental form into itself. 

4. Prove that this projective transformation is an involution if and only 
if e* «• ct, that is, that the general involution is represented by 

Citoitoi + Ct(t 0 iU>j + WitcQ + cuBiwi - 0, CiCt — cf * 0, 
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or 

CiWW* + C|(tO + w r ) + C 4 “ 0. 

7. Show that the pairs of distinct elements (n, rj), (rf, r0, (#i, «i), (si, el), 
(t h tt), (tl, ti) are pairs in an involution if and only if 


nr! Tir' t + r t r{ uri 

8l«l Si8j + 8 jSi * j8j 

tjtl -J“ Wi fjti 


0. 


What is the form of the condition in nonhomogeneous coordinates? 

8 . Write an equation in determinant form for the involution determined 
by two pairs of distinct elements (r,, r s ), (rf, ri), (si, «i), (si, 8j). 


Quadratic Forms. The equation 

(2) fluici 2 -f 2 Ouuwj + = 0, auan — an* K 0, 

represents a pair of distinct elements. If the coefficients are real, the ele¬ 
ments are real or conjugate-imaginary. 

9. Show that the elements (2) are separated harmonically by the distinct 
elements (ri, Tj), (si, aj) if and only if 

(3) flnriSi + <Zu(ri8j + rtSi) + ajjriSs = 0. 

Suggestion. Prove that the elements (2) can have their coordinates expressed 
in the forms r -f X'«, r + X"a, where X', X" are the roots of a certain quadratic 
equation. The condition for harmonic division, X' + X" = 0, will then be 
found equivalent to (3). 

10. Show that the two pairs of elements, (2) and 

(4) hjjiCi* 2b\iwiWt + bjjWi* = 0, hiibn — biO ^ 0, 

form a harmonic set if and only if 


Onbii — + ossbu — 0. 

11. By means of Ex. 9 prove that the involution whose double elements 
are defined by (2) has the equation 

(5) anWiw'i + ait(wiwk + Wtw[) + asiWiWt *= 0. 


12. Using Ex. 10, show that the pairs of elements in the involution deter¬ 
mined by the two pairs of distinct elements (2) and (4) are given by 

k (o u Wi* + 2a^w\W% + auwf) + l (huWi* + 2 bnwiw, bnU'i 2 ) = 0, 

and that the double elements of the involution,—the pair of elements which 
separates harmonically each of the pairs of elements (2) and (4) are defined by 


( 6 ) 


OnWi + anWi anwi + ojjtcj 
buW i + bnWi buv>i + buWt 


0. 



CHAPTER X 

PROJECTIVE COORDINATES IN THE PLANE 

1. Projective Point Coordinates. As basic points of a system of 
projective point coordinates in the real extended plane, take four real 
points, A\, At, At, D, no three collinear. Denote the sides of the 
triangle AiA t A t by a u a t , a», and the lines joining the vertices to D 
by d t , dt, di. 

Choose arbitrarily a point P of the plane, draw the lines pj, p 2( p> 
joining P to A u A t , A t , and form the cross ratios 

(1) Xi = (uja*, dipi), Xs = (ujai, dtpt), X* = (ttiUj, dtpt). 

If the cross ratios are all defined, their product, since p lf p 2 , P» are 
concurrent, is equal to unity (Ch. VI, § 6, Ex. 2): 

( 2 ) X1X3X1 — 1 . 

In general, if a point P ia given, Xi, X 2 , are unique and satisfy 

(2); conversely, if Xi, X 2 , X s are 
given satisfying (2), p h p 2 , p, 
are unique and concurrent, and 
hence determine a point P. 

Thus the cross ratios Xi, X 2 , X s 
constitute possible coordinates 
for P. But they have as coor¬ 
dinates two drawbacks. In the 
first place they must always sat¬ 
isfy (2). Secondly, if P lies on 
a side of the triangle AiA 2 A», one of them is undefined. For exam¬ 
ple, if P is a point on a t , other than a vertex, pi and p 2 coincide with 
at and 




ratios? 


Xi = (ajUi, — 0, X 2 — (a 2 ai, dtOj) — ». 

ally, in this and similar cases the relation (2) has no meaning, 
objections can be met by replacing the X’s by suitably chosen 
Taking account of (2), we set 


V _ 

Xi = —» 

Xt 


** 


. Xt 
X» = — i 


and introduce (x 2 , Zt, x») as the coordinates of P. 

156 
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Definition. As the homogeneous projective coordinates of the point 
P we take any three numbers x\, x 2 , xi such that 


(4) 





In Justifying the definition we begin with points in special position. 
Let P be a vertex, say, Ai. Then pi is undefined, p 2 coincides with 
fl g , and pi with a 2 . Hence Xi is undefined, and 

X 2 = (a t a i, diOt) =« or ^- = 0, X 3 = (oja s , d 3 a s ) = 0 . 

Thus, the first equation in, (4) is meaningless and the other two 
become 

^= 0 , ^’= 0 . 

Xi Xi 

Consequently, X\ 5 ^ 0, x 2 — x$ — 0. Thus, A i has the coordinates 
(p, 0, 0) or (1, 0, 0). Similarly, A 2 and A 3 have respectively the coor¬ 
dinates ( 0 , 1 , 0 ) and ( 0 , 0 , 1 ). 

Conversely, if x\ = p 9* 0, xt — x% = 0, then X 2 = °o and X 2 — 0. 
Hence p 2 and p« coincide respectively with a 3 and a 2 and so intersect 
in Ai. 

Let P now be any point on a 3 , other than A 1 or At. According to 
(3), Xj = 0 and l/X 2 = 0; hence equations (4) become 


The first two equations say that x 3 = 0, x\x 3 ^ 0; the third equation 
determines the ratio x 2 /ii, inasmuch as Xs is defined, 0. Thus P 
has coordinates (ii, x 2 , 0 ), where iiz 2 ^ 0 . 

Let the reader prove, conversely, that a given number triple 
(x„ ij, 0 ), where ills 5 * 0 , is a set of coordinates of a point P on a 3 , 
other than A\ or At. 

It follows now that a point P lies on a, if and only if its third coor¬ 
dinate is zero. The line a, has, therefore, the equation x 3 = 0. 
Similarly, a x has the equation xi = 0, and o 2 , the equation i 2 = 0. 

Consider, finally, a point P which is not on a side of the triangle. 
In this case, each X is defined and not zero, and XiX 2 X 8 = 1. Con¬ 
sequently, equations ( 4 ) have a solution, x u x lt x i} where xjiji* ^ 0 . 
and every other solution is of the form px u px it px t , p * 0. For 
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example, if Xi *= 1/2, X* * 1, X* 2, one get of coordinates of P is 
(1, 2, 1) and all gets are given by (p, 2p, p), p ^ 0, 

Conversely, three real numbers x,, x,, x», no one of which is sero, 
are the coordinates of a point not lying on a side of the triangle. 

The justification of the definition is now complete. Incidentally, 
we have found that At, A*, A* have respectively the coordinates 
(1, 0, 0), (0, 1, 0), (0, 0, 1), and that Oi, Ot, a* have respectively the 
equations *i = 0, x* = 0, z» = 0. 

The equations of di, d, are x% = x S| xj = Xi, xi = x» respectively. 
Consider, for example, d i. The coordinates (1, 0, 0) of Ai certainly 
satisfy Xj — x, = 0, and a point P : (x,, x 2 , x»), other than A,, lies on 
di if and only if pi coincides with d u that is, if and only if Xi = 1 or 
x* = x*. Hence Xj = x* is the equation of d». 

Since D lies on each of the lines d u dt, d t , its coordinates are all 
equal. Henee a simple set of coordinates for D is (1, 1, 1). For 
this reason D is known as the unit point of the projective coordinate 
system. The triangle AiA 3 Ai is called the triangle of reference. 

Theorem 1. Cartesian coordinates are special projective coordinates. 

Let a system of homogeneous Cartesian coordinates (xj, x t , x t ) be 

given. Take, as the points A If 
A t , A», D of the previous dis¬ 
cussion, the points whose Car¬ 
tesian coordinates are respec¬ 
tively (1, 0, 0), (0, 1, 0), 
(0, 0, 1), (1, 1, 1), that is, the 
points at infinity in. the direc¬ 
tions of the axes, the origin, 
and the point with nonhomo- 
geneous coordinates (1, 1). To 
verify our theorem we have to 
show that, if an arbitrary point 
P has the homogeneous Car¬ 
tesian coordinates (ri, r t , r>), 

then ' 

\ \ \ 

Al =■ — I At ~ ~ > Aj«-» 

Tt r* rj 

whore Xi, Xt, X« are the three cross ratios (1). 
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The four lines aj, a*, d\, whose cross ratio is Xi f have the equations 
*» ~ 0, ti — 0, x t — xi = 0, r& s — r*r» = 0. 

Hence Xi = r,/r 5 . Similarly, X a = ri/r, and X, = r t /ri.* 

The Nature of the Projective Plane. Since the basic points of a 
projective coordinate system are subject only to the restriction that 
no three be collinear, the line AiAj, that is, the line x t = 0, can be 
chosen as any line in the plane. Thus the so-called ** line at infinity ” 
loses its identity as the line zj = 0 and no longer differs from any 
other line.f 

The projective plane has no exceptional points or lines. The extended 
metric plane has one exceptional line, the line at infinity, and, on this line, 
two exceptional points, the circular points at infinity. 

The points of either plane constitute a closed two-dimensional 
continuum similar to that formed by the totality of lines through a 
point in Bpace. 

EXERCISES 

1. What are the coordinates of the point in which the line d, meets the line 
Ql ? 

2. What is the equation of the line which is the harmonic conjugate of d» 
with respect to a, and a 3 ? 

3. What does the equation x t — 2 Xt =0 represent? 

4. Prove that, if a point P, other than Aj, has the projective coordinates 
(ri, r», r»), the projection of P from A a on a l has coordinates (r,, rj, 0). 

5. Prove that (xi, Xi, 0) are homogeneous projective coordinates on the 
line Oj. What are the basic points? 

2. Properties Expressed in Projective Coordinates. We first 
establish the equations of the transformation from an arbitrary 
Cartesian coordinate system to an arbitrary projective coordinate 
system. Let the Cartesian coordinates of the basic points Ai, A 2 , 
A,, D of the projective system be respectively (o 1( a 2 , a»), (6i, b 2 , 6»), 
(c V| c a , c»), (cfi, di, d t ), and let (xi, x 2 , x») be the Cartesian, and (xi, x'a, x») 
the projective, coordinates of an arbitrarily chosen point P. 

To obtain the relationship between (x t , x*, xi) and (zi, xi, x») we 

* The proof covers merely the case of a point P which does not lie on a side 
of the triangle AjAtA,. 

t As a matter of fact, we have long since known that the line at infinity is 
projectively equivalent to every other line in that it can be transformed by a 
oollineation of the plane into any prescribed line. 



HIGHER GEOMETRY 


160 


compute, by means of Ch. VI, § 4, Ex. 6, the values of the cross ratios 
Xi, X*, X* of § 1 in terms of the Cartesian coordinates of the various 
points. We find 


o b x 

J 

bex 

J 

cax 

abd 

\ — J 

| feed] 

\ _ J 

cad 

c ax | 

• Aa — j 

a b x| 

1 A* — j 

bex 

| c a d| | 

a fe dj 


bed 


On the other hand, 



Consequently, 




( 2 ) 


|be x 
jfe c d| * 




P^O. 


These equations represent the transformation from the metric 
coordinates (xi, x 2 , x a ) to the projective coordinates (xi, x' 2) xi). Since 
the numerators are linear and homogeneous in zi, x t , x» and the 
denominators are constants, the transformation is linear. It is, in 
fact, the linear transformation which carries («i, a*, a,) into (1, 0, 0), 
(fei, bi, b t ) into (0, 1, 0), (ci, cj, c*) into (0, 0, 1), and (d u d 2 , d 3 ) into 
(1, 1, 1); see Ch. VII, § 10. 

Since the transformation from metric coordinates to projective 
coordinates, or vice versa, is linear, the transformation from one 
projective coordinate system to another is linear. 

Theorem 1. The transformation from one projective coordinate 
system to a second is a linear transformation. 

We are now able to prove that the analytic representations of pro¬ 
jective configurations and properties are the same in projective coordi¬ 
nates as in metric coordinates. 

Consider an arbitrary line L. Let its equation in the Cartesian 
coordinates Xj, x s , x t be 


(3) aiXi + a*xj + a*x» = 0, fli, at, a» not all zero. 

The equation of L in the projective coordinates x\, x 2 , x' B is found by 
applying to (3) the transformation (2). Since (2) is a linear trans¬ 
formation, it carries the linear homogeneous equation (3) into a similar 
equation in xi, xi, x»: 


(4) 


aWi + aW* + a'tx* ~ 0, a\, at, o'» not all zero. 
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Conversely, every equation of the form (4) is transformed by the 
inverse of (2) into an equation of the form (3). 

Theorem 2. The equation of a straight line in projective coordinates 
is a linear homogeneous equation, and conversely. 

The theorem implies that the familiar analytic theory of points on 
a line reproduces itself in projective coordinates. From it we conclude 
that the three points with symbolic projective coordinates a, b, c 
are collinear if and only if ) a b c ( =0, or if and only if they are 
linearly dependent. It follows that, if the points a and b are distinct, 
an arbitrary point of their range has coordinates ka + lb, k and l 
not both zero, and conversely. 

Using the method employed to establish Theorem 2, we can prove 
that the expressions for the cross ratio of four collinear points are the , 
same in projective coordinates as in metric coordinates. In particular: 

Theorem 3. If Pi, Pi, Pi, P* are four distinct collinear points with 
the projective coordinates a, b, a + Pib, a + pib, then 

{PiPi, P S P*)=^- 
Mi 

Since the cross ratio formula by means of which equations (1) were 
established is valid for projective coordinates, we can consider the 
x’b as well as the x”s in equations (2) as projective coordinates. 
Then (2) is a transformation from one projective coordinate system 
to another. 

If we can show that (2) is an arbitrary linear transformation, we 
shall have proved the converse of Theorem 1: 

. ' t ' * J 

Theorem 4. Every linear transformation of X\, Xz, Xj into xi, xi, x* 
represents a change from one projective coordinate system to a second. 

Let an arbitrary linear transformation be given. It is uniquely 
determined by any four pairs of corresponding number triples, pro¬ 
vided no three triples of either set of four are linearly dependent. 
Accordingly, we can think of it as the linear transformation which 
carries four arbitrary triples a, b, c, d, no three linearly dependent, 
respectively into (1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, !)■ This ^ ra < nS * 
formation is precisely the transformation (2). Hence, Theorem 4 is 

proved. 

A linear transformation, 

3 

px'i - a^ 


(i = 1, 2, 3), k*l 0, 



Higher geometry 


162 

has now two interpretations. It can be thought of as a transforma¬ 
tion from one projective coordinate system to another. Thereby 
the points of the plane remain fixed and their coordinates are changed. 

On the other hand, a linear transformation represents a projective 
transformation of the plane into itself or into a second plane. We 
have, in fact: 

Theorem 5. A projective transformation of the points of a plane M 
into the points of a plane M', expressed in projective coordinates in the 
two planes, is a linear transformation , and conversely. 

The proof is identical with that of Ch. VII, §§ 9, 11, for the proper¬ 
ties on which the proof depends have been shown to have identically 
the same expressions in projective, as in metric, coordinates. 

EXERCISES 

1. The linear transformation, 

px[ “ — *1 + *1 + Xt, pxi ” Xi — Xl 4- Xt, pxi =* Xi + *1 — Xi, 

represents a change of coordinates. Find the coordinates in each system of 
the basic points of the other system. What are the equations in the first 
system of the Bides of the triangle of reference of the second system? 

2. Find the equations of the most general transformation of projective 
coordinates which introduces the lines 

2xi — 3*i + x, - 0, *i + 2*i — 3*i = 0, *i — *i + x, = 0 

as the sides %[ — 0, xl - 0, xi = 0 of the new triangle of reference. Then 
determine the particular transformation which also introduces (2, 3, 2) as 
the new unit point. 

3. Find the change of projective coordinates which introduces the points 
(1, 0, 1), (0, 1, 1), (1, 2, 1), (2, 1, 1) as the new basic points A h A t , A„ D. 
Use the method suggested by the previous exercise and then check the 
result by means of equations (2) of the text. 

4. Two projective coordinate Bystems have the same triangle of reference 
AiAxAt, but different unit points. Determine the form of the transformation 
from one system to the other. 

5. Four points which lie on a line not passing through A s have the symbolic 
coordinates a, b, c, d. Show that their cross ratio in the order given is equal 
to that of the four points (a u a t , 0), (hi, b t , 0), (c z , c t) 0), (di, dj, 0) Hence 
write the value of the cross ratio. 

6. What is the degree of the equation in projective coordinates of a conic? 
Justify your answer. 

7. Show that the equations, 

\b'tfx'\ |hc*j |c'a'*' |cax [a'h'g'l abx\ 

jbVd'j ™ jbcdf ’ jc'o'd' ” )eai ' | a'Vd '| ” a6dj ’ 
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represeat the linear transformation which carries a, b, c, d respectively into 
a, b, c, d, where no three triples of either set of four are linearly dependent. 


3. Projective Line Coordinates. 

Let a u at, at, d be four real lines 
in the plane, no three of which are con¬ 
current. Denote the vertices of the 
triangle whose sides are a u a it a t by 
A i, At, A g , and the poirits of intersec¬ 
tion of d with a u a t , a, by Di, Dt, Dt. 

Consider an arbitrary line p of the 
plane, mark its intersections Pi, Pt, Pi 
with Oi, a 2 , a*, and form the cross ratios 

Xi = (AjAj, DiPi), Xj — (AjAi, DtPt), Xj (A\At, D»P»). 
Since the points Pi, Pt, P t are collinear, 

XiXjX* = 1, 

provided each X is defined. 

Definition. Any three numbers u h u it u, such that 



«* 

Ut 


K 



Ut 

Ul 


X* 


constitute homogeneous projective line coordinates of the line p. 

The justification of the definition is left to the reader. He will 
find, in particular, that the lines oi, aj, a a , and d have respectively 
the coordinates (I, 0, 0), (0, 1, 0), (0, 0, 1), and (1, 1, 1), and that the 
points A i, At, As have the equations u, = 0, u t = 0, u, = 0. 

The line d is known as the unit line, and the triangle whose sides are 
at, a 2 , a s , as the triangle of reference. 

If (ui, ut, ut) and {u\, u't, u't ) are projective coordinates of the same 
line referred to two different systems of basic lines, the relationship 
between them is that of a linear transformation (Exs. 6, 7). All the 
properties constituting projective line geometry are invariant under 
linear transformations and therefore have the same analytic form in 
projective line coordinates as in metric line coordinates. A point is 
represented in projective line coordinates by a homogeneous linear 
equation, and conversely; the formulas for the cross ratio of four 
concurrent lines are preserved; and the projective transformations of 
the lines of a plane into the lines of the same, or a different, plane are 
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identical with the linear transformations of the projective line coor¬ 
dinates. 


EXERCISES 

1. Justify the definition of projective line coordinates. 

2. What are the coordinates of the line A t Dtf 

3. What does the equation 2 ut + u» = 0 represent? 

4. Show that the line which is determined by At and the point of inter¬ 
section with at of a given line (ui, u 2 , u t ), not a t , has the coordinates («i, 0, u 3 ). 
Of what value is this fact? 

5. Prove that («», 0, «j) are homogeneous projective line coordinates in the 
pencil of lines whose vertex is At. 

6. Show that metric line coordinates are special projective line coordinates. 

7. Prove that the change from a metric system of line coordinates to a 
projective system, and hence the change from one projective system to a second, 
is given by a linear transformation. 

8. The linear transformation, 

pu[ = Oitii, pul = a tilt, pul = agUj, 'aidjaj ^ 0, 

represents a change from one system of reference for line coordinates to a 
second. How are the two systems of reference related? 

4. Projective Point and Line Coordinates in the Same Plane. 
In developing simultaneously in the same plane a system of projective 
point coordinates and a system of projective line coordinates, there is 
one question of paramount importance: that of the analytic form of 
the condition that a point x lie on a line u. This condition must be 
linear and homogeneous in X\, x t , x%, inasmuch as, when the u’s are 
held fast and the x’b varied, it represents a line. Similarly, it must be 
linear and homogeneous in u i, u 2 , u 3 . Hence, it must be bilinear in 
Xt, Xt, xt and Ui, u<, u»; that is, it must be of the form 

Ou*l«l + OuXiMs + OiiXiM* 

(1) + auXiUt + ojjXjUj + auXaUt 

-f- fliiXgUi + OiiXiUi + OjjXiU* — 0. 

The importance of the question at issue is obvious. The simplicity 
of Urn resulting analytic geometry depends largely on how simple (1) 
can be made by proper choice of the systems of reference for the point 
and line coordinates. It is to be hoped that these systems can be so 
chosen that (1) will become 

{2) t»i*i + w »Xt -j" W|X* ■ 0. 
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Let us select at pleasure the triangle of reference AUiA» and the 
unit point D for the system of point coordinates, and take the same 
triangle a^a^it as the triangle of reference for the system of line 
coordinates (Fig. 4). 



The point A t : (1, 0, 0) lies, then, on the line a 2 : (0, 1, 0). Setting 
x t — 1, xi = 0, x 3 = 0 and Mi = 0, « 2 = 1, w» = 0 in (1) must yield, 
therefore, a true equation. Thus we find that «i 2 = 0. Similarly, 
since A t : (1, 0, 0) also lies on a 3 : (0, 0, 1), we have o« = 0. In the 
same way an = 0, a i3 — 0, and a S i = 0, a J2 — 0. Hence (1) becomes 

(3) anXjUi + a 22 x 2 u 2 + OssXjttj = 0. 

It remains to demand that the unit line d : (1, 1, 1) be so chosen 
that (3) reduces to (2). 

The equation of the unit line, as derived from (3), is 

(4) anxi + a 22 x 2 + ajjXj = 0, 
whereas that obtained from the desired form (2) is 

(5) xi + x 2 + Xs = 0. 

The condition that (3) reduce to (2) is a n = a u = a 33 . This is 
also the condition that (4) reduce to (5). Accordingly, we meet the 
original demand by requiring that the unit line d be so chosen that its 
equation (4) takes on the form (5). 

A means of satisfying this requirement is obvious. We have merely 
to take as d the line of the three collinear points (0, 1, — 1;, 
(— 1, 0, 1), (1, — 1, 0) For, since the coordinates of these points 
must satisfy (4), we have immediately an = a 22 = a 3S ; consequently, 
(4) reduces to (5) and the condition (3) takes on the desired form (2). 
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Geometrical Relationship between Unit Point and Unit Line. The 
points (0, 1, — 1), (— 1, 0, 1), (1, — 1, 0) are the points Z>i, D a , 2), 
in which d meets the sides of the triangle of reference. Since they 
are coilinear and lie respectively on the sides of the triaDgle, the lines 
Joining their harmonic conjugates, with respect to the vertices of the 
triangle, to the opposite vertices are concurrent. These lines are 
readily shown to be the lines dj, d 5 , da, concurrent in the unit point D. 

Thus, if the unit point D is given and the lines d 1( d t , d» are drawn 
meeting the opposite sides of the triangle in C i, C t , C*, the points 
D i, D t , D a which are the harmonic conjugates of C i, C 2 , C» with 
respect to the vertices are coilinear, and the line of collinearity is the 
unit line d. 

Relationship of Point and Line in Projective Coordinates. In em¬ 
ploying projective point and line coordinates simultaneously, we shall 
always assume that the systems of reference have been chosen as 
described, so that the condition that the point x lie on the line u is 

(2) UiXi + UtXt -f- UaXt — 0. 

The theory of the relationship of point and line (Ch. V, § 4) has, 
then, the same analytic form in terms of projective coordinates as in 
terms of metric coordinates. From (2) it follows that (a j«) = 0 is the 
equation of the point a and that (a | x) = 0 is the equation of the line a, 
and hence the entire theory in question remains unchanged. 

Exercise. The triangles AiA,A 3 and CiCtC ■ (Fig. 4) are in the relationship 
of Desarguea, inasmuch as the lines joining corresponding vertices are con¬ 
current in the unit point D. Prove that the line of collinearity of the points 
of intersection of corresponding sides is the unit line d. 

5. Two-Dimensional Projective Transformations. The totality of 
points in the plane and the totality of lines in the plane we shall call 
two-dimensional fundamental forms. 

Definition. A transformation of the elements of a two-dimensional 
fundamental form F into the elements of a two-dimensional fundamental 
form F' is projective if it (o) establishes a one-to-one correspondence 
between the elements of F and F', ( b ) establishes a one-to-one corre¬ 
spondence between ike one-dimensional forms composed of elements of F 
and the one-dimensional forms composed of elements of F', and (c) pre¬ 
serves cross ratio. 

It will be well to paraphrase the definition in a particular case. A 
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transformation of the points of a plane of points into the lines of a 
plane of lines is projective if it establishes (o) a one-to-one correspond¬ 
ence between the points of the first plane and the lines of the second, 
and (6) a one-to-one correspondence between the ranges of points in 
the first plane and the pencils of lines in the second, and (c) preserves 
cross ratio. 

Theorem 1 , There exists a unique projective transformation of one 
two-dimensional form into a second which orders to four given elements 
of the first form four prescribed elements of the second, provided no three 
of either set of four elements are linearly dependent. 

Thus, a projective transformation of a plane of points into a plane 
of lines is uniquely determined when to four points of the first plane, 
no three of which are collinear, are ordered four lines of the second 
plane, no three of which are concurrent. 

We prove the theorem in this case. Take the four points of the 
first plane as the basic points A i, A 5 , A 8 , D of a system of projective 
point coordinates (xi, x 5 , xa), and the corresponding four lines of the 
second plane as the basic lines a[, a' h a*, d' of a system of projective 
line coordinates. It can then be shown (Ex. 2) that, if there exists a 
projective transformation which orders A i to a[, A r to ai, A, to ai, 
D to d\ the transformation is unique and is represented by the 
equations 

(I) pu\ = Xj, pUt = Xjj, put — x». 

That this transformation is projective is evident from the fact that 
the equations are those of a linear transformation of the x’s into the 
u"b. Hence the theorem is proved. 

The projective transformation (1) of the plane of points into the 
plane of lines is linear and will remain linear regardless of the systems 
of projective coordinates employed in the two planes. Conversely, 
every linear transformation of projective point coordinates (xi, Xt, x») 
in the first plane into projective line coordinates (ul, u't, u’t) in the 
second plane we know has the properties (a), (b), (c) of our definition 
and is therefore a projective transformation. 

Theorem 2. The projective transformations of one two-dimensional 
form into a second are identical with the linear transformations of pro¬ 
jective coordinates for the elements of the first form into projective coor¬ 
dinates for the elements of the second. 
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EXERCISES 

1. Give in detail the proof of Theorem 1 in the case of two planes of points. 

2. The same, for a plane of points and a plane of lines. 

6. Colllneations and Correlations. There are four kinds of pro¬ 
jective transformations of a plane M into a plane M': 

A |. Those of the points of M into the points of M'. 

At. Those of the lines of M into the lines of M'. 

B i. Those of the points of M into the lines of M r . 

Bj. Those of the lines of M into the points of M'. 

CoUineations. In Ch. VII, § 13 we proved that the transformations 
Ai and A s are in effect identical and we agreed to give them the 
common name “collineations.” 

Correlations. The transformations B\ and Bt are also identical in 
that the relationships which they establish between the two planes 
are the same; B\ are the transformations of the points of M into the 
lines of AT which (a) establish a one-to-one correspondence between 
the points of Af and the lines of M', (b) establish a one-to-one corre¬ 
spondence between the lines of M and the points of M ', and (c) pre¬ 
serve cross ratio; and Bt are the transformations of the lines of M 
into the points of M' which have the same three properties with the 
order of (a) and (6) reversed. 

The transformations B i and Bt are known as correlations. Thus, 
a correlation is a ■projective transformation of a plane M into a plane M' 
which carries the points of M into the lines of M' and hence the lines of M 
into the points of M', or vice versa. 

A correlation carries a point into a line and a line into a point; 
collinear points into concurrent lines, and vice versa; a cross ratio 
of four collinear points into an equal cross ratio of four concurrent 
lines, and vice versa. In short, a correlation always carries a given 
figure into the dual figure, a given property into the dual property. 
It is the analytic representation of the process of dualization. It 
correlates the configurations and theorems of point geometry with 
those of line geometry, 

A correlation can be represented analytically in two ways, either as 
a transformation Bi or as a transformation Bt. The general corre¬ 
lation and its inverse, expressed in terms of point coordinates in M 
and line coordinates in AT, are 

<1) put = T, a {i x it oxi = £ Ajiu'j, {i = I, 2, 3), |o,y| ^ 0, 

J-i i-i 
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where A ,7 is the cofactor of 0,7 in |a<, j. The same correlation and 
its inverse, written in terms of line coordinates in M and point coor¬ 
dinates in M', are 

f 3 3 

(2) \x\ = YL fiui = £ (t = 1. 2, 3). 

J-i /-1 

If M and M' are the same plane and x, u and x', v! are referred to the 
same system of reference in this plane, equations ( 1 ) represent the 
general correlation of the plane. 

The correlations of the plane do not, in themselvea, form a group; 
for the product of two of themes evidently a collineation. The col- 
lineations and correlations of the plane, taken together, do form a 
group, the general projective group of the plane. 


EXERCISES 

1. Deduce equations (2) from equations (1). 

2. Write the equations of the general correlation expressed as a trans¬ 
formation B 2 and deduce from them the equations of the correlation as a 
transformation B\. 

3. Show that the correlation 

pu[ — 2xi — Xi + x a , p«! = — Xi + x» 4- 3 x 3 , pui = Xi + 3xi — Xj 
is involutory, that is, that carrying it out twice results in the identical trans¬ 
formation. 

4. Prove that the locus of a point which moves so that it always lies on the 
line corresponding to it by the correlation of Ex. 3 is a nondegenerate conic. 

5. The determinant of the correlation of Ex. 3 is symmetric; see Ch. I, 
§ 6, Ex. 3. Show that the properties established for it in Exs. 3, 4 are pos¬ 
sessed by every correlation whose determinant is symmetric. 


7. Trilinear Coordinates. Let us consider equations (2) of § 2, 
namely 


(1) 


px 1 = 


[x_b_cj 
\d b cl 


t | xc a\ 
pXi I deal 


px'i 


\x a 6 | 
dab | 


with the idea of finding a metric inter¬ 
pretation of the projective coordinates 
(x\, x‘t, xi) which are defined by them. In 
so doing, we assume that the vertices a, 
b, c of the triangle of reference and the 
unit point d are finite points and restrict 
ourselves in the beginning to the case of 
a finite point P. 
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The determinants | * b cj and | d b e| are essentially the numerators 
in the formulas for directed distances from the line oi to the points P 
'and D. In fact, if we assume that x» = 1 and <f» = 1 , these directed 
distances are 

( 2 ) *i = ±j|x&e|, ii=±^id 6 c|, 

where 

A* = ( 6 jCj — i»sCj) s +■ (biCi ~ b iCa)* + (bic, — btCi) 1 , A > 0, 

and their ratio is the ratio of the two determinants. 

In the same way we can interpret the other two ratios in (1). 
Hence we can rewrite (1) in the form 


(3) 


, 1 ,1 ,1 

fiXl ~ ki 1,1 pX1 ~ fa pX * ~ k ,**’ 


where ki is a chbsen directed distance from <u to D and Zi is the corre¬ 
sponding directed distance from a< to P. 

Theorem 1. The projective coordinates of a finite point P, inter¬ 
preted metrically, are proportional to multiples of directed distances from 
the sides of the triangle of reference to P; the multipliers are the reciprocals 
of the corresponding directed distances from the sides to the unit point. 

Considered from this point of view, the coordinates (xi, xi, xi) are 
known as trilinear coordinates of P. 


**« 


Barycentric Coordinates. The first system of trilinear coordinates 
was developed by Moebiua by means of an ingenious mechanical idea. 

He conceived, as the coordinates of a 
point P, the three masses m h m s , «, 
which must be placed at the vertices of 
the triangle in order that P become the 
center of gravity of the triangle. To 
show that these are actually trilinear 
coordinates, we place at the point P the 
mass m = wi| + mj + m t . Since P is 
the center of gravity, the Bum of the 
algebraic moments of the masses m u mt, 
m, about a side of the triangle is equal to 
the motaent of the mass m about this side. Hence (Fig. 6): 

hytni «■ flMSi, 



t 


Fm. 6 


ktnti * Mt], 


h%m% * mzt. 
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1 I 1 

mi : m*: «, #= — ; — z%. 

fit hi hi 

But the altitudes hi, hi, hi of the triangle are proportional to the 

distances from the sides to the intersection of the medians. Hence, 

the barycentric coordinates are the 

trilinear coordinates obtained by 

taking the intersection of the me- 

dians as the unit point.* 

fl| / \®I 

Center of Inscribed Circle as Unit / +.+.+ \ 

Point. If we choose the directed --V- 

distances from the sides of the tri- 

angle so that ki, k 2 , k, are all posi- Faj ^ 

tive,t and take as D the center of 

the inscribed circle, ki, k 2 , k a are all equal and the directed distances 
Zi, Zi, z» of a point P from the sides of the triangle are themselves 
coordinates of P. Their signs in the various regions of the plane are 
shown in Fig. 7. 

y If ai, a 2 , a* now denote the lengths of the 

a,S*i\ I sides of the triangle and A its area, then 

(4) aiz ! + a 2 Zi + a s z s — 2 A. 

-jj — 1 -This relation is evident from Fig. 8 if P is in- 

Fig 8 side the triangle and, by use of the facts sup¬ 

plied by Fig. 7, it is readily seen to hold when 
P is outside the triangle. 

The points for which the expression on the left-hand side of (4) 
vanishes, since they cannot be finite, must be ideal. Hence the 
equation of the line at infinity is 

QiZi -}■ ctjSs — 0 


zi sin Ai + zt sin At + z t sin As = 0 . 


In discussing metric properties of a triangle in Ch. Ill, § 10, we 
took the origin of coordinates inside the triangle and introduced the 
equations in normal form, « = 0, /3 = 0, 7 = 0, of the sides of the 

* The proof apparently applies only to the case when m\, tni, to, are all 
positive. Actually, if it is properly interpreted, it is valid in all cases except 
when to «= 0. What are the facts when tn ■» 0? 

t For example, we choose the upper or lower sign in ( 2 ) according as to 
which makes ki > 0 . 
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trianglt,. The values of a, fi, y for a point P are then the directed 
distances from the sides of the triangle to P and are all of the same 
sign when P is inside the triangle. Hence a, fi, y are trilinear coor¬ 
dinates of P of the specialized type we are now considering. Accord¬ 
ingly, the results obtained in terms of them will all be valid here when 
we replace a, fi, y by zi, z 2 , a*. 

For example, it follows from Th. 4 of the paragraph cited that the 
equations of the medians of the triangle are 

«i sin Ai =a»sin A it z 2 sin A s — z t sin A», z, sin A» *= sin Au 
Hence coordinates of the point of intersection of the medians are 
(sin At sin At, sin At sin Ai, sin Ai sin At). 

EXERCISES 

Exercises 1-6 b?ar on the specialized coordinates last developed. 

1. Show that the centers of the inscribed and escribed circles are (1, 1, 1), 

(-1, i, i), a, -1, i), a, i, -1). 

2. Prove that the point of intersection of the altitudes has the coordinates 
(cos Aj cos A», cos Aj cos Aj, cos Ai cos Ai). 

3. Show that (cos Ai, cob A%, cos Aj) is the center of the circumscribed circle. 

4. Prove that the intersection of the medians, the intersection of the alti¬ 
tudes, and the center of the circumscribed circle are collinear. 

5. Show that the coordinates of the point Pi which is isogonally conjugate 
(Ch. Ill, § 10, Ex. 5) to the point Pi : (m 1; ms, m s ) are (1/mi, 1/wij, 1/mj). 
It is assumed that Pi is not on a side of the triangle. 

6. Prove that the equation of the circumscribed circle is 

ZiZj sin Ai + ZjZi sin Ai + ZiZj sin A* = 0. 

7. Develop a metric interpretation of projective line coordinates. 

EXERCISES 017 CHAPTER X 

1. A transformation of the points of a plane leaves fixed a certain point A 
and every point on a certain line a not passing through A and carries any other 
point P into its harmonic conjugate with respect to A and the point in which 
AP meets a. Find the equations of the transformation in terms of suitably 
chosen projective coordinates and hence show that the transformation is 
projective and involutory. 

2. Characterize geometrically the linear transformation 

pxl = Xi, px j = sj, px, => k xt, k pi 0,1, 

as a transformation of the plane into itself. 

3. Show that, if a collmeation possesses four fixed points, no three of which 
are collinear, it is the identity. 
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4. A collineation has three real noncollinear points as its only fixed points. 
Show that the equations of the collineation, referred to suitably chosen 
projective coordinates, are 

, pxl => a<iX u pxl ■= amt, px > = amt, 

where no one of the constants ai, 0 j, ctj is zero and no two are equal. Find 
the corresponding equations in line coordinates and show that the collineation 
leaves fixed just three lines. 

5. A collineation, not the identity, leaves fixed every point on a certain line 
and every line through a certain point on this line. Show that projective 
point coordinates can be so chosen that it is represented by the equations 

pxl = xi + c x t , px't = * 2 , px, = x h c ^ 0. 

6 . Establish the theorem: The point r is a fixed point of the collineation 

a 

p%i " (f ~ 1, 2, 3), |uu[ 0* 

if and only if (ri, r,, r 2 ) is a solution of the system 

(°u — p)xi + OijZj + a,iXi ” 0, 

at iii + (fflaj — p)xt + ajaxj = 0, 

“a i*i + attXt + (a«» — p) x, = 0, 


where p is a root of the cubic equation 


an — p ait 

«ai Oti — p 
ft n tt>j 


OJ! 

an — p 


t= 0 . 


7. Find the fixed points and the fixed lines of each of the collineations: 
px i = — 2* s + 2z», px[ = 3xi +xt — x,, 

px* = - 3*i + xt +3*b, p*5 = *i + *i + x*, 

px', = — *i + *j + 3*>; pxl ■= 2*i + 2**. 



CHAPTER XI 

GEOMETRIES 

1. Counting Constants. If the number of objects in a set is finite, 
it is a simple matter to count them. It is an entirely different problem 
to measure the number of objects in a set if that number is infinite. 
At times it suffices to say Bimply that the number iB infinite. But 
this is not always a sufficient statement of the facts. There are, for 
example, infinitely many points on a line and infinitely many points 
in a plane, yet we should hardly think of the one set as comparable 
with the other. We need, then, a classification of infinities. 

The infinities with which we have to deal in geometry are in general 
characterized by the fact that they admit analytic representation by 
means of coordinates, or parameters (arbitrary constants). 

For example, the points in a plane can be represented by means of 
two (Cartesian) coordinates x, y. Thus, values assigned to two 
parameters are sufficient to determine a point in the plane. More¬ 
over, two is the smallest number of parameters which suffice for this 
purpose. 

A circle in the plane can be determined by values assigned to three 
parameters, say, the coordinates (xo, y») of the center and the radius r. 
Furthermore, it is impossible to fix the position and the size of a circle 
by values assigned to less than three parameters. 

A point on the parabola y *= x* has two coordinates x, y. The two 
coordinates are, however, not independent; when x is given, y is deter¬ 
mined. Thus the single parameter x suffices to determine a point on 
the parabola- 

As a further illustration, let us count the parameters sufficient to 
determine an arbitrary triple of collinear points in the plane. Two 
parameters suffice to fix each of the three points. The six parameters 
thus involved are not independent; they are connected by the relation 
which expresses the fact that the pointB are collinear. Hence, five 
is the smallest number of parameters sufficient to determine a col- 
linear point-triple in the plane. 

Definition. If the smallest number of parameters sufficient to deter¬ 
mine the general dement of a set of infinitely many dements is n, the set 

174 
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u said to contain ® B (infinity n) dements or to form an n-parameter 
family of dements.* 

According to the definition, there are in the plane: <** points or a 
two-parameter family of points; »* circles or a three-parameter family 
of circles; and collinear point-triples. 

The parameters of the smallest set of parameters sufficient to deter¬ 
mine the general element of an infinite set are all essential for the 
determination of the element. Accordingly, we shall frequently refer 
to them, for the sake of brevity, as essential parameters. 

Homogeneous Parameters. A given point of the plane has unique 
nonhomogeneous coordinates (x, y), but infinitely many sets of homo¬ 
geneous coordinates (xi, x 2 , x a ) of the form (pxi, px 2 , px a ), where p 
is an arbitrary constant, 9^ 0. Thus, to the point corresponds Just one 
pair of nonhomogeneous coordinates, but a one-parameter family of 
sets of homogeneous coordinates, where the parameter is the factor of 
proportionality p. 

Again, an arbitrary circle in the plane can be thought of as deter¬ 
mined by the three nonhomogeneous parameters A\, Ai, which 
appear as coefficients in the equation 

x* + y 1 + Aix + A t y + At = 0, 

or by the four homogeneous parameters ao, fli, a 2 , o* obtained by re¬ 
writing this equation in the form 

(^(x 1 + + oix + any + a t = 0, a* 0 . 

The latter parameters are homogeneous, inasmuch as the circle remains 
the same when Oo, oi, o 2 , a» are replaced by poo, p«i, pa 2 , pa»- It is 
evident that to a given circle there corresponds <* 1 sets of values of 
the homogeneous parameters, but only one set of values of the non¬ 
homogeneous parameters. 

In counting the homogeneous parameters in each of these cases, 
we count each element (point or circle) an infinity of times equivalent 
to one parameter. Consequently, we can obtain the essential number 
of parameters in each case by subtracting one from the number of 

* We are, of course, restricting ourselves to parametric representations of 
the elements of the set which are continuous, that is, which establish a con¬ 
tinuous correspondence between the elements of the set and the sets of values 
of the parameters. Every representation by means of coordinates or para¬ 
meters with which the student is familiar, and, in fact, every representation 
which is of importance in geometry, has this property. 
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homogeneous parameters. Thus, there are in the ease of the point 

3 — 1 = 2, and in the case of the circle 4 — 1 = 3, essential para* 

meters. 

Mixed Parameters. The set of parameters x lt x t , x 3 , r for a circle, 
where xi, xt, x» axe the homogeneous coordinates of the center and r 
is the radius, is neither homogeneous nor nonhomogeneous. It con¬ 
sists of the three homogeneous parameters X\, x 3 , Xj and the non¬ 
homogeneous parameter r, and may fittingly be described as a mixed 
set of parameters. 

Though the parameters are not homogeneous, there corresponds 
to each element, as in the case of homogeneous parameters, sets 
of parametric values: px i, px j, px%, r. Hence the number of essential 
parameters is 4 — 1 = 3; there are * circles in the plane. 

A point-triple in the plane can be determined by the homogeneous 
coordinates Oi, a*, at] fe l( b it fe 3 ; Ci, c*, c s of the points. Here we have, 
not one set of nine homogeneous parameters, but three sets of three 
homogeneous parameters each, which are independent in that the 
three corresponding factors of proportionality can be chosen inde¬ 
pendently of one another. Hence, to a given point-triple correspond 
°o* sets of parametric values: pa u pa t , pat] obi, obi, obt] rci, tc 2 , tc». 
The number of essential parameters is therefore 9 — 3 = 6; there are 
<*> 6 point triples in the plane. 

Miscellaneous Examples. Let it be required to find the number of 
lines in the plane when an arbitrary line is thought of as determined 
by two pointB. 

Four parameters, two for each point, suffice to fix the line. Thereby 
we have counted the line as often as there are pairs of points on it, 
namely, «> 8 times. The number of essential parameters is then 

4 — 2 = 2; there are » s lines in the plane. 

Let it be required to count the number of lines in space, a line in 
space to be thought of as determined by its direction components and 
a point on it. 

A point in space has three nonhomogeneous coordinates, and a line 
in space, three direction components. But the direction components 
are homogeneous and the point can be taken in any one of the oo 1 
positions on the line. Hence, there are w 4 lines in space. 

Real and Complex Parameters. The reader has doubtless assumed 
that we have been dealing with real elements and counting real 
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parameters. He might equally well have thought of both the ele¬ 
ments and the parameters as complex. The results would remain the 
same. For example, the general real point in the plane depends on 
two essential real parameters, and the general complex point, on two 
essential complex parameters. 

The situation is different, however, if we are considering complex 
elements and count real parameters. There are, then, » 4 complex 
points in the plane, for the coordinates {x' + i x", y' + i y") of a 
complex point involve four real parameters. 

With the count of real parameters as a basis we are able to compare 
the number of complex points in the plane with the number of real 
points. Whereas there are but ao 2 real points, there are oo * complex 
points. In other words, the complex points outnumber the real 
points to the same degree that the real lines in space outnumber the 
real lines in a plane! 

EXERCISES 

In each of the following examples, determine the number of the elements 
described. Unless the contrary is stated, the elements and parameters are to 
be assumed as both real (or both complex). 

1. Pairs of points in the plane. 

2. Triangles in the plane, when a triangle is thought of as determined by 
three nonconcurrent lines. 

3. Complete quadrangles in the plane, if a complete quadrangle is considered 
as determined by (a) four points, no three collinear; (6) six lines passing by 
threes through four points. 

4. Circles in a plane, if a circle is considered as determined by three non- 
collinear points. 

5. Conics in a plane. 

6 . Ellipses in a plane, if an ellipse is considered as determined by its foci 
and eccentricity. 

7. Parabolas in the plane, when a parabola is given by (a) its equation; 
(b) its definition in terms of focus and directrix. 

8 . Points in space. 

9. Planes in space, when a plane is determined by (a) its equation; (f>) three 
noncollinear points; (c) a line and a point. 

10. Lines in space, when a line is determined by (a) two points; (b) two 
planes. 

11. Points of a sphere. 14. Conies in space. 

12. Spheres in space. IS. Lines through a point. 

13. Circles in space. 16. Planes through a point. 
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17. Complete quadrangles with a given diagonal triangle, in the plane. 

18. Complex points on a line, when real parameters are counted. 

2. Dimensionality. In saying that a line is one-dimensional, a 
plane two-dimensional, and space three-dimensional, we mean simply 
that a line contains °° 1 points, a plane « a points, and space ® * 
points. Thereby, we are assuming the classical point of view that the 
point is the fundamental element and that line, plane, and Bpace are 
to be thought of as consisting of points. 

If the line is taken as the fundamental element, we must count the 
number of lines in a given configuration or manifold, to determine its 
dimensionality. The plane, considered as the totality of its lines, is 
still two-dimensional. But space, since it contains °o 4 lines, is four¬ 
dimensional. The line itself fails of dimensionality; the linear one¬ 
dimensional manifold generated by lines is the pencil of lines, or the 
point. 

EXERCISES 

1 . If the plane is chosen as the fundamental element, what is the dimen¬ 
sionality of space? Of a plane? Of a line? Of a point? 

2 . If the circle is taken as the fundamental element, what is the dimen¬ 
sionality of the plane? Of space? 

3. Geometries. In building a geometry, we begin by choosing a 
fundamental element. We have already recognized that the line can 
be used as the fundamental element as well as the point. Thus we 
have line geometry as well as point geometry. Similarly, there is 
circle geometry, in which the circle is the fundamental element. 

The dimensionality of a geometry is the dimensionality of the totality, 
or manifold , of fundamental elements studied. For example, point 
geometry and line geometry in the plane are both two-dimensional. 
Point geometry of a line is one-dimensional; so also is line geometry 
of a point. 

Point geometry and plane geometry in space are three-dimensional, 
since there are in space »* points and » 3 planes. Line geometry in 
space is four-dimensional; it furnishes us with an important example 
of a geometry which is in dimension greater than three and yet is 
within the limits of our powers of visualization. 

The choice of the fundamental element and of the manifold of these 
elements to be discussed constitutes but part of the construction of a 
geometry. There remains the important question as to the nature of 
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the geometric properties to be studied. This question is settled by the 
choice of a group of transformations on the coordinates of the funda¬ 
mental element of the manifold. The geometry is then to consist of 
the discussion of those properties which are invariant with respecjt to 
the group. 

For example, if the points of the plane are to be discussed, we could 
take as the group of transformations the totality of all transformations 
of the points of the plane 

z' = /(*, V), f = <Kx, y) 

which are one-to-one and continuous. The resulting geometry is 
known as analysis situs. 

In the present book we deal primarily with the point geometry and 
the line geometry of the plane in which the governing group of trans¬ 
formations is the projective group or a subgroup of the projective 
group. 

4. Affine Geometry. The plane of metric geometry contains one 
exceptional line and, on this line, two exceptional points, and the 
transformations which control metric geometry, namely the rigid 
motions, all leave the line and each of the two points invariant. On 
the other hand, the projective plane has no exceptional point or line 
and, correspondingly, there is no point or line which is left fixed by 
all collineations. 

Intermediate between these geometries is the geometry which has 
merely an exceptional line and is governed by the particular colline¬ 
ations which transform this line into itself. These collineations are 
known as affine transformations, and the geometry, as affine geometry. 

Affine geometry may be considered as a generalization of metric 
geometry or as a “ subgeometry ” of projective geometry. In 
developing it, we shall employ, on the one hand, the terminology of 
metric geometry and, on the other hand, special projective coor¬ 
dinates so chosen that the fixed line, the line at infinity, is always the 
line x, — 0. The affine transformations are, then, the collineations of 
the plane which carry the line at infinity: x» = 0 into itself, or, what is 
the same thing, carry a finite point always into a finite point. 

The collineation, 

px'i = £ OijXi, (i — 1, 2, 3), | a,-/1 5^ 0, 

y-i 

is an affine transformation if and only if o»i = o« = 0; for, it carries 
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every ideal point into an ideal point if and only if asi vanishes whenever 
x» is zero, regardless of the values of xi and x*, that is, if and only if 
auxi + ojjXj == 0. 

Thus, the general affine transformation is 


pXi = duXi + O12XJ ■+■ 013X3, 
px » = OjiXj + daXi -J- ajjXa, 
px't = dliXz, 


ajj 


On 


Oil 


flu 

a« 


* 0, 


or in terms of the nonhomogeneous coordinates x = xi/x 3 , y = x 2 /xa, 


(1) 


x' = aix + b\y + ci, 
= Ojx + by + c», 



61 

bi 


*0, 


where the six coefficients are subject merely to the restriction that 
A^O. 

Theorem 1. The totality of affine transformations forms a group, a 
subgroup of the group of coUineations. 

An invariant peculiar to the group of affine transformations is 
obtained by specializing the fundamental projective invariant, cross 
ratio. Three distinct points Pi, P 2 , P on a line L and the ideal point 
P a on L are carried by the general affine transformation into three 
distinct points Pi, P a, P f on a line if and the ideal point P' x on l!. 
Hence 

(PlP'* P'P'.) = (PiP 2 , PP»). 

Since P^Pl/P^Pj = 1 and P«Pi/P«Ps = 1, the equation becomes 

FFi __ PPL. 

P'Pi PPt ’ 


Theorem 2. The ratio in which the point P divides the line-segment 
PiPt is an invariant with respect to the group of affine transformations. 

Inasmuch as this ratio is not invariant with respect to all collinea- 
tions, we call it an affine invariant, and the corresponding geometric 
property, an affine property. 

Theorem 3. Parallelism of lines is an affine property. 

Affine coordinates are the special projective coordinates obtained 
by taking always, as the side x» = 0 of the triangle of reference, 
the line at infinity. Inasmuch as affine geometry deals primarily 
with the finite pointB of the plane, affine coordinates are in general 
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most useful in the nonhomogeneous form 


( 2 ) 


Xl 

X — — ■> 

x> 


Xi 

y ~ ' 

Xt 


The transformations from one system of affine coordinates to a 
second are the transformations of 
projective coordinates which do not 
change the side x 8 = 0 of the tri¬ 
angle of reference. Consequently, 
they are the linear transforma¬ 
tions which carry x 3 = 0 into itself, 
namely, the transformations (1). 

The transformations ( 1 ) may, then, 
be regarded, not only as the affine 
transformations of the plane, but 
also as the transformations from 
one pair of affine coordinates (x, y) to a second pair (x', »/)• 

It is of interest to interpret the affine coordinates ( 2 ) from the 
point of view of metric, geometry. By definition, Ch. X, § 1, 



a,d, 


x ~ — — (fljfli, 

Xi 

Hence (Fig. 1 ), 

x — (vl j^ 4.3, D2P2), 
or 

x — (P2D2, A*Ai), 


= — = (a 8 a2, diPi). 
x» 


y = (A2A3, DiP{), 
y = {P\Du AjA 2 ). 


Finally, since Ai and A 2 are points at infinity, 



Thus, x and y are metric coordinates of the point P referred to oblique 
axes, or oblique Cartesian coordinates. 

This interpretation of affine coordinates is instructive in that it 
lends visible emphasis to the fact that angle has no place in affine 
geometry. It may, however, be misleading in that it appears, on 
first sight, to assign to distance a leading rdle. Distance itself is not 
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an affine property. In fact, only the ratios of distanoes which lie 
on the same line or on parallel lines have significance in affine geometry 
(see Th. 2 and Ex. 3), and it is merely in the form of ratios of this kind 
that distance appears in equations (3). 

EXERCISES 

1. Prove Theorem 1. 2. Establish Theorem 3. 

3. Prove that the ratio of two directed distances which are on the same 
line or on parallel lines is an affine invariant; show that these are the only 
cases in which a ratio of distances is unchanged by all affine transformations. 

4. Show that the area of a triangle is a relative invariant with respect to the 
group of affine transformations. 

5. The equations 

x'= 3x — 2j/ — 1, y' = x + 3y — 4 
represent a change of affipe coordinates. Find the original coordinates of the 
new basic points and the equations in x and y of the new axes. 

6. Determine the most general transformation of affine coordinates which 
introduces the lines 

2x — y = 0, £ + 0 + 1 = 0 

as the new axes x' — 0 , y' = 0 , and hence find the particular transformation 
which also introduces (3, 1) as the new unit point. 

7. A projective transformation of a line L into a second line L' is called an 
affine transformation if it carries the point at infinity on L into the point at 
infinity on U. Show that the general affine transformation of L into L’ iB 
identical with the general transformation of similarity of L into L\ namely 
x' = 01 + 4 , 0 ^ 0 . 

5. Metric Aspects of Affine Transformations. 

Theorem 1. An affine transformation multiplies by the satne constant 
factor, k, the lengths of aU line-segments with the same direction. 

Since the correspondence established by the given affine trans¬ 
formation between the points of two corresponding lines, L and U, 
is affine and hence identical with a transformation of similarity (§ 4, 
Ex. 7), the affine transformation multiplies the length of every line- 
segment on L by the same constant factor k. If AB is an arbitrary 
segment on L, and A'B' the corresponding segment on L', A’B'—k-AB. 

Let M and M‘ be any pair of corresponding lines parallel respectively 
to L and L', and let CD and CD’ be corresponding segments on M 
M'. If CD is chosen equal to AB, so that ABDC is a parallelo- 
Bam, then A'B'D'C' must also be a parallelogram, and C'D' = A'B'. 
Hence, C'D' = k • CD. Thus the constant factor k applies to dis¬ 
tances on M as well as to those on L, and the theorem is proved. 
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It follows that we can find k for all line-segments by finding it for 
the radii of a single circle C. Since an affine transformation carries 
a conic into a conic and finite points into finite points, it must carry 
the circle C into an ellipse E. Moreover, it carries the center of C 
into the center of E (§ 4, Th. 2). Hence it carries a radius r of C into 
a semi-diameter d of E. Thus, if C is a circle of unit radius, the 
factor k by which all distances in the direction of the radius r are 
multiplied is precisely the length of the semi-diameter d. 

As r takes on the positions of all the radii of C, d takes on the 
positions of all the semi-diameters of E. Hence k varies from the 
smallest semi-diameter of E to the largest, that is, from the semi-minor 
axis b to the semi-major axis a: 

b ^ k = a. 

It is evident that k takes on the value unity if and only if unity lies 
in the closed interval from b to a* Hence: 

Theorem 2. There are two, one, or no pencils of real parallel lines 
which are transformed by an affine transformation so that distance is 
preserved, according as unity lies within, is an end-point of, or lies without 
the interval from b to a, where b and a are the semi-axes of an ellipse which 
corresponds by the transformation to a circle of unit radius. 

Incidentally we have also established the following facts. 

Theorem 3. The ellipses into which the circles of the plane are 
carried by an affine transformation are all similar and, similarly placed. 
Their transverse and conjugate axes have the directions corresponding to 
those for which k has respectively its maximum and minimum values. 

The circle C of unit radius with center at 0, namely 
i = cos 9, y = sin 9, 
is carried by the affine transformation 
(1) x’ = aix + biy + ci, y’ = Qjx + b t y + c 2 

into the ellipse E, 

x' — Ci = a\ cos 9 + bi sin 9, y' — Ct = a 2 cos 9 + b% sin 9, 

with center at (ci, c 2 ). Hence the value of k 1 for the direction of slope- 
angle 6 is 

k 1 = (a* + al) cos* 6 + 2(aJ>i ajhs) cos 6 sin 6 + (fci + &!) sin* 9. 

* The reader should draw figures of C and E illustrating the various cases 
listed in the theorem. 
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By means of this formula the foregoing theory may be applied in any 
given case. 

We have restricted ourselves to affine transformations of general 
type, excluding the case in which A 5 is a constant. In this case distance 
is a relative invariant and the affine transformation is, in particular, 
a transformation of similarity, combined perhaps with a reflection in 
the axis of x. It is readily found that dk*/dd = 0 if and only if 

(2) of + of = 6* + hi, flihi + aj &2 = 0. 

But these conditions are equivalent to the relations 

(3) bi = -F dj, — rfc di, 

which characterize (1) as a transformation of similarity (Ch. VIII, § 7 ), 
or the product of a transformation of similarity and a reflection in 
the x-axis. 

EXERCISES 

1 . Determine for each of the following affine transformations the directions 
for which k has its extrema, the directions of the axes and the eccentricity of 
the ellipses into which circles are carried, and when they exist, the directions 
for which distance is preserved. 

(a) x' = - x - 3 y, y' = 3 x + y; 

(h) x' = x + i y + 1, yf = x - \ y - 2. 

2. Show that equations ( 3 ) are equivalent to equations ( 2 ). 

3 . Prove that the only affine transformations which preserve directed angle 
are the transformations of similarity. 

6. Projective, Affine, and Metric Geometries. The group of col- 
lineations, 

px 1 = fliiXi 012X2 + 013X3, 

Gt px't = OsiXl -f- O25X2 ■+■ 023 X 8 , | Oij | ^ 0, 

pxi — O31X1 + 032X3 + 033X3, 

depends on nine independent homogeneous parameters, the nine o’s. 
It is, therefore, an eight-parameter group. Accordingly, we denote 
it by G». 

Hie group of affine transformations, 

z'=a 1 x + b 1 y + c l , As= o, 61 

y' - 02X + b t y + C2, 02 0 s 

is a subgroup of G% consisting of all the collineations which leave the 
line at infinity, x% * 0, fixed. 
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The group of rigid motions, 

g* x' = x cos 8 — y sin 6 + a, 

y' = x sin 6 + y cos 9 + b, 

is in turn a subgroup of (?«. It is made up of all the affine trans¬ 
formations which leave fixed each of the circular points at infinity and 
possess distance as an absolute invariant (Ch. VIII, § 7). 

Projective geometry is the geometry of properties invariant with 
respect to the projective group G ». 

A property which is invariant with respect to the affine group 0 6 , 
but not with respect to G &, is an affine property. Discussion of affine 
properties, with or without the adjunction of projective properties, 
constitutes affine geometry. 

The properties which are invariant with respect to the metric 

group fr S , but not with respect to the affine group Ge , are metric 

properties. 1 " The study of them, either by themselves or in con¬ 
junction with affine and projective properties, is the purpose of metric 
or Euclidean geometry. 

In Ch. VIII, §§ 6, 7, we exploited the advantages of interpreting 
metric geometry as a “ subgeometry ” of projective geometry, ob¬ 
tained by demanding that two conjugate-imaginary points remain 

fixed. In the previous paragraphs we noted similar advantages 
enjoyed by affine geometry as “ a projective geometry with a fixed 
line.” 

Both affine geometry and metric geometry are, however, in them¬ 
selves, geometries of the finite plane, which employ nonhomogeneous 
in preference to homogeneous coordinates. In both, the principle of 
duality fails to function, and the point, as fundamental element, 
outweighs by far the straight line in importance. 

EXERCISES 

1. Classify the figures of Ch. II, § 1, Ex. 1 as projective, affine, or metric. 

2 . Do the same for the following figures and properties. 

(a) A line-segment and its mid-point; (6) a pencil of intersecting straight 
lines; (c) a central conic; (d) an ellipse; (e) a central conic and its center; 
if) a central conic and its foci; (g) the eccentricity of a conic. 

* The introduction of affine geometry enables us to draw finer lines in clas¬ 
sifying properties. Those properties which we previously designated as 
metric are here subdivided into (a) affine properties and (b) the properties 
which we now, and henceforth, designate as metric properties. 
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7. Geometries in the Complex Plane. In constructing a geometry, 
we are at liberty to specify whether we shall take the coefficients in 
the controlling group of transformations real or complex. We are 
also free to choose whether we shall study properties of real or complex 
configurations. 

Thus far we have studied the properties of real configurations with 
respect to groups of real transformations. In Ch. VIII we discussed 
real conics, that is, conics represented by equations with real coef¬ 
ficients, with respect to the group of real rigid motions. In Ch. IX 
we treated real one-dimensional linear transformations with reference 
to changes of projective coordinates which were real. 

If, in the case of the conics, we were to take the coefficients in the 
equation of the general conic, and those in the equations of the general 
transformation, complex instead of real, the classification of conics 
would be simpler. We should have merely the parabolas, tangent to 
the line at infinity, and the central conics, meeting the line at infinity 
in distinct points. There would no longer be a distinction between 
ellipses and hyperbolas; for, the expression 5 s — 4 AC would be com¬ 
plex and hence have no sign. 

This case is typical. Complex geometry based on a group of 
complex transformations exhibits, in general, a smaller number of 
subdivisions than the corresponding real geometry based on the cor¬ 
responding group of real transformations. 

Complex geometry is, however, so abstract that we prefer to confine 
ourselves in the main to the consideration of real geometry with respect 
to groups of real transformations. 

Exercise. Classify one-dimensional linear transformations with complex 
coefficients, and obtain a normal form for each type with respect to changes 
of projective coordinates with complex coefficients. 
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POINT CONICS AND LINE CONICS 


1. Point Conics. We shall henceforth write the general equation 
of the second degree in homogeneous point coordinates in the form 

Oii^i + dtixl + assxj + 2 021X2X3 + 2 a»i£*Ti -|- 2 a^XiXi = 0 , 

and at the same time introduce o 82 , a iit a n equal respectively to a 2 i, 
cm, an: 

Q 28 = 032» d Jl ~ flu, = (I} i« 

The equation can then be put in the form 


011*12:1 + a li x 1 xt + uis*ixj 

+ 021*2X1 + O22X2X2 022X2X1 

+ OllXjXi + O32X3X2 + 033X3X3 = 0 , 

and hence written 

3 3 8 

Y OljXlXj + Y OijXjX,- + Y Oj,XsX, = 0 , 

1 1 r»i 


or 


3 

5] (dl,x \Xj + OtjXtXj + OijXiX,) = 0, 


or, still more compactly, 


3 3 



CLijX x Xj 


= 0 . 


One summation sign suffices to do the work of both, 
obtain the final condensed form 

3 

(1) X dijXiXj — 0, 

t, i - 1 


Thus we 




Definition 1. The locus of the points whose coordinates satisfy an 
equation of the form (1), where the coefficients are real and not aU zero * 
is a real point conic. 

The determinant | | is called the discriminant of the conic, and 

the matrix Ija*,,||, the matrix of the conic. 

* If the coefficients are all aero, the locus of (1) consists of all the points in 
the plane. Conversely, if the locus of (1) is all the points of the plane, oil the 
coefficients in (1) are zero . For, if 1,1) is satisfied by the coordinates of all 
points (xi, x t , x 8 ), it is satisfied by (1, 0, 0), (0,1,0), (0,0,1), (0,1,1), (1, 0, 1), 
(1, 1, 0); hence we find that an “ a M = o«» = an = a»i - an = 0. 
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We assume that X\, Xa, %% are projective coordinates which may be 
thought of as general, or specialized (affine or metric), according to the 
needs of any given problem. 

Intersection of a Line and a Conic. If r : (ri, r s , r») and 
s : (ai, a t , «s) are two distinct points on a straight line, an arbitrary 
point on the line has the coordinates 

(2) x = X r + n s. 

This point lies on the conic (1) if and only if * 

£a,-;(X u+pi Si)(k r,- + n 8j) = 0, 
or 

(3) X 1 Za,|TiT7 + V(Ea.jns/ + £«</ *i»v) + M 2 = 0. 

Since a,-,- = a,- t -, is the same as £a,,r,s,. But the latter 

sum is unchanged if we interchange i and j. Hence 

(4) JlaijSir , = 
and (3) becomes 

(5) X s £a,-jTtf, 1 + 2 X^ £a, } T,s,- 4- /t* £a.,s t s/ = 0. 

This is a homogeneous quadratic equation in X, p with constant 
coefficients. If the coefficients are not all zero, the equation deter¬ 
mines two points X,r + pis, X 2 r + p-s common to the line and the 
conic. If the coefficients are all zero, every point (2) of the line lies 
on the conic, 

Theobem 1. A straight line intersects a point conic in two points, 
distinct or coincident, or is entirely contained in the conic. 

By means of this theorem, we can prove 

Theohem 2. If two point conics are identical, their equations are 
proportional ,f 

3 

* By 2 we shall always mean 2 . 

«, 7-1 

t Proof. Let 

a sa 2 OifC,Xj -=0, 0 m xbtjXiXj — 0 

have the same locus, and let r be a point not on this locus. Form the linear 
combination 

0 — k a ■ ZhijXiXj — k ZcHjXiXj = 0, 
choosing k so that the locus of fi — k a = 0 contains the point r: 

k = (2h,/r,rj)/(2o 1 >r 1 r>). 

Since r is not a point on the common locus of a = 0 and /3 = 0, an arbi- 
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Definition 2. If ^o^x^x,- can be factored into two linear factors.' 

^2a t jX,Xj = (c|x)(d|x), 
the point conic (1) is called degenerate. 

The conic then consists of the two straight lines (c|x) = 0, 
(d|x) = 0. Conversely, if the conic (1) consists of two straight lines 
(cjx) = 0, (d|x) = 0, equation (1) and the equation (c|x)(d|x) = 0 
have the same locus and are, by Th. 2, proportional; hence 

= fc(e|x)(d[x), k ^ 0, 

and the conic (1) is degenerate. 

Theokem 3. A point conic is degenerate if and only if it consists of 
two straight lines, distinct or coincident. 

If the lines are distinct, their point of intersection 
has the property that every line joining it to a second 
point of the conic is contained in the conic. If the 
lines are coincident, every point of the conic has 
this property. 

Definition 3. A point is called a singular point of a point conic if 
every line determined by it and a point of the conic is contained in the 
conic. 

We have noted that a degenerate conic always has at least one 
singular point. Conversely, if a conic has a singular point P, it must 
be constituted solely of straight lines through P * and hence is 
degenerate. 

Theorem 4. A nondegenerate point conic has no singular point. 
A degenerate point conic has one singular point, or all of its points are 
singular, according as it consists of two distinct, or of two coincident, lines. 

We give in the next theorem analytic conditions for a singular point. 

trary line L through r intersects this locus in just two points. Then L inter¬ 
sects the locus fi — k a = 0 in at least three points—these two and r — and 
therefore, by Th. 1, is a part of the locus 0 — k a = 0. But L was any line 
through r. Hence the locus 0 — k a — 0 consists of all the points in the 
plane. Consequently, by Def. 1, footnote, b„ — ka = 0 or b,j = k a,,- for 
i, j *= 1, 2, 3, and 0 is proportional to a; in fact, 0 ** k a. 

* The number of lines must be two, since otherwise a line not through P 
would intersect the conic in a finite number of points different from two and 
Theorem 1 would be contradicted. Of course the two lines may be distinct 
or coincident. 
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We postpone the proof for a moment in order not to break the thread 
of the present argument. 

Theorem 5. The point r is a singular point of the point conic (1) 
if and only if ri, r*, r, satisfy the equations 

<*i»ri + fli»ri + ai»r* — 0, 

(6) auri + ojsTj + a»r, = 0, 

o»iri + a«rj + a u r, = 0. 


Since these equations have a solution other than 0, 0, 0 if and only 
if | fly | — 0, there exists a singular point if and only if the discriminant 
of the conic is aero. Hence, we conclude 

Theorem 6. A point conic is degenerate if and only if its discriminant 
vanishes. 


If the rank of the matrix of equations (6) is two, there is one singular 
point; if the rank is one, there are w 1 singular points, all the points of 
a line. 

Corollary. A degenerate point conic consists of two distinct, or two 
coincident , straight lines according as the rank of its matrix is two or one. 

Since equations (6) can be written 

S 3 3 


£ 


Oi,r/ => 0, 


jE ®*i»7 = 0, 


JE a * ,T/ 


0, 


they are equivalent to the identity 

3 3 3 

(Z aurdVi + (E a*i*v)y 3 + (E WitVi 

f -1 /-i I=i 


0, 


and hence to either of the identities 


E««w/ s o» Eflij^y; s 0- 

Accordingly, we can restate Theorem 5 as follows. 

Theorem 5 (Restated). The point r is a singular point of the point 
conic (1) if and only if 
(7) Z®<^j = 0. 


In proving the theorem we begin by assuming that r is a singular 
point. Let y be any point of the plane other than r. A point of the 
line of r and y which lies on (1) has coordinates 

x = r +py, 

where ft is a root of the equation 

(8) E®^ + 2 pE°</»vW + * 0- 
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Since r is a singular point, the line of r and y either is contained 
in the conic or meets the conic only in the point r, according as y 
is, or is not, on the conic. In the first case, all the coefficients in 

(8) vanish, and in the second, p = 0 is the only root of (8), so that the 
first two coefficients vanish. Hence, in either case, 

(9) = 0, Za f} r ,Vj =0, y ^ r. 

The identity (7) is now seen to hold for all points y\ the second of the 
equations (9) verifies it for any point y other than r and the first 
verifies it for the point r. 

Suppose, conversely, that a point r is given for which the identity 
(7) is true. Then equations (9) hold regardless of the choice of the 
point y, and the first two coefficients in (8) are always zero. If y is 
taken, in particular, as any point on the conic, the third coefficient 
in (8) vanishes and the line of r and y is contained in the conic. 
Hence, by definition, the point r is a singular point. 

Theorem 7. If a point conic contains a line, it is degenerate. 

This theorem, though intuitively obvious, is not easy to prove. 
We can reason that if the conic (1) contains the line (c|x) = 0, 
Y^a x jX x Xj must contain (c| x) as a factor; the second factor is then also 
linear and the conic is degenerate. There is a general theorem in 
higher'algebra to support this reasoning; an appeal to it establishes 
the desired result.* 

* Direct Proof. If the conic consists only of the points of the line c, it is 
identical with the conic (c|x)’ = 0 and hence, by Th. 2, is degenerate. 

If the conic contains a point * not on the line c, there exists a point y on c 
so that the line of y and e belongs to the conic. For, y lies on c if and only if 

(10) (c|y) = 0, 

and the line of s and y is contained in the conic if and only if all the coefficients 
in 

X* ZatjS % Sj + 2 V 2a„a,y, + n' - 0 

vanish, or, since the first and last coefficients are by hypothesis zero, if and 
only if 

(11) 2a,,*,y, = 0. 

Equations (10) and (11), being linear and homogeneous in yi, pt, alwayB 
have a solution other than 0, 0, 0. Thus our contention is proved. 

The conic now contains two lines, the given line (c|x) =0 and the line 
(<f|x) — 0 of the points y and s. If it contained any other point, it would 
contain all the lines through this point, by Th. 1, and hence comprise all the 
points of the plane. Consequently, it consists precisely of the two lines, 
(c|x)(d|x) = 0, and is degenerate. 
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EXERCISES 

1. By the method of the text find the points of intersection of the line 
joining the points (1, 4, 1), (5, 0, 1) with the conic 

XiXi — 6 x s 4 = 0. 

2. Determine the points of intersection of the line 

Xi — 2 x\ + x t «= 0 

mid the oonic 

Xi 1 + 2xj* — X3 1 — XiXj — XjXj = 0. 

3. Verify the identity (4) by writing out and comparing the two members. 

4. Ascertain the rank of the matrix of each of the following conics. If the 
conic is degenerate, find its singular points and the lines of which it consists. 

(a) 2xi* — xj* + 5xs s — 4xtXi + 7 x>xi — xix s = 0. 

(b) 2xi* + 3xj* — X3* + 2xi:tj — XjXi + X 1 X 2 = 0. 

(c) Xi* + 4xj* + 4xg ! — 8xjx s + 4xsXi — 4x,xi = 0. 

5. Show that the definition of a point conic is independent of the system 
of projective coordinates chosen. 

2. Nondegenerate Point Conics and Their Tangent Lines. From 
Theorems I and 7 of § 1 we conclude 

Theorem 1. A straight line always intersects a nondegenerate “point 
conic in two points, distinct or coincident. 

If the two points coincide in a single point, we say that the line 
meets the conic twice in this point. 

Theorem 2. Through a point of a nondegenerate point conic there 
passes just one line which intersects the conic twice in the point. 

Let the conic be 

(1) ^ \ 0,;0, 0 %j aji, [ o t j | 0, 

and let r he the given point on it : £a w r,T,- =0- If a point y moves 
always so that the line of y and r meets the conic twice in r, that is, 
so that X = 0 is always a double root of the equation 

+ 2 x v<rj + 0=0, 

then 

( 2 ) = 0 , 

and conversely. Equation (2) represents, therefore, the locus of the 
point jr. It is a linear equation in yy t , y t : 

3 s s 

vs + = 


0, 
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not all of whose coefficients can be zero (Ex. 1), and therefore repre¬ 
sents a straight line, which passes through the point r. 

Definition. The unique line through a point of a nondegenerate 
point conic which meets the conic twice in the point is the tangent to the 
conic at the point. 

It is evident from the proof of Theorem 1 that the line (2) is the 
tangent to (1) at the point r. 

Theorem 2. The equation of the tangent to the point conic (1) at the 
point r is 

(3) Evil; =0 or Y. a h x i r i ~ 0- 

It is to be noted that the equation is obtainable from (1) by replacing 
one set of x’s in (1) by the corresponding r’s.* 


Condition that a Line be Tangent to a Nondegenerate Point Conic. 
The definition of a tangent implies that a line is tangent to the conic 
(1) if and only if the two points in which it intersects (1) are coin¬ 
cident. It is, then, a simple matter to deduce the condition that a 
line be tangent to (1) when the line is determined by two points 
(Ex. 6). 

The problem is more interesting when the line is defined by its 
coordinates. Suppose that the line u : (u r , u 2 , u») is tangent to (1). 
If the point of contact is r, coordinates of the line, as the tangent at r, 
are 


a ^j, 


Hence 

( 4 ) 


f-i 


E ai,r,- = pu i, 

J** 1 


5Z a ii r i> 


E Wi = 

i=i 


E a 3/ r j- 

. 1=1 


E = />«*• 

i 


Since r lies on u, 

( 5 ) Win + w 2 r 2 + u»r s = 0. 

In (4) and (5) we have four homogeneous linear equations, 

Ouri -f- ai2r s 4- Oi*r* Wi P = 0, 
a»ri + a 12 r t + Os*rj — u%p = 0, 

^ a S] ri + o *2 r s + a»*r* — u»p — 0, 

Uifi + w*r* + n*r* — 0 p = 0, 

• That the tangent to (1) at the point r, as we have here defined it, is the 
limiting position of the secant joining r to a neighboring point s of (1), as 
required by the general definition of a tangent, is readily proved. 
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which by hypothesis have a solution for r%, r*, r», p other than 
0, 0, 0, 6. Consequently, 


Oil 

flu 

an 

«i 

a« 

a s * 

a** 

Us 

a*i 

a» 

a is 

Us 


Ui 

u t 

0 


Given, conversely, a line u whose coordinates satisfy (7). Since 
the determinant in (7) is zero and | ay| ^ 0, the system of equations 
(6) is of rank three and has solutions other than 0, 0, 0, 0. These are 
the solutions of the first three equations. Since each two of them are 
proportional, it suffices to consider one of their number: r t , r 2 , r», p. 
If the r’s in this solution were all zero, the first three equations would 
reduce to u x p — 0, u t p = 0, u»p — 0 and p would be zero; vice versa, 
if p were zero, then, since | 7 * 0, the r’s would all vanish. Hence, 
there exists a unique point (ri, r», r s ) and a corresponding value of 
p, not zero, so that equations (4) and (5) are satisfied. Since (5) 
becomes, by virtue of (4), 

3 3 3 

Ti 21 + r, 22 atjTj + Tt 21 aifi = 0 or — 0 . 

the point r is on the conic, and equations (4) then say that the line 
u is the tangent at r. 

Equation (7) is a homogeneous quadratic equation in u>, u,, u,. 
We find, on expanding the determinant, that it can be written in the 
form 

( 8 ) 2 1-AijUiUf = 0 , 

where Ay is the cofactor of ay in j ay| and (Ch. I, g 6, Ex. 3) 

Ay “ Ay, ] Ay | = I fly I*. 

Theorem 3. The line u is tangent to the nondegenerate point conic (1) 
if and only if u u u», u 3 satisfy equation (7) or the equivalent equation (8). 

Since equation (8) is satisfied by the coordinates of those and only 
those lines which are tangent to (1), it represents the totality of these 
tangents. This totality we shall call a line curve, in particular, the 
line curve which corresponds to (1). Inasmuch as (8) is of the second 
degree in tty u t , ui and J Ay | ^ 0, it is natural to designate this line 
curve as a nondegenerate line conic. 
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Theobem 4. The line curve corresponding to a nondegenerate poitU 
conic is a nondegenerate line conic. If the equation of the point conic is 

'Za i jXiX i = 0, -an ~ a iit |o</| ^ 0, 

the equation of the line conic is 

£A*tt,u, = 0, A a - A H , \Aa\ ^ 0. 

Before preceding further it is essential that the student acquire the 
fundamentals of the theory of line curves, as set forth in Ch. XIII, 

§5 1 , 2 . 

EXERCISES 

1. Show that equation (3) represents a line unless the conic is degenerate 
and r is a singular point. 

2. Find the equation of the tangent at the point (t, i, 1) to 

xd + 2 xd + 3 xj* + X\Xt — x&i =■ 0. 

3. Find the equation of the line conic which corresponds to the given point 
conic. 

(a) id + xj* - x,* = 0; (i>) Xi* + x 2 5 + x s 5 = 0; 

(c) xj* — 2x 2 x, =* 0; (rf) XjXj + x»xa 4- XsXi = 0; 

(e) Xi 1 + %■? + ®a* — 2xjij — 2xjX! - 2iiX 2 = 0. 

4. Show that equation (8) is equivalent to equation (.7). 

5. Is the line joining the points (2, 1, 3), (1, 1, 1) tangent to the conic of 
Ex. 27 

6. Prove that a condition necessary and sufficient that the line joining the 
points r and s be tangent to the conic (1) is that 

( 2 ai,r,r,)( 20 i,Si«,) - (Sa,,r,«,) ! = 0. 

7. Find the tangents to the conic 

x? — 3 x 2 5 — 4 x-.? = 0 

which pass through the point (1, — 2, 2). 

Suggestion. Find the locus of the point y moving so that the line joining it 
to the given point is always tangent to the conic. 

8. The preceding problem in the general case. 

3. Lin e Conics. Since the theory of line conics is the dual of that 
of point conics, we content ourselves with a brief description of it. 

Definition 1. The totality of lines whose coordinates satisfy an 
equation of the form 

( 1 ) £&„■«,«,• = 0 , by — &;»> 

where the coefficients are real and not all zero, is a real line conic. 
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The definition is independent of the system of projective coordinates 
chosen. 

Theorem 1. Through a point pass just two lines of a line conic, or 
oil the lines through the point belong to the conic. 

In line geometry a point consists of all the lines which pass through 
it. Accordingly, if all the lines through a point belong to a line conic, 
it is natural to say that the point belongs to the conic. 

The treatment of degenerate line conics follows that of degenerate 
point conics. A line conic is degenerate if and only if it consists of 
two points, distinct or coincident. A line is 
i & singular line of a line conic if every point de- 

//V* tcrmined by it and a line of the conic belongs 
Fro 2 to the conic. A degenerate line conic has one 

singular line or all of its lines are singular, 
according as it consists of two distinct, or two coincident, points. A 
nondegenerate line conic has no singular line. 

Theorem 2. The line r is a singular line of (1) if and only if 

(2) ^LbijriVj =s 0, for oil v. 


Fta. 2 


i>" r ' 


E&J/r/ - 0, 


S bifTj — 0 . 

i-i 


Theorem 3. The line conic (1) is degenerate if and only if its dis¬ 
criminant 16, } -| is zero. It then consists of two distinct, or two coincident, 
points according as the rank of its matrix ||6y|| is two or one. 

Finally, if a line conic contains a point, it is necessarily degenerate. 

Nondegenerate Line Conics and Their Contact Points. 

Theorem 4. Common to a point and a nondegenerate line conic 
there are always two lines, distinct or coincident. 

Theorem 5. On a given line of a nondegenerate line conic there is a 
unique point which has the property that the lines common to it and the 
conic are coincident in the given line. 

Let the given line of (1) be r : =0. A point on r can be 

thought of as determined by r and a second line v. The lines 
» = \v + r common to the point and (1) are defined by the roots of 
the equation 


+ 2X£byt><r/ -J- 0 *= 0. 
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If the line v moves always so that these two lines coincide in r, 
that is, so that X = 0 is always a double root of (4), then 

(5) IXiV/ = 0, 

and conversely. Hence the envelope of the line v is a point which 
lies on r. 

Definition 2. The unique point on a line of a nondegenerate line 
conic which has the line twice in common with the conic is the contact 
point of the conic on the line . 

Theorem 6. The equation of the contact point of the line conic on the 
line r is 

(6) Y,bijriUj =0 or = 0. 

The definition implies that a point is a contact point of (1) if and 
only if the two lines which it has in common with (1) are coincident. 


Theorem 7. The point x is a contact point of the nondegenerate line 
conic 


(7) 

if and only if x 1 , 

Y.K u x u i = 0, 
Xi, Xi satisfy the equation 

b%j — h,„ 

1M ^ 0 , 

(8) 

^.BijXiXj — 0, 

B*i = Ba> 

\Bij\ y* 0, 


where B l} is the cofactor of b t] in 16,, |. 

Since (8) is satisfied by the coordinates of those and only those 
points which are contact points of (7), it represents the point curve 
which corresponds to (7) in the sense of Ch. XIII, § 2. 

Theorem 8. The point curve corresponding to a nondegenerate line 
conic is a nondegenerate point conic. If (7) is the equation of the line 
conic, (8) is that of the point conic. 

EXERCISES 

1 . Find the lines of Mi 1 + u 2 8 — u 3 z = 0 which pass through the point of 
intersection of the lines (1, — 2, 0), (1, — 1, — 1). 

2. Find the lines of the conic 

Ui* — 3 m»* + Ms 8 — 2 uiut + 5 uiu, = 0 
which pass through the origin. 

3. Determine the contact point of c 1 + 9u = 0 on the line ( l, 3). 

4. Show that the line conic 

2 Ui* — wj 8 - 2 U 3 * + 5 ujuj — u,ui — 3 UiUt = 0 

is degenerate and find the points of which it consists. 
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5. Had the equation of the point conic which corresponds to 

t»i* + 4 ii|* + 2 UfUi + 2 Utiit ■ 0. 

6. Prove Theorem 7. 7. Prove Theorem 2. 

8 . Deduce a condition that the point of intersection of the lines r and 8 
be a contact point of the nondegenerate line conic (7). 

4. Point Conics and line Conics. We have seen (§ 2, Th. 4) that 
to the nondegenerate point conic 

(1 o) rm = 0, ay = ay, |oi,-| ^ 0 

corresponds the nondegenerate line conic 

(1 &) H-A-ijUiu,- — 0, Ay = A a, | Ay\ ^ 0, 

where An is the cofactor of ay in |a,-,|, and (| 3, Th. 8) that to the 
nondegenerate line conic 

(2a) L6 iy u<u, = 0, bn - bn, |6„[^0 

corresponds the nondegenerate point conic 

(2 6) ZBnXiXi = 0, Bn - Bn, \By\*0, 

where By is the cofactor of bn in 16,-, |. 

Thus, there is a relationship between the nondegenerate point 
conics and the nondegenerate line conics; the tangents to a non¬ 
degenerate point conic constitute a nondegenerate line conic, and the 
contact points of a nondegenerate line conic form a nondegenerate 
point conic. 

Is this relationship reciprocal? If C and C' are two conics of op¬ 
posite types and C' corresponds to C, will C correspond to C"? For 
example, if C is a nondegenerate point conic and C' is the nondegener¬ 
ate line conic consisting of the tangents to C, will the contact points 
of C' be the points of Cl 

That the question is to be answered affirmatively is guaranteed by 
Theorem 2 of Ch. XIII, § 2. A proof of the theorem in the present 
case is readily given. Consider the conics (1 a) and (1 6). We know 
that (1 b ) corresponds to (1 a). Vice versa, (1 a) corresponds to (1 6). 
For, the point conie corresponding to (16) has the equation 

Eayxai “ 0 , 

where ay is the cofactor of Ay in | Ay \, and consequently, since 
ay “ faqf ay (Ch. I, $ 6, Ex. 2), is the conic (1 a). 
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Theorem 1. The nondegenerate point conics and the nondegenerate 
line conics correspond in pairs. 

If C and C' are respectively the point conic and the line conic of a 
pair, the tangent lines to C are the lines of C’ and the contact points 
of C are the points of C; C, with its tangent lines adjoined, and C', 
taken with its contact points, are identical. 

Theorem 2. The nondegenerate point conics with their tangent lines 
and the nondegenerate line conics with their contact points are identical. 

We shall call these identical configurations simply nondegenerate 
conics. A nondegenerate conic consists, then, of both points and lines. 
It is at one and the same time a point locus and a line envelope and 
can be thought of as generated by a point and a line moving as a unit 
so that the point traces the constituent point curve, and the line, the 
constituent line curve. 

A nondegenerate conic has two equations, one in point coordinates 
and one in line coordinates. If the conic is given by (1 a) as a point 
locus, its equation in line coordinates is (1 b). Or, if (2 a) defines the 
conic as a line envelope, the equation in point coordinates is (2 b). 

The situation is entirely different when it comes to considering 
degenerate conics. A degenerate point conic consists of two lines 
and hence has no equation in line coordinates. Similarly, a degenerate 
line conic has no equation in point coordinates. 

There are, then, three distinct types of cor.ics: the nondegenerate 
conics, the degenerate point conics, and the degenerate line conics. 

EXERCISES 

1. Find the equation in line coordinates of 

ou*i l + a«x j 3 + auXs 1 = 0, aiiOjiajj 0. 

Apply the result to 

x l ± t= i. 

a» * 6> 

2. Find the equation in line coordinates of 

anan’ + 2auZii» ■* 0, <***aii ^ 0, 

and apply the result to 

y* = 2 mx. 

3. Find the equation in point coordinates of 

aiUiiti + a>««ui + ajiijuj = 0, a t aja, fS 0. 

4 . Show that the points and tangents of a (real) conic are real or conjugate- 
imaginary in pairs. 
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8. Prove that the tangents to a nondegenerate conic at conjugate-imaginary 
points are conjugate-imaginary. State the dual. 

8. Show that the constituent points of a degenerate line oonic are real or 
conjugate-imaginary. 

7. Prove that if an imaginary line meets a point conic in two distinct 
points, the conjugate-imaginary line meets the oonic in the two conjugate- 
imaginary points. 

5. Tangents to a Degenerate Paint Conic and Contact Points of 
a Degenerate Lise Conic. If r is a nonsingular point of the point conic 

Cl) EotfCtff = 0, an ~ a i{ , 

the equation 

( 2 ) i = 0 

always represents a straight line (§ 2, Ex. 1). This line we know to 
be the tangent to (1) at r if (1) is nondegenerate, and we agree to call 
it the tangent at r when (1) is degenerate. 

The line is, in this case, that one of the constituent lines of the conic 
which contains r. For, 

'ZaijXiXj m 2 (c| x)(d| x>, 

JHaijXiTj as (c|r)(d|x) + (d|r)(c|x). 

Consequently, if we assume, for example, that r lies on the line c, 
equation (2) reduces to (c | x) = 0. 

If r is a singular point of the degenerate point conic (1), the coef¬ 
ficients of xi, X 2 , xa in (2) all vanish. It is natural, here, to recognize 
two lines as tangents at r, namely the two constituent lines of the 
conic. If the conic consists of two distinct lines, there is only one 
singular point and the two tangents at it are distinct. When the lines 
of the conic coincide, every point is a singular point and the two tan¬ 
gents in each point coincide. 

We can sum up by saying that a degenerate point conic has just 
two tangent lines, distinct or coincident, and that each of the two 
lines is tangent, at every one of its points, to the conic. 

Exkbcxbe. Discuss the contact points of a degenerate line conic. 

6. Complex Conics. If the coefficients in a homogeneous quad¬ 
ratic equation in z t , x 5 , x 3 or in Ui, u s are complex, the equation is 
said, to represent a complex point conic or a complex line conic. If, in 
particular, the coefficients are all real or can all he made real by sup- 
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pression of a common factor, the complex conic is real. Otherwise it 
shall be called imaginary. 

The contents of the present chapter, with the exception of Exs. 4-7, 
§ 4, are valid for complex conics. 

EXERCISES 

1. Show that the point conic 

2 Xi 2 + i xi* 2 + xj ! + (3 — i)xiXi — 2 xjx> + 2 x 3 * * 0 

is degenerate and find its constituent lines. 

2. Determine the tangents to the conic 

Xi J + i hit — x 3 * = 0 

which pass through the point (1, t, 1). 

3. Find the real points on each of the following conics: 

(a) Xi J + Xi 1 + = 0; ( b ) x 2 2 — x t x 3 + i XjXj = 0; 

(c) x-? — {1 — i)xix 3 — i x 3 2 = 0; 

{d) xi 2 — xixj + i(xi — xj)(xi — 2x s ) = 0. 

4. Show that a complex point conic is real if and only if it is identical with 
the conjugate-complex conic. 
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POINT CURVES AND LINE CURVES 

1. Point Curves and Line Curves. Consider the circle whose 
center is at the origin and whose radius is a: 


( 1 ) 


+ |/* 


O 


From the standpoint of line geometry, the circle must be thought of as 
generated by lines. The lines which it is natural 
to choose are the tangent lines. The circle is then 
called the envelope of its tangent lines, and an equa¬ 
tion in the line coordinates (u, a) which is satisfied 
by the coordinates of these, and only these, lines 
is known as an equation in line coordinates of the 
circle. 

The line (u, a) is tangent to (1) if and only if the distance from it to 
the origin is equal to a. Inasmuch as the equation in point coordinates 
( X , 7) of the line is (Ch. V, g 5) 

(2) uX + vY + 1 = 0, 

the distance in question is 1/Vu* + a*. Hence the equation of the 
circle in line coordinates is 


Fra. 1 


(3) 


+ * = - t ■ 
a* 


Suppose, now, that an equation in 
u, v is given, for example, 

(4) 4 ua = 1. 

This equation can be rewritten, in terms 
of the intercepts — 1/u, — 1/p of the 
line <«, a), as (- !/«)(- l/a) = 4, 
and is therefore satisfied by the 
coordinates of those and only those 
lines the product of whose intercepts 

is equal to 4 We can draw with ease a large number of these lines. 
We thereby obtain, as the geometric representation of the equation 

202 



Fig. 2 
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(Fig. 2), a clean cut picture of a curve, a curve defined by straight 
lines alone. 

As another example, we take the equation 

(5) v = — 4 u*. 

Rewriting the equation in terms of the intercepts — 1/u, — l/v and 
plotting lines whose coordinates satisfy it, we 
find as its geometrical interpretation the curve 
shown in Fig. 3. 

In these two examples we have curves of a 
new type, curves defined by straight lines. 

We call them, for want of a better name, 
line curves, and, in distinction, call the curves 
defined by points, point curves. 

As defined, point curves and line curves are 
as far apart as the poles. The former consist 
of points, the latter of lines. For example, equation (1) represents 
the point curve which consists of all the points at the distance a from 
the origin, and equation (3) represents the line curve which is made 
up of all the lines at the distance a from the origin. A priori, the 
two curves have nothing in common. 

We know, however, that the tangents to the point circle (1) are 
precisely the lines of the line circle (3). We know, also, that on each 
line of (3) we can mark a point so that the resulting points are those 
of (1). Thus the point circle (1) and the line circle (3) are brought 
into relationship. 

Figure 2 suggests that the lines of the line curve (4) are the tangents 
to a familiar point curve, a rectangular hyperbola with the axes as 
asymptotes. We can establish this relationship if we can choose the 
constant a in the equation 

(6) 2 xy = a 

of a hyperbola of this type so that the product of the intercepts of 
each tangent to the hyperbola is equal to 4. The tangent to (6) at 
an arbitrary point (r, y) has the equation 

yX + xY = o. 

The product of the intercepts of the tangent is a*jxy or 2 a, and will be 
equal to 4 if we take a ■* 2. 

Thus, the tangents to the point hyperbola 

(7) xy = 1 
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are the lines of the line curve (4). Vice versa, we can choose a point 
on each line of (4) so that these points are the points of (7). It is 
natural, then, to call the line curve (4) a line hyperbola. 

EXERCISES 

1. Reproduce on a larger scale than that of Fig. 3 the line curve represented 
by equation (5). Find the equation of the corresponding point curve, that is, 
tiie point curve whose tangents are the lines of the line curve. 

2. Draw a graph representing the line curve v* — u = 0 and find the 
equation of the corresponding point curve. 

3. Plot the line curve m* + & — tiM. 

2. Continuation. Systematic Treatment. To round out the ideas 
concerning a line curve which are illustrated by the examples of the 
previous paragraph, we need a general theory by means of which points 
can be associated with a given line curve. It is natural to take as 
this theory the dual of the theory of tangent lines to a point curve. 
For the sake of comparison we shall arrange the two theories in 
parallel columns. 

Definition la. If Sis the line Definition 16 . If I is the 
joining a given point P to a neigh- point of intersection of a given line 
boring point P' of a point curve, L and a neighboring line L' of a 
the tangent line at P is the limit line curve, the contact point on L 
of S as P' approaches P through is the limit of I as U approaches L 
points of the curve. through lines of the curve. 


Fio. 4 a Fig. 46 

Theorem I a. The equation of Theorem 1 6 . The equation of 
the tangent line to the point curve * the contact point of the line curve 
(la) y = /(*) (16) v *= <)>{u) 

* Since we are working in the complex plane, x and u are complex and f{x) 
and ^(u) are functions of complex variables. We assume that these functions 
are single-valued functions which are analytic, that is, are continuous with 
continuous derivatives. 

Tfae reader who is not acquainted with analytic functions of a complex van- 
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at the point ( x , y) is on the line («, v) is 

K # ■ S (X -*>• F-r-|j(tr- u ). 

We prove Theorem 1 b. The equation of the point I in which the 
line L : (u, v) and the neighboring line L' : (u + Au, v + Av) inter¬ 
sect is 


u 

u 

u + Au 


U - u 

u 

Au 

V 

V 

v + Av 

= o, 

or V — v 

V 

Av 

1 

1 

1 


0 

1 

0 


and hence can be written in the form 

v- v = f u «j- u) . 

When L’ approaches L through lines of the curve, Av/Au approaches 
dv/du. Hence the equation of the contact point is 

V - v = ~(U - u)* 

au 

Definition 2 a. The line curve Definition 2 b. The point 

which consists of the tangents to a curve which consists of the contact 

given point curve shall be called the points of a given line curve shall be 

line curve corresponding to the called the point curve corresponding 

given point curve. to the given line curve. 

Theorems 1 a and 1 b make possible a general method for the deter¬ 
mination of the curve of the one type which corresponds to a given 
curve of the other type. We illustrate the method by a pair of 
examples. 

Let it be required to find the Let it be required to find the 
line curve which corresponds to point curve which corresponds to 

the point curve the line curve 

(2 a) 2xy=l. (2 6) 2uv = 1. 

able may, if he wishes, consult Osgood, Advanced Calculus, Ch. XX. It suffices, 
however, for him to know that, as far as the content of the present chapter 
is concerned, he may work with these functions precisely as he works with 
functions of a real variable. 

* A similar proof may be given for Theorem 1 a. The proofs, as well as 
the theorems, are projective, for they are valid regardless of whether (u,») and 
(z, y) are thought of as general or specialised projective coordinates. The 
elementary proof of Theorem 1 a with which the reader is familiar assumes 
that (z, y) are metric coordinates and so establishes the validity of the 
theorem only for metric geometry. 
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The equation of the tangent to the The equation of the contact point 

point curve at the point (x, y) is of the linecurveon the line (u,e)is 

- yX - xY + 1 = 0 . - vV - uV + 1 - 0 . 

Hence the coordinates (u, ») of Hence the coordinates (x, y ) of 
the tangent are the contact point are 

« ■ - ¥. v = - x. x - — v, y - — u. 

Eliminating x t y from these equa- Eliminating u, v from these equa¬ 
tions and (2 a), we obtain as the tions and (2 6), we obtain as the 
desired line curve desired point curve 

(2 6) 2 tie = 1. (2 a) 2xy = \. 

To the point hyperbola (2 a) To the line hyperbola (2 6) 
corresponds the line hyperbola corresponds the point hyperbola 
(26). (2 a). 

We have' here a point curve and a line curve each of which corre¬ 
sponds to the other. Thus, we have proved in a particular case the 
fundamental theorem: 

Theorem 2. If one of two curves of opposite types corresponds to the 
other, the second corresponds to the first. 

In other words, if the tangents to a given point curve C are drawn, 
to form the corresponding line curve C", the contact points of C' will 
be the points of C; or, if the contact points of a given line curve C' 
are marked, to form the corresponding point curve C, the tangent 
lines of C will be the lines of C. In both cases the relationship between 
the two curves is reciprocal: the tangent lines of C are the lines of C' 
and the contact points of C' are the points of C. 

The theorem is by no means self-evident. A proof of it in the 
general case will be given in the next paragraph. 

Suppose that equations (la) and (16) represent a point curve and a 
line curve which correspond. It is natural, then, to speak simply of 
the curve. We mean, thereby, both the point curve and the line 
curve. Accordingly, we may think of the curve as defined either by its 
points, or by its lines, as the occasion demands, and speak of (1 a) as 
its equation in point coordinates and of (1 6) as its equation in line 
coordinates. 

You example, we think d the hyperbola, ot the i<rce%o\n% problems 
as cowas&ng ol both its points and its tangents. \n n) wehsse \\a 

equaWaia pomt coorSanates, anti in (2 V), Hi equation inbne eoor 
drnatee. 
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The theory of corresponding point and line curves has exceptions 
which deserve special emphasis. A straight line, as a point curve, has 
but one tangent and hence cannot be considered as a line curve. 
Similarly, corresponding to the simplest of all line curves, a point, 
there is no point curve. 


EXERCISES 

1. Establish Theorem 1 d. 

2. Prove that each of the two curves 

$ + = 1, + W « 1 

corresponds to the other. 

3. Find the equation in line coordinates of the curve whose equation in 
point coordinates is if = 2 true. 

4. Find the equation in point coordinates of the curve v = 2 u 1 — u + 1. 


3. Proof of the Fundamental Theorem. Let a point curve 

( 1 ) y = fir), 

not a straight line, be given. The equation of the tangent at the 
point (z, y) is 

(2) y'X - Y + (y - y'x) - 0, 

where y' = dy/dx. Hence the coordinates (u, v) of the tangent are 


(3) 



1 

y - y'x 


Elimination of x and y from equations (1) and (3) yields the equa¬ 
tion of the line curve corresponding to the given point curve. The 
elimination is, however, unnecessary. Equations (3) constitute a 
parametric representation of the line curve in terms of x as the para¬ 
meter; we need only think of y and y' as replaced by f(x) and /'(x). 

To prove that the point curve corresponding to the line curve (3) 
is the given curve (1), it suffices to show that the contact point of (3) 
on the line ( u , v ) is the original point (x, y) of (1). The equation of 
this contact point is 

(4) V - v = - u), 

where t/ *= dvjdu. Since, from (3), 


du _ y"y 
dx “ (y - y'*)* ’ 


y"x 

(y - y'x) 1 ’ 


( 5 ) 


d» 

dx 
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we have 



Hence equation (4) becomes 


( 7 ) x(u - ^-t-) + y ( V +—^—r) = o, 

\ y - v*/ \ v -v’xj 

and reduces immediately to the equation 

xU + yV + 1 = 0 

of the point (x, y). 

In the same way it may be shown that, if a point curve corresponds 
to a line curve, the line curve corresponds to the point curve. Thus 
Theorem 2 of § 2 is established. 

Critique. Equations (3) and subsequent equations are meaningless 
for a point (x, y) of (1) for which y — y'x = 0. This is natural, for 
the tangent (2) at (x, y) is then a line through (0, 0) and therefore 
has no coordinates ( u, v ); see Ch. V, $ 5. 

For a point P for which y" = 0,* du/dx and dv/dx are zero and v' 
is undefined. It is natural, however, to define v' in this case as the 
limit approached by the ratio of dv/dx and du/dx when a point on the 
curve neighboring to P approaches P as a limit. Then (6) is valid 
for P. 

The difficulty with (6) arising from the fact that y may be zero is 
superficial. We can write, instead of (4), 

dv . . du , TT . 

_ ( C7 _ 

Substitution of the values of the derivatives from (5) then leads di¬ 
rectly to (7). 

Our proposition is therefore established except for points of (1) at 
which the tangents go through (0, 0). That it holds also for these 
points is immediately realized when one imagines the origin properly 
shifted and the proof repeated. 

EXERCISES 

1. A curve has in point coordinates the parametric representation 
— l,n>t Find the corresponding parametric representation in line 
coordinates. 

* If #"sfl, then y = ax +b and (1) is a straight line, contrary to hy¬ 
pothesis. 
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2. Find a parametric representation in point coordinates for the curve 

u = — - sec fl, tan 8, 

a b 

and identify the curve. 

3. The four-cusped hypocycloid x 5/s + y 11 * = a ils has the parametric repre¬ 
sentation 

x = a cos’ 8, y = a sin* 8. 

Show that the corresponding parametric representation in line coor dina tes is 

1 „ 1 

u — -sec 9, v =-esc 9 

a o 

and hence find the equation in line coordinates. 

4. One-Parameter Families of Lines. Envelopes. We have de¬ 
veloped the theory of one-parameter families of lines from the point 
of view of line geometry. From this point of view, they are simply 
line curves. 

The usual approach to one-parameter families of lines is from the 
opposite point of view. The family of lines is defined by an equation 
in point coordinates, and the problem is to find, not the equation of 
the line curve which the lines constitute, but the equation of the 
envelope, the point curve which has the lines as its tangents. The 
envelope is then the point curve, and the term “ envelope,” like the 
term “ locus,” belongs to point geometry.* 

A one-parameter family of lines is represented by an equation in 
point coordinates of the type 

(1) flit) Xi + flit) X S + f,it) X, = 0. 

We assume that /i(f), flit), /s(0 are single-valued, analytic functions 
of the complex parameter f, and for our immediate purposes we re¬ 
write the equation, in nonhomogeneous form t 

(2) f(t) x + 4>(t ) y + 1 = 0. 

We shall describe three methods for finding the envelope of the family 
of lines (1) or (2). 

The Method of Line Geometry. A parametric representation of the 
line curve consisting of the lines (2) is evidently 

(3) u = /(<), v - <f>{t). 

* There are, unfortunately, no corresponding terms in line geometry, 
t Here /(<) = /i(0//a(<)> <*>(*) ”/»(0//»(«)• In dividing by /,(<) we are 
excluding the lines of the family which go through the point (0, 0). Of course, 
all the lines may go through this point; but the envelope is then just the point. 
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Elimination of t from these equations yields the equation in line coor¬ 
dinates of the envelope. 

The envelope itself is the point curve corresponding to the line 
curve (3). The contact point ( x , y) of (3) on the line (u, v ) has the 
equation 

4>'<t)lU - /(*)] - - *(£)] = 0, 

or 

-4>’U+f'V+ U4>' -/» - 0. 

Hence the equations 

(4) x “ "w-m* v= f4>'-u 

constitute a parametric representation of the envelope and elimination 
of t from them gives the equation of the envelope.* 

The Method of Analysis. According to this method,t the envelope 
is found by eliminating t from the equations 

m * + m y + 1 - 0 , 

f\t) x + y =0, 

the second of which is the result of differentiating the first partially 
with respect to t. These equations are equivalent to (4), for the 
result of solving them for x and y is precisely (4)4 

The Method of Algebraic Geometry. We assume now that our family 

* If the family consists of a pencil of lines, the envelope is a point and has 
no equation in point coordinates. If the point is finite, the expressions for 
x and y given in (4) are constants. If the point is at infinity, / <t>' — /'$ = 0; 
conversely, it can be shown that, if f 4' — f'4> m 0, the lines of the family are 
all parallel. 

t See Osgood, Advanced Calculus, Ch. VIII. 

{The method of analysis can equally well be applied to equation (1). 
In this case we have 

fi(t)xi +/i(t)xi +f,(t)x, - 0, 
f'i{t)xi + ft(t}xt +/•(<)** ” 0. 

Henoe a parametric representation of the envelope iB 

(a) Xi — ftfi — ftfi, xt *■ ftf[ — fift, x j - fif'i — fif[. 

The corresponding representation of the given lines is 

(&) Vi-Mt), -/»(<). M, - /,(<). 

The method of line geometry can also be applied to (1). Here we start with 
the equations (6) and show directly that the corresponding point curve is 
represented by equations (a). 
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of lines can be represented by an equation (1) in which /,(<), /,(«), 
/»(<) arc polynomials in t. The equation can then be rewritten in the 
form 

(5) oco <* + oti t" -1 +•••♦•+ a»_i t + = 0, 

where 

a,- ss aaXi -f- anxt + auXi, (t = 0,1,2, • ••, n). 
If n = 1, equation (5) becomes 

cxq t -f- cti — 0 

and represents a pencil of lines, provided the equations a* — 0, 
ai = 0 represent straight lines which are distinct. 

Consider, next, the quadratic family of lines 

(6) a# <* + 2 ati i + aj = 0, 

where a# = 0, ai = 0, at = 0 represent lines which are not con¬ 
current. For a given point (*i, x», x t ), equation (6) is in general 
quadratic in f. Hence there are in general two lines of the family 
which pass through a given point of the plane. Accordingly, it is 
reasonable to expect the envelope to be a point conic. If this is the 
case, the points of the envelope are the points for which the corre¬ 
sponding two lines of the family coincide, and the equation of the 
envelope is obtained by setting the discriminant of the quadratic equa¬ 
tion (6) equal to zero: 

(7) a* — aoaj = 0. 

The method is readily justified. Eliminating t from (6) and the 
equation obtained by differentiating (6) partially with respect to t, 
we obtain (7). 

In the case of a cubic family of lines, 

(8) ao t* + ai f* + t + a, = 0, 

there are in general three lines through each point. The points at 
which at least two of these lines coincide are the points for which (8) 
has a multiple root, that is, the points for which the discriminant of 

(8) vanishes. These points actually constitute the envelope. For 
we know from algebra that (8) has a multiple root if and only if it and 
its derived equation, 

(9) 3 at P + 2 t + at = 0, 

have a common root, and that the result of eliminating t from (8) and 
(9) is the discriminant of (8) equated to zero. But, by the method of 
analysis, the result of thi a elimination is the equation of the envelope. 
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Appealing to other sources for the discriminant of (8), we obtain 
as the equation of the envelope 

(10) 27 ajal — alal + 4 aoccl + 4 a*a» — 18 aoaiajau = 0. 

The extension of the method to the general case of the family 
defined by equation (5) is self-evident. 

EXERCISES 

In each of the following examples find the envelope of the line which moves 
subject to the conditions stated, obtaining its equation in line coordinates as 
well as its equation in point coordinates. 

1. The sum of the intercepts on the axes is constant. First draw the graph, 
taking the constant equal to 4. 

2. The difference of the intercepts, taken in a definite order, is constant. 

3. The line always forms with the coordinate axes a triangle of given area. 

4 . The sum of the intercepts is equal to their product. 

5. Two mutually perpendicular lines cut from the line a segment of given 
length. 

6. Find the envelope of each of the fallowing families of lines; 

(a) xi* — 2yt + 3 -> 0; (6) x cot f + y tan t + 4 => 0; 

(c) t* + 3xt* + 3yt + l - 0. 

7. Show that the equation in line coordinates of the circle with radius r 
and center in the point (a, 6) is 

(a u + b v + 1)* = r*(u’ + r 1 ). 

In the following problems find first the equation in line coordinates of the 
envelope. 

8. The sum of the squares of the distances from the line to two fixed points 
is constant. 

9. The previous exercise, if the difference of the squares, in a definite order, 
is assumed given. 

10. The product of the algebraic distances from the line to two fixed points 
is constant. Distinguish two cases, according as the two fixed points lie on 
the same, or opposite, sides of the line. 

11. The preceding problem, if the sum of the two algebraic distances is 
taken as constant. 

5. Algebraic Curves. Point Curves. The locus of the points whose 
coordinates satisfy an equation of the form 

(1) f(xi, x t , xi) =* 0, 

where J(x\, x t , x t ) is a homogeneous polynomial in xi, xt, x% with real 
Coefficients, not all aero, is a real algebraic point curve . The degree n 
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of the polynomial is called the order of the curve. 

The algebraic point curves of orders one and two are the straight 
lines and point conics. An algebraic point curve of order three may 
have its equation written in the form 

(2) ILL ai,kXiXjX t = 0, 

<«l /«=! t«l 

where each two a's with the same subscripts are equal. 

We shall assume that the point curve (1) iB irreducible, that is, that 
the polynomial /( x lt x 2 , x 3 ) cannot be written as the product of two 
polynomials, neither of which is a constant. 

Theorem 1 a. An algebraic point curve of order n is met in n points 
by every line. 

If r and s are two distinct points of the line, the points x=Xr-f/is 
in which the line meets the curve (1) are the points for which X, p 
satisfy the equation 

(3) /(X ri + p X r 2 + p s 2 , X r s + p s a ) = 0. 

Since fix i, x 2 , x 3 ) is of degree n in x h x 2 , Xj, the left-hand Bide of this 
equation is a homogeneous polynomial in X, p of degree n* If all the 
coefficients in this polynomial were zero, the curve would contain the 
line and hence be reducible. Therefore the line intersects the curve 
in n points. 

If r is a point of (1), X = 1, p = 0 is a solution of (3); in other words, 
p is a factor of the polynomial in (3). It is conceivable that a higher 
power of p than the first, say p k , is a factor of the polynomial. Then 
k of the n points in which the line meets (1) coincide in r and we say 
that the line meets (1) k times in r. 

What is the locus of a point y which moves always so that the line deter¬ 
mined by it and a given point r of (1) meets (1) at least twice in rf 
The points x = r + py in which the line of r and y meets (1) are 
those for which p satisfies the polynomial equation 

(4) F(p) = /(ri + pyi,ri+ p y t , n + p y 3 ) = 0. 

The polynomial F(p) is precisely the Maclaurin development for 
F(p): 

F(p) m F(0) + F'{Q)p + F"i 0) +.+ f™(0) * 

* For example, for the cubic curve (2), equation (3) is 
i—a 1-8 i—s i- 3 

X 3 2 a,i»r,r,r* + 3 XV 2 a,,*r,r,-«* + 3 V 2 a.jV.s,** + M s 2 a„*s,s,s* = 0. 

ut tf* w* 
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From (4), 

s 

F(p) " f(xu xt, **), F'<m) * £ xt, x,)y { , 

1-8 1-8 
^ jfofa, x,, x»)yiy/, F"'Ui) = ^ /y*(xi, xs, xt)y,Vfyk, 

where 

xi = ri+^»i, Xi = r»+Myi, x» = r»+My>, 

and /i(xi, xt, x*) denotes the first partial derivative of f(x u x t , x») with 
respect to x,, fa(xi, x t , x*) the second partial derivative of f{x\, x t , x,) 
with respect to x< and X/, and so forth. Hence 

F(0) = /(r,, r s , r»), F'(0) = ^/.(r,, r s , r,)y<, 

F"(0) - r«, r*)y<y/, F"'(0) = / i} -*(r l( r 2 , u)y<y{y k . 

By hypothesis,/(n, r 2 , r») = 0. Thus the equation F(p) = 0 becomes 

(5) o = nYJi( r u r *» r i)v* + ^YJa( r u r *i n)y,iii + • • • + — { F rBl (0), 

and has /t =* 0 as a root at least twice if and only if y i, y 2 , y s satisfy 

(6) r 2) r,) y, + /j(ri, r 2 , r t ) y, + r 2 , r,) y* = 0. 

This, then, is the equation of our locus. 

If the coefficients in (6) are all zero, the locus consists of all the 
points of the plane. In other words; Every line through a point r of 
(1) for which 

(7) M*i, r t , r,) = 0, / 3 (ri, r 2 , r,) = 0, r 2 , r,)„ = 0 

meets (1) at least twice in r. A point of an algebraic point curve with 
this property is known as a singular point of the curve. 

If r is not a singular point, equation (6) represents a straight line 
which goes through the point r.* Thus, there is just one line through 
a nonsingular point if an algebraic point curve which meets the curve at 
least twice in the point. This line we call the tangent to the curve at 
the point, f 

* Since the locus is that of all points which determine with r lines meeting 
(1) at least twice in r, it follows that all points on a line through r belong to 
the locus if one does. Hence the locus must in any case consist of lines 
through r. 

t We leave it to the reader to show that this special definition of a tangent 
eoafoaos to the general definition of (2. 
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Theorem 2 a. The equation of the tangent to the point curve (1) at 
the nonsingvlar point r is 

(8) fi(ri, r t, r,)xi + / 5 ( r u r s , r,)x s + r t , r,)x a = 0. 

Line Curves. A real algebraic line curve is the totality of lines whose 
coordinates satisfy an equation of the form 

(9) <£(ui, ui, ui) — 0, 

where <f>(u If u 3 , u,) is a homogeneous polynomial in u u u t , u, with 
real coefficients, not all zero. The degree m of the polynomial is 
called the class of the curve. 

Theorem 1 b. An irreducible algebraic line curve of class m has m 
lines in common with every point. 

If every point on a line L of the line curve has the property that, 
among the lines common to it and the curve, the line L counts at 
least twice, the line L is called a singular line. The line r of (9) is 
singular if and only if 

(10) r 3 , r,) = 0, 4> 2 (ri, r s , r„) = 0, 4>,(r h r 2 , r s ) = 0. 

There is a unique point on a nonsingular line of the line curve which 
has the property just described. It is defined as the contact point of 
the curve on the line. 

Theorem 2 b. The contact point of (9) on the nonsingidar line r has 
the equation 

(11) <£i(ri, rt, r z )ui + <t> 3 (r h r 2 , ri)u 2 + r 2 , r,)«, = 0. 

Corresponding Point and Line Curves. If the line u is the tangent 
to the point curve (1) at the nonsingular point x, then 

(12) p«i = /i(*i, x 2 , xi), pu 2 = f 2 (xput = fi{x u x 3 , xi), 

(13) UiXi u 2 xt + uiXs = 0. 

Suppose, conversely, that a line u is given lor which the point x exists 
so that the x’s and u's satisfy (12) and (13). Substituting the values 
of tti, Ui, u» from (12) into (13), we have 

(14) Xifi(x u Xi, xs) + xtft(*i, x t , xi) + Xsfs(x u x t , xi) = 0. 

By Euler's Theorem * 

(15) xsfi(xi, x 2 , x,) + xrfi(x lt x % , xi) + x^,(xi, Xj, x,) = n/(xi, x», *,). 
* See Osgood, Advanced Calculus, p. 122. 
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Hefice 

/(*i, *s, a:*) = 0, 

and the point x lies on (1). Equations (12) then say that this point 
a; is a nonsingular point of (1) and that the line u is the tangent at it. 

Theorem 3 a. A necessary and sufficient condition that the line u he 
a tangent to the point curve (1) is that the point x exist so that the u’s and 
x’s satisfy equations (12) and (13). 

Suppose that we eliminate *i, x t , x s from (12) and (13). The result 
is an equation in «i, u it u t which, since (12) and (13) are algebraic 
equations, can be reduced to the form 

(16) <£(«i, u t , ut) = 0, 

where <f> is a homogeneous polynomial in tti, w», Wj. 

Equation (16) represents the line curve corresponding to the point 
curve (1). For, it follows from Th. 3 n that the coordinates of the 
tangents at the nonBingular points of (1) satisfy (16), and it is a fact, 
the proof of which need not concern us here, that the lines whose 
coordinates satisfy (16) are, with certain well-warranted exceptions,* 
precisely these tangents. 

Theorem 4 a. The line curve corresponding to the algebraic point 
curve (1) is algebraic. Its equation is obtained by eliminating Xi, x t , x } 
from equations (12) and (13). 

The duals of Theorems 3 a and 4 a we leave to the reader. 

If an algebraic point curve and an algebraic line curve 

(17) /(*i, xt, x t ) = 0, tj>{u i, a,, u t ) = 0 

are so related that one corresponds to the other, then, by our funda¬ 
mental theorem, the second corresponds to the first. We call the 
two curves, taken together, an algebraic curve and refer to equations 
(17) as its equations in point coordinates and line coordinates, re¬ 
spectively. The degree of the first equation is the order of the alge¬ 
braic curve, and that of the second, the class. 

We Btate without proof that, if an algebraic curve of order n has no 
singular points, its class is 
08) m = n(ra — 1). 

k If singular points are present, the class is reduced. For example, a 
pnondegenerate conic is of order 2 and has no singular points; hence 

* The tangents to (1) at the singular points of (1); see $ 6. 
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by (18) its class should be 2, as is actually the case. Again, an alge¬ 
braic curve of order 3 without singular points is of class 6; if the curve 
has Angular points, its class is either 4 or 3; see § 6. 

Example. For the curve of the third order * 

i! + i! + *! = o, 

/i = 3 x\, /*= 34 /*= 34 


Since these partial derivatives vanish simul¬ 
taneously only when x x - 0, x 2 = 0, x 8 = 0, the 
curve has no singular points. Its class is, there¬ 
fore, 6. 

Equations (12) become here, on taking p = 3, 
x\ = til, X* = Ui, x»= u». 

Substituting the values of x u x 2 , x, obtained from 
these equations into (13), we find as the equation of the curve in line 
coordinates 

± u ?' s ±i4' s ±t4' s = o, 

or, in rational form, 

ui -f- v-2 -f* Us — 2 V 2 W 8 — 2 tiiUi 2 U 1 U 2 — 0. 

Nonhomogeneous Equations of Algebraic Curves. The equation of 
the curve (1) in nonhomogeneous coordinates is 

(19) F ( x > V ) = 
where 

( 20 ) /(x 1 , x 5 , Xi) = Xi F{x i / xj , Xi/xi). 

We exclude the points of the curve on x 3 - 0. 

Since, from (20), 

fi = xr 1 F x , ft = xj ~ 1 Fy, 

ft » rex * -1 Fir, y ) - x ?" 2 (x t F x + ** F v ), 

the singular points of (19) are the points of (19) for which 
F z (x, y) = 0, F u (x, y ) = 0. 



At a nonsingular point, 

( 2 i) y' 


dy _ F«( x, y) . 

dx ~ F y (x, y ) 


* Fig. 5 shows the curve in the metric plane. 
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If (z*, jfe) is a nonsingular point of (19), not both F a (x», j»o) and 
F v (xo, ^o) are zero. Assume, for example, that F v (x », yo) ^ 0.* The 
equation F(x, y) = 0 then defines y as a function of x, 

(22) y - f(x), 

in a neighborhood of (xo, 1/a)- This function is single-valued and 
analytic and its first derivative is given by (21), where it is understood 
that the y in F x (x, y) and F v (x, y) is the y of (22).f 

Thus, a piece of the curve (IS) in the neighborhood of a nonsingular 
point can be represented by an equation of the form employed in the 
opening paragraphs of the chapter. Hence our previous develop¬ 
ments are perfectly general, applying as well to the case of a curve 
represented by an equation defining y implicitly as a function of x as 
in the simpler case where y is defined explicitly as a function of x. 
In particular, it follows that our proof of the fundamental theorem is 
as valid in the one case as in the other. 

EXERCISES 

In each of the following exercises, find the equation of the given curve in the 
opposite kind of coordinates. Give the order and the class of the ourve. 

1. Xi*Xi =« Xi*. 2. 4iii* + 27tW = 0. 

3. x* = y*. 4. v ■» u*. 

5. Apply the results of this section to point conics and line conics, showing 
that they reduoe to those of Ch. XII. 

6. Singular Points and Singular Lines of Algebraic Curves. Sup¬ 
pose that the algebraic curve 

(1) ' f{x i, x it x,) = 0, 

has the singular point r: 

(2) fi(r it ra, r,) = 0, /j(r lf r a , r,) = 0, f,(r h r t , r,) = 0.J 

The points x = r + p y in which the line of r and an arbitrary point y 
meets the curve are, according to § 5, the points for which p is a root 
of the equation 

0= ‘f l ft, f»)ViV{ + |j Uiikin, rt, r^y^-yt + ••• + ^ F w (0). 

* If F v (x o, ya) *= 0, think of x and y as interchanged in the argument which 
follows. 

1 This is the Implicit Function Theorem of Analysis; see Osgood, Lehrbuch 
der FtatkUonmlheane, 6th edition, p. 421; Advanced Calculus, p. 132. 

I It is not necessary to add the equation /(n, ri, r t ) — 0, for this equation 
follows from (2) by virtue of Euler’s Theorem. 
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Hence the locus of the points y such that the line meets the curve at 
least three times in r has the equation 

(3) L/Ai, r t , r,)yiyj = 0. 

In case the coefficients in this equation are not all zero, we shall 
call the point r a simple singular point. The locus (3) is then a conic 
which, by the nature of our problem, consists of two straight lines 
through r* 

There are just two lines through a simple singular 
point of an algebraic curve which meet the curve at least 
three times in the point. These two lines are known 
as the tangents to the curve at the point. 

According as the two tangents at a simple singular 
point are distinct or coincident, the point is called a 
double point or a cusp. The familiar curve of Fig. 6, 

(4) xj — xhu =0 (y 1 = x s ), 

has a cusp at the point (0, 0, 1), whereas the curve of Fig. 7, 

(5) xi + xlxs — x\xt — 0 (y* — x* + A 

has a double point at (0, 0, 1). 

If the values of the second partial derivatives of /(xi, x t , Xj) for 
the point r — the coefficients in (3)— are all zero, but the values of the 

third partial derivatives for r are not 
all zero, every line through r will 
meet the curve at least three times 
in r and there will be just three lines 
» which meet it four times in r. These 
three lines, which are of course not 
necessarily distinct, we call the tan¬ 
gents at r. In general, if the partial 
derivatives of /(xj, x 2 , x») of orders 
I, 2, • • •, k — 1, where k = 2, are all 
zero for the point r, but the Arth partial 
derivatives do not all vanish for r, there will be k lines which we can 
justly call tangents at r. The point r is then known as a k-fold 
singular point , or o singular point of multiplicity k. 

The facts concerning singular lines are similar. A line r is a k-fold 




* See the first footnote on p. 214. 
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singular line of 4>(^u «*,«») = 0 if the partial derivatives of &(u it th,u«) 
of orders 1, 2, * • •, jfc — l f where k S 2, all vanish for r , whereas the 

fcth partial derivatives are not all zero 
for r. Every point of the line r has, then, 
the property that among the lines common 
to it and the curve the line r counts at least 
-* k times, and there are just k points on r 
each of which has the property that it has 
the line r at least k + 1 times in common 
with the curve. These k pointB are called 
the contact points of the curve on the singu¬ 
lar line. 

We are primarily interested in the case k = 2 of a simple singular 
line. According as the two contact points in this case are distinct or 
coincident, the singular line is known as a double tangent or an inflec¬ 
tional tangent. The curve of Fig. 8, 

(6) 4 ttj + 27 Ufui =0 (y = r*), 

has the line x t = 0 (the axis of x ) as an inflec¬ 
tional tangent, and the curve of Fig. 9, 

(7) M* -f- MiMj — UjM| — 0, 

has the same line as a double tangent. 

Comparison of the simple singular lines 
with the simple singular points shows that a 
double point and a double tangent are dual 
and that a cusp and an inflectional tangent 
are dual. 

At the cusp in Fig, 6, the point tracing the curve turns on itself and 
proceeds in the opposite direction. On the inflectional tangent in 
Fig. 8, the line enveloping the curve ceases to rotate in one direction 
and begins rotating in the opposite direction. As a matter of fact, 
the contact point on an inflectional tangent is a sd-called point of 
inflection , and conversely.* 

Pluscker’s Equations, hot n and v be the order and class, d and 5 
the number of double points and double tangents, and r and p the 

* A complete discussion of this question would lead us too far afield. It 
Buffiees to note that equations (5) of § 3 show that the tangent at a point of 
inflection is a sin g ula r line, and the subsequent critique guarantees that the 
point of inflection is a contact point on this line. 
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number of cusps and inflectional tangents of an irreducible algebraic 
curve with only simple singular points and simple singular l i n e s. 
Then two of the four famous equations of Pluecker read 

( 8a ) v = »(n - 1) - 2 d - 3 r, 

( 8 b ) n = v(y - 1) - 2 S - 3 p. 

From these and the two remaining equations * may be deduced 
the equality of the two expressions, 

( 9 ) V - \(n - l)(n - 2) - d - r, 

V = - l)(r - 2) - 5 - p. 

Since it can be shown further that the common value, p, can never be 
negative, it follows that the maximum values of the numbers, d + r 
and S -J- p, of the singular points and singular lines are, respectively, 

(10) §(n - l)(n - 2), i(v - 1)(„ - 2). 

Thus a curve of order (class) 3 can have at most one singular point 
(line), and a curve of order (class) 4 has at most three singular points 
(lines). 

Since the integer p is the difference between the maximum possible 
number and the actual number of singular points, or singular lines, 
it is frequently called the deficiency of the curve. An equally common 
name for it is the genus. It is evident that a curve is of genus zero 
only when it has the maximum number of singular points and singular 
lines. A nondegenerate conic is, for example, a curve of genus zero. 

Example 1. The curve of Fig. 6: 

(4) f 3 = x \ — xlxt = 0. 

Since n = 3, there is at most one singular point. This is readily found 
to be at the cusp (0, 0, 1) with x t = 0 as tangent. Thus n — 3, 
d =» 0, r — 1. Hence, by (8 a), v = 3. But then (8 b) becomes 
2 5 + 3 p = 3, whence 6 = 0, p = 1. Our curve is therefore of class 3 
and has one inflectional tangent. As a matter of fact, the equation of 
the curve in line coordinates is 

<j> — 4 Wi "h 27 UiU| = 0, 

* Namely, 

p = 3 n(n — 2) — 6 d — 8 r, 
r = 3 v(v — 2) — 6 i — 8 p. 
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and 14 is easily shown that (0, 0, 1) is an inflectional tangent with 
contact point = 0.* The curve is of genus zero. 

Example 2. The curve of Fig. 9: 

(7) (ft S3 u\ + Uitij — UjU* = 0. 

This curve of the third class has, as its only singular line, the double 
tangent (0, 1, 0) with the contact points tti ± u* = 0. Since v = 3, 
i * 1, p = 0, it follows that the curve is of the fourth order. Hence 
we have, from (8 o), 2 d 4- 3 r = 9. Inasmuch as n = 4, there can be 
at most three singular points and therefore the curve has three cusps 
and no double points. The genus is zero. 

The equation of the curve in point coordinates is found to be 

4 x* — 4 xfx* — (8 xl — 38 XiXa -1- 27 x|) x» + 4 xi = 0, 

or 27 y* + 4 x(x* - 9)y - 4 (x» — 1)* - 0. 

) 

Of the three cusps, one is (in the metric plane) at the point at infinity 
in the direction of the y-axis, with the line at infinity as cuspidal 
tangent. The other two are imaginary and are situated in the points 
(9, 8, ± 3V3t). 

EXERCISES 

1. Prove in detail the properties of the curve of Example 1 of the text. 

2. The same for the curve of Example 2. 

3. The curve of order three in the example in the text of { 5, namely 

xi * + Xs* 4- xi* - 0, 

has no singular points. Show that it has as singular lines the nine inflectional 
tangents with the contact points 


( 1 , 

- 1 , 

0 ), 

l 6), 

-1, 

0 ), 

( w*. 

-1, 

0 ), 

(- 1 , 

0 , 

1 ), 

(- 1 , 

0 , 

at), 

(-1, 

0 , 

<£)> 

( 0 , 

1 . 

- 1 ), 

( 0 , 

w, 

- 1 ), 

( 0 , 


- 1 ), 


where a is an imaginary cube root of unity. 

Prove that theee nine points of inflection lie by threes on twelve lines, and 
that a line determined by two points of inflection always contains a third. 
The diagram for the evaluation of a three-rowed determinant will be found of 
value in picturing schematically the nine points and twelve lines. 

4. Find the angular points and singular lines of the hypocycloid of four 
cusps: 

i# + - ahAP or (x* + y* — a*)* + 27 a*xV = 0. 

Ane. Six cusps: (± a, 0), (0, ± a), and the circular points at infinity; four 

* In tile metric plane the line at infinity is the inflectional tangent and the 
contact point on it is in the direction of the y-axis. 
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double points: (± <ri, ± oi), (± oi, ai); three double tangents: the two 

axes and the line at infinity. 

5. Show that the curve 

y* - x* - x* 

has an isolated double ■point, that is, a real double point at which the tangents 
are imaginary. Plot the curve in the metric plane. 

6 . Exhibit a curve with an isolated double tangent, 

7. Unlcursal Curves. The curve of the third order of Pig. 7, 

(1) y* = *■ + x», 
is cut by the line, 

(2) y = tx, 

through its double point 0 in just one point P other than 0, provided the 
line is not one of the two tangents at 0. In these two cases, the point 
P comes into coincidence with 0. Consequently, if we agree to think 
of the double point as two superimposed points, one corresponding to 
each of the two tangents, there is established a perfect one-to-one 
correspondence between the points of the curve and the lines of the 
pencil at 0. The equations of the correspondence are obtained by 
solving equations (1) and (2) for the coordinates (a;, y) of P in terms 
of the parameter t of the pencil. We thus get, as a parametric repre¬ 
sentation of the points of the curve,* 

x = f 1 — 1, y = t* — t. 

The corresponding parametric representation of the lines of the 
curve is readily found to be 

3 - 1 _ 21 

• W = (P - 1)*’ V= (<* - 1) J ‘ 

There is, in this case, a perfect one-to-one correspondence between the 
points of the curve and the tangents to the curve.t Hence these 
equations establish a perfect one-to-one correspondence between the 
tangents and the values of the parameter t (including t = °°). 
Suppose now that the equations 

Xi — ^1 (<) = oof* + flit" -1 + • • • + fl», 

(3) x t = = bol" + b\t n ~ l + • • • + 6„ 

X* = *,(f) = Cot" + Cit" -1 + • • • + C n , 

* To obtain the point at infinity (0, 1, 0) on the curve, t must be allowed 
to become infinite. 

t The curve has no double tangents, only inflectional tangents. If a double 
tangent had been present, we should have found it necessary to think of it as 
two superimposed tangents, one corresponding to each of the contact points 
on it. 
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where the o’b, h's, c’s are real constants and ao, 60 , eo are not aU aero, 
establish between the values of the complex parameter i (inclusive of 
i = 00 ) and the points (*i, x 2 , x a ) of an irreducible algebraic curve a 
perfect one-to-one correspondence, provided only that each singular 
point is replaced by the proper number of superimposed points. 
There is, then, a similar one-to-one correspondence between the 
tangents to the curve and the values of t. The equations of this cor¬ 
respondence are the parametric equations for («i, u 2 , u») corresponding 
to equations (3), namely,* 

(4) Ui = — ^ 3 ^ 2 , ut = 

An algebraic curve of this type is called unicursal or rational. 

The order of the unicursal curve (3) is n. For, it meets an arbitrary 
line (d|x) = 0 in the n points which correspond to the n values of t 
which are the roots of the polynomial equation 

M = 0. 

Similar reasoning, applied to (4), would indicate that the class of the 
curve is n + (n — 1 ) or 2 n — 1 . This is, however, not the case, for 
the coefficients of the terms of degree 2 n — 1 in the polynomials in 
(4) all vanish. The coefficients of the terms of degree 2 n — 2 are 
found to be 

biCf — boci, Cidfl — codi, ciibo — c«hi. 

These coefficients are not, in general, all zero and the class of the curve 
is, then, 

v ~ 2 (re — 1). 

An algebraic curve has in general at most double points. Restrict¬ 
ing ourselves to this case and substituting n — n, v = 2 (n — 1 ), 
r = 0 , in 

v = n(n — 1) — 2 d — 3 r, 

we find that 

, _ (" ~ 1 )(w ~ 2) 

2 

Thus the curve has the maximum number of double points, and is 
therefore of genua aero. 

This result is always valid. Every unicursal curve is of genus zero. 
Moreover it is true, conversely, that every curve of genus zero is uni¬ 
cursal. 

The most important unicursal curves for our purposes are the non¬ 
degenerate conies. 

* See last footnote on p. 210; also Ex, 5. 
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EXERCISES 

1. Employing the method used to treat the cubic curve (1), establish para¬ 
metric representations of the following nondegenerate conics: 

(а) y* = 2mx; ( e ) y* = x 2 - Zx + 2; 

(б) au 1 + Xt 2 — xi 1 = 0; (d) ZaijXiXj = 0. 

2 . Find the equations of the conics defined by the following parametric 
representations: 

(a) Mi = 2 t — 1, ms =» t 2 + 1, Mj = t 2 — 1; 

( b ) Xi " — t 2 -I - 1 -|-1, Xs * t 2 — t -f-1, Xi — t 2 -{-1 — 1 

3. The equations X\ — xt — t 2 , x t = l evidently constitute a parametric 
representation of the conic Xi 2 = XiX 3 . But, for them, n = 4. Explain the 
paradox. Why was it not met with in the text? 

4. Show that the curve of Fig. 6 is unicursal and establish for it a rational 
parametric representation. 

5. Prove directly that the coordinates of the tangent to the curve (3) at 
the point x are given by (4). 

Suggestion. Find the equation of the tangent as the limit of the secant 
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PROJECTIVE, AFFINE, AND METRIC PROPERTIES OF CONICS 

1. Projective Properties. Conjugate Points and Lines. An arbi¬ 
trary nondegenerate conic is represented by the equations 

(1) =* 0, ! ay I 7* 0 ; = 0, | b if | 0, 

where 

6.1 = A</ or Oy = Bij, 

according as the first or the second of the two equations is the one initi¬ 
ally given. 

Two points r and s are said to be conjugate to one another with respect 
to the nondegenerate conic (1) if 

(2 a) 'E.Oi/riSj =0 or = 0. 

It should be recalled that, since a# = a,<, £ a v r **3 = XX; 8 *' 7 '/. 

If one of the two points, say r, lies on the conic, the other, s, lies on 
the tangent at r; for the condition that s lie on the tangent at r is 
precisely (2 a). 

Suppose that neither r nor s lies on the conic. The points of inter¬ 
section of their line with the conic are 

(3) x' = r + p's, x" = r + p"s, 

where p' and p” are the roots of the quadratic equation " 

+ 2 p + p* = 0. 

Recalling that the sum of the roots of the equation a + bp + cp* = 0 
is aero when and only when 6 = 0 , we conclude that r and s are con¬ 
jugate if and only if 

P' + P n = 0, 

and hence if and only if r and * are separated harmonically by the 
points (3). 

Thbobem 1 a. Two points, neither of which lies on the conic, are 
conjugate if and only if they separate harmonically the intersections of their 
line with the conic. Two points, the first of which is on the conic, are 
conjugate token and only when the second lies on the tangent at the first. 

296 
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Consider a secant of the conic, that is, any line which is not a tangent. 
The points of the secant are conjugate in pairs, inasmuch as they 
separate harmonically in pairs the points in which the secant intersects 
the conic. Hence: 

Theorem 2 a. The pairs of conjugate points on a secant form an 
involution whose double points are the intersections of the secant with 
the conic. 

What can be said about the pairs of conjugate points on a tangent? 

Conjugate Lines. The two lines r and s are conjugate with respect 
to the nondegenerate conic (1) if and only if 

(2 b ) = 0 or Y.btjSiTj — 0. 

The following Theorems, dual to Theorems 1 a and 2 a, we leave to 
the reader to demonstrate. 

Theorem 1 b. Two lines, neither of which is a tangent to the conic , 
are conjugate if and only if they separate harmonically the tangents to the 
conic drawn from their point of intersection. Two lines, the first of which 
is a tangent, are conjugate when and only when the second passes through 
the point of contact of the first. 

Theorem 2 b. The pairs of conjugate lines through a point which is 
not on the conic form an involution whose double lines are the tangents 
drawn from the point. 

EXERCISES 

1. Prove Theorem I b. 2. Prove Theorem 2 b. 

3. Show that a point is conjugate to itself with respect to the conic if and 
only if it lies on the conic. State the dual. 

2. Poles and Polars. We continue our study of the projective 
properties of the nondegenerate conic 

(1) *= 0, | ai,-| ^ 0; J^bijUiUj — 0, | bn | ^ 0, 

where, as before, = A,-,- or o« = B if according to which of the equa¬ 
tions is the first one given. 

The theory of poles and polars can be based either on the theory of 
conjugate points or on that of conjugate lines. 

Based on Conjugate Points. Let a point r be given. An arbitrary 
point * is conjugate to r with respect to the conic (1) if and only if 

(2 a) = 0. 
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Theorem 2 a. 


Thus, the locus of the points conjugate to a given point P with re¬ 
spect to a nondegenerate conic is a line L. The line L is called the 
polar of the point P with respect to the conic. 

Theorem 1 a. The polar of the point r with resped to the conic (1) is 
the line (2 a). 

If P is on the conic, the polar of P is the tangent at P. If P is not on 
the conic, two points which are conjugate to P and hence determine 
the polar of P are the points of contact of the tangents from P to 
the conic. 

The polar of a point not on the conic is the secant join¬ 
ing the points of contact of the tangents from the 
point. The polar of a point on the conic is the 
tangent at the point. 

If a line L is given, there is a unique point P 
which has L as its polar. For, if L is a tangent, 
P must be the point of contact of L, and if L is 
a secant, P must be the point of intersection 
of the tangents at the points in which L meets 
the conic. 

The point P whose polar is a given line L is called the pole of L. Hence: 

Theobem 3 a. The pole of a secant is the point of intersection of the 
tangents at the points in which the secant meets the conic. The pole of a 
tangent is the point of tangency. 

Based on Conjugate Lines. The line u is conjugate to the fixed line 
r if and only if 

(2 6 ) = 0 . 



Hence the envelope of the lines conjugate to a given line L with 
respect to a nondegenerate conic is a point P. The point P is called the 
pole of the line L with respect to the conic. 

Theobem 1 b. The pole of the line r with respect to the conic (1) is 
the point (2 b). 

If L is a tangent, the pole of L is the point of contact of L. If L is a 
secant, two lines which are conjugate to L and hence determine the 
pole of L are the tangents at the points in which L meets the conic. 
Hence: 

Theorem 2 b. The same as Theorem 3 a. 

If a point P is given, there is a unique line L whose pole is P. The 
line L is defined as the polar of P. 
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We leave the proof to the reader. He will thereby establish 

Theorem 3 6. The same as Theorem 2 a. 

It is clear that the two developments of poles and polars are, in effect, 
identical. As an immediate consequence of them, we have the theorem: 

Theorem 4. A point lies on its polar if and only if it is on the conic. 
A line contains its pole if and only if it is tangent to the conic. 

Further Properties of Poles and Polars. Let Pi and P 2 be two points. 
If Pi lies on the polar of P 2 , Pi is conjugate to P 2 . Hence P 2 is conju¬ 
gate to Pi and therefore lies on the polar of Pi. 

Theorem 5. If Pi lies on the polar of P 2 , P 2 
lies on the polar of Pi. If Li goes through the 
pole of L 2 , L t goes through the pole of Li. 

Let L be the line joining Pi and P 2) and let 
P be its pole. Since Pi and P 2 lie on the polar 
L of P, P lies on the polars of Pi and P 2 and 
hence is their point of intersection. 

Theorem 6. The pole of the line joining two points is the point of 
intersection of the polars of the two points. The polar of the point of 
intersection of two lines is the line joining the poles of the two lines. 



The following theorems can now be readily deduced. 

Theorem 7. If a number of points lie on a line, their polars all go 
through a point, the pole of the line. If a number of lines go through a 
point, their poles all lie on a line, the polar of the point. 



Fig. 3 


Theorem 8. The polars of the 
points of a range are the lines of a 
pencil. The poles of the lines of a 
pencil are the points of a range. 

Constructions. To construct the 
polar of a point P, not on the conic, 
draw through P two lines a, b meeting 
the conic in four points. Join these 
points in the remaining possible ways, 
and denote by Q and R the new points 
of intersection of the lines drawn. The 


line QR is then the polar of P. For, since in the complete quadri¬ 
lateral abed the set of lines at R is harmonic, the sets of points on 
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a and b are harmonic; therefore the points A and B are conjugate to 
P and the line joining them is the polar of P. 

Once the polar L of P has been found, the tangents from P can be 
constructed as the lines which join P to the points in which L intersects 
the conic. This is the simplest construction known for the tangents 
from an external point to a conic. 

To construct the pole of a line L, think of L as determined by two 
points Pi, P* which lie on it but not on the conic. The pole of L will 
be the point of intersection of the polars of Pi and P*. 

EXERCISES 

1. Prove geometrically and analytically that two lines are conjugate if and 
only if each contains the pole of the other. 

2. Prove the first half of Theorem 6 analytically and the second half geo¬ 
metrically. 

3. Prove the second half of Theorem 6. 

4. Establish Theorems 7 and 8. 

5. Find the pole of the line (2, — 3,1) with respect to the conic 

3 Ml* — 2 «** + 4 U»Uj — 2 UyUi + WiUi =» 0. 

6. Find the polar of the point (5, 1, 2) with respect to the conic of Ex. 5 
without finding the equation of the oonic in point coordinates 

7. Carry through the construction for the pole of a secant. 

8. Construct as simply as possible the tangent to a conic at a given point 
on the conic. 

9. The same for the contact point of a conic on a given tangent. 

10. Prove geometrically that, if a oollineation carries & nondegenerate conic 
Q into a conic Q’, it carries conjugate points (lines) with respect to Q into 
conjugate points (lines) with respect to Q', and a point and line which are pole 
and polar with respect to Q into a point and a line which are pole and polar 
with respect to Q\ 

3. Inyolutory Correlations. The polar of the point * with respect 
to the nondegenerate conic 

(1) =o, a u = a fi , J a,/1 y* 0, 

has the equation 

8 8 8 

Xi Xt +^,aifXj X t = 0, 

and hence the coordinates 

8 8 3 

fiui =-£atPf, P«* SB T.a fi zi, P«» = 
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Thus, the transformation of a point * into its polar u with respect to 
the conic ( 1 ) is the correlation 
8 

(2) pUi (i — 1,2,3), 0*7 ~ fly*, ^ 0* 


Conversely, every correlation of the form ( 2 ), that is, every correlation 
for which a {j = a jit is a transformation of pole into polar with respect 
to a nondegenerate conic ( 1 ). 

The correlation ( 2 ) is involutory. For this is true of the equivalent 
transformation of pole into polar; the pole of the polar of a point is the 
point itself. 

On the other hand, the general correlation 

3 

pUi ~ ^,anXj, (i = 1, 2,3), | a *‘y| ^ 0 


is involutory, that is, identical with its inverse, 


if and only if 
But then 
Hence 
and 


<TUi — Qy>Zy, 
l 

0 <» ~ k 

Oji = fc 4j/, 

- l) aii = 0 , 

k' - 1 . 


(i ** 1» 2, 3), 

HJ = 1, 2, 3). 
(U- 1,2, 3). 
(i,j - 1, 2, 3), 


If k — — 1, we have 0,7 = — an and hence, by Ch. I, § 6 , Ex. 4, 
|af 3 | = 0 , — a contradiction. There remains only the case k = 1, 
and this gives rise to the special correlations ( 2 ). 

Theorem 1. The transformations of pole into polar with respect to 
nondegenerate conics are identical with the involutory correlations of the 
plane. 

EXERCISES 

1 . Using only the fact that the transformation of pole into polar is an 
involutory correlation, prove Theorems 6-8 of 12. 

2 . Show that the polars of the vertices and the poles of the sides of a triangle 
are respectively the Bides and vertices of a new triangle. The two triangles 
are known as conjugate or polar triangles with respect to the given conic. 


4. Self-Conjugate Triangles. Projective Classification of Conics. 
A triangle is said to be self-conjugate with respect to a nondegenerate 
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conic if each vertex and the opposite Bide are pole and polar with respect 
to the conic. 


If the polar of a vertex of a triangle is the 
opposite side, the vertex is conjugate to each 
of the other two vertices, and conversely. 
Dually, the pole of a side of a triangle is the 
opposite vertex if and only if the side is conju¬ 
gate to each of the other two sides. 

Theorem 1. A necessary and sufficient con¬ 
dition that a triangle be self-conjugate with re¬ 
spect to a given nondegenerate conic is that each two vertices be conjugate 
points with resped to the conic, or that each two sides be conjugate lines 
with respect to the conic. 



The theorem implies the existence of infinitely many triangles self¬ 
conjugate with respect to the given conic. As a first vertex, A if may 
be taken any point not on the conic, and as the other two vertices, 
A t and A t , any pair of distinct conjugate points on the polar of At. 


Reduction of the Equation of a Conic to Normal Form. Let the 
equation in point coordinates of a nondegenerate conic be 

(1) £<kfX&j ~ 0, a,,- = a,„ | a, 71 ^ 0. 

Let A\AtA% be a real triangle self-con jugate with respect to the conic. 
Introduce new projective coordinates x\, x't, x't, referred to A, At A* as 
the new triangle of reference. Inasmuch as the transformation from 
the old to the new coordinates is linear, the equation of the conic in 
the new coordinates is of the form 

( 2 ) £ a'ijxWi = 0, a'n — a\<, \ a'n\ ^ 0. 

Since the points A t , At, A, are conjugate in pairs with respect to the 
conic, the new coordinates of each two of them satisfy the condition 

= 0 . 

It follows in the case of A\: (1,0,0) and A t : (0,1,0) that o{j =* = 0. 

Similarly, o» = a! n = 0 , and a*i = al* = 0 . Thus equation ( 2 ) becomes 

(3) d\\X\ -J- atiXt 4* Qisx's = 0. anaaajs 0. 

Two cases now arise. If o«, o«, a» are all of the same sign, they 

may be assumed all positive. Then a second change of coordinates, 
defined by the linear transformation, 

<4 o) px" = Vati Xi, px't = Von xi, px i = Vom x'h 
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reduces (3) to 

/ - _v III . /»4 . ,/S 

(O«) Xi + Xt + X 3 = 0. 

If an, an, aw are not all of the same sign, we may assume, without 
loss of generality, that a'n and dn are positive and da negative.* The 
transformation of coordinates, 

(4 ft) px'i — Van x'\, px'i = Va'a Xj, px» = V —"<**»*», 
is then real and reduces (3) to 

(5 b) xi + xt — xt = 0. 

It is evident from (5 6 ) and (5 a) that the two cases arise according as 
the given conic has, or has not, real points. 

Theorem 2. By a change of projective coordinates the equation in 
point coordinates of a nondegenerate conic is reducible to 

(6) x\ + x\ + xf = 0 or xi + xi — xl = 0, 
according as the conic has not, or has, a real trace. 

Corollary. The corresponding equations in line coordinates are 

(7) ul + ul + u\ — 0, ui + al — ul = 0. 

The transformation of coordinates which reduces equation (1) 
directly to the normal form (5 a) or (5 b) is the product of the trans¬ 
formation from the coordinates x to the coordinates x' and the trans¬ 
formation (4 a) or (4 6 ). The first of these transformations introduces 
the chosen self-con jugate triangle as the triangle of reference; the 
second preserves this triangle of reference and associates with it a 
particular point as unit point; see Ch. X, § 2, Ex. 4. 

Thus far we have thought of the linear transformation which carries 
the equation (1) of a conic without a real trace into the equation (5 a) 
as a change of coordinates. We can equally well think of it as a 
collineation which carries the conic ( 1 ) into the new conic (5 a). Hence, 
an arbitrarily chosen conic without a real trace can be carried by a 
collineation into the particular conic (x [ x) — 0 , and vice versa. 

It follows that, if two conics without real traces are given, there 
exists a collineation which carries the first conic into (x | x) ** 0 , a second 

* We assume two of the three coefficients in (3) positive. If the third, or 
negative, coefficient is not that of xf, it can be made to be by ren am i ng the 
vertices of the self-conjugate triangle. 
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collineation which carries (x\x) *= 0 into the second conic, and hence 
a collineation which carries the first conic into the seoond. 

Since each of the two conics can be carried by a collineation into 
the other, each of them has the same projective properties as the other. 
Consequently, to ascertain the projective characteristic® of all the 
conics without real traces, we need only to know those of one. In other 
words, there is in projective geometry only one type of conic without a 
real trace. 

The foregoing arguments apply equally well to the conics with real 
traces. Hence: 

Theorem 3. There are only two types of nondegenerate conics in the 
projective plane, those with real traces and those without real traces. 

We remind the reader that we are dealing with real conics with 
respect to the group of real collineations. The facts are still simpler in 
the case of complex conics, treated with respect to complex collinea¬ 
tions; see Ex. 7. 

The Concept of Equivalence. The foregoing discussion can be clari¬ 
fied by the introduction of the important geometric concept known as 
equivalence. 

Definition. Two geometric configurations are said to be equivalent 
with respect to a certain group of transformations if there exists a trans¬ 
formation of the group which carries the one configuration into the other. 

Our results, stated in terms of this concept, are as follows. 

Theorem 4. Each two real nondegenerate conics with real traces (or 
without real traces) are equivalent with respect to the group of real col- 
lineations. 

EXERCISES 

1. Show that the triangle with vertices in the points (0, 1, 1), (1, 0, 1), 
(1,1, 0) is self-conjugate with respect to the conic 

*i* + *j* 4- *i* + 2aj** t + 2*»*i — 6*i** =» 0. 

2. Reduce the equation of the conic in Ex. 1 to normal form by introducing 
the triangle as new triangle of reference. Leave the unit point the same. 

3. Determine a triangle which is self-conjugate with respect to the conic 

2«i* — u** + u t * — 2 UiUt — 4 u*u* — 0 
and^ee the line (1, 2, — 1) as one of its sides. 

directly that the equation in line coordinates of a nondegenerate 
4ffi§i*n be reduced to one of the forms (7). 

that the equation in point coordinates of a nondegenerate conic 
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with a real trace can always be reduced, by a proper change of projective 
coordinates, to the form 

XfXl + XlX% » 0 , 

Begin by introducing as the new triangle of reference a triangle which is 
inscribed in the conic. 

6. State and prove the dual of the theorem of the preceding exercise. 

7. Prove that each two complex nondegenerate conics are equivalent with 
respect to the group of complex collineations, that is, that there is only one 
type of nondegenerate conic in complex projective geometry. 

5. Affine Properties of Conics. Affine properties of a conic deal 
with the relationship of the conic to the fixed line, or line at infinity, of 
affine geometry. 

Definition. A nondegenerate conic which is tangent to the fixed line 
is a parabola. A nondegenerate conic which intersects the fixed line in 
two distinct points is a hyperbola or an ellipse according as the points are 
real or conjugate-imaginary. 

By a center of a nondegenerate conic is meant a point in which the 
conic is symmetric, that is, a point which is midway between the two 
intersections of every line through it with the conic. In other words, a 
center is a finite point which is conjugate to every point at infinity. 
But the only point with this property is the pole of the line at infinity, 
and it is finite only when the conic is not a parabola. 

Theorem 1. A parabola has no center. An ellipse or a hyperbola has 
a unique center, the pole of the line at infinity. 

Accordingly, we call ellipses and hyperbolas central conics. 

A tangent to a nondegenerate conic at a point on the fixed line, if it 
is not the fixed line itself, is an asymptote. 

Theorem 2. A central conic has two distinct asymptotes. A parabola 
has no asymptotes. 

Theorem 3. The asymptotes of o central conic intersect in the center. 

The latter theorem follows from the fact that the asymptotes are 
the tangents at the points in which the fixed line meets the conic, and 
hence intersect in the pole of the fixed line. 

Since an affin e transformation carries the points at infinity of a cen¬ 
tral conic C into the points at infinity of the transformed conic C', it 
carries the asymptotes of C into the asymptotes of C', and the center 
of C into the center of C', Thus the theories of asymptotes and centers 
really are affine. 
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By a diameter of a nondegenerate conic we shall mean a finite line 
through the pole of the fixed line. 

Diameters of Central Conics. The diameters of a central conic are the 
lines through its center. By § 1, Th. 2 b, we have 

Theorem 4. The diameters of a central conic are conjugate in pairs. 
The pairs of conjugate diameters form an involution whose double lines 
are the asymptotes. 

The theorem implies, in particular, that an asymptote is a self- 
conjugate diameter. 

Theorem 5. The pole of a diameter is the point at infinity in the 

direction of the conjugate diameter. The 
polar of a point at infinity is the diameter 
which is conjugate to the diameter in the 
direction of the point. 

The pole of a diameter is surely a 
point at infinity, since every diameter 
contains the pole of the line at infinity. 
Two lines conjugate to the diameter a, of 
Fig. 5, and therefore intersecting in the 
pole of «i, are the diameter a 2 conjugate 
to ai and the line at infinity. Hence the pole, A it of a, is the point at 
infinity on oj. 

Inasmuch as A* is the pole of x t = 0, and Ai and A t are respectively 
the poles of and a*, the triangle AiA 2 A s is self-conjugate with respect 
to the conic. 

Theorem 6. A pair of conjugate diameters and the fixed line consti¬ 
tute a self-conjugate triangle. 

Since Ai is conjugate to all points on a t , a finite point P on a x lies 
midway between the points Pi and P 2 in which the line A X P meets the 
conic. But PiPt is the chord of the conic on AiP, and AiP is parallel 
to a». Hence: 

Theorem 7. A diameter bisects the chorda parallel to the conjugate 
diameter and is parallel to the tangents at the intersections of the conjugate 
diameter with the conic. 

The proof of the latter half of the theorem we leave to the reader. 

* Diameters of a Parabola. According to definition, a diameter of a 
paraboia ie a finite line through the point at infinity of the parabola. 
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There are no conjugate diameters, inasmuch as the line through the 
point at infinity of the parabola conjugate to a given diameter is always 
the line at infinity. 

The following theorems are readily established. 

Theorem 8. The pole of a diameter is the point at infinity in the 
direction of the tangent at the finite intersection of the diameter with the 
parabola. • 

Theorem 9. A diameter bisects the chords parallel to the tangent at its 
finite intersection with the parabola. 

Affine Classification of Nondegenerate Conics. In the reduction of 
the equation 

( 1 ) = 0 , | a,j | ^ 0 , 


to a simple form, we are restricted to affine transformations of co¬ 
ordinates, or what is the same thing, to triangles of reference which 
have the fixed line, x s = 0, as their third side. 

If the conic (1) is a central conic, it is natural to introduce as the 
new triangle of reference a triangle consisting of two conjugate di¬ 
ameters and the fixed line. Since this triangle is self-con jugate with 
respect to the conic, the equation of the conic in the new coordinates is 
of the form 


( 2 ) 


9 9* , 99 2 . 9 il n 

aisft ”T ^22^5 T Wl — U, 


9 9 9 y n 

aua»a» w 0. 


Instead of (2) we can write, on the introduction of nonhomogeneous 
coordinates and a simplified notation for the coefficients, 

(3) Ax' 1 + By» = I. 

If A and B are both positive, equation (3) can be reduced by the 
affine transformation of coordinates, 

x " = Va x', y" = VS j/, 
to 

(4 o) x ,rt + y" 1 = 1. 

Similarly, if A and B are both negative, (3) can be reduced to 
(4 6) x" 1 + y" 1 = - 1. 

If A and B are opposite in sign, we can assume that A is positive 
and B negative and hence reduce (3) to 

(4e) s" 1 - iT = 1. 
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Thbobem 10. By a change of affine coordinate* the equation of a cen¬ 
tral conic can be reduced to 

** + 0 * * 1 or x* + y* «= — 1 or ®* — y* ■> 1, 

according as the conic is an ellipse with a real trace or an ellipse with¬ 
out a real trace or a hyperbola. The corresponding equations in line 
coordinates are * 

u* + e* - 1, u* + c* = - 1, u* - v* * l. 

If the conic (1) is a parabola, a self-conjugate triangle having the 
fixed line as a side does not exist. We take 
as the new triangle of reference a triangle 
AiAiAt (Fig. 6) consisting of a diameter, the 
tangent at the finite point of intersection of the 
diameter with the parabola, and the fixed line. 
Since At : (1, 0, 0) and A t : (0, 0, 1) lie on the 
conic and are both conjugate to A t : (0, 1, 0), 
the equation of the parabola in the new coordi¬ 
nates, 

£«****# = 0, | ay | ^ 0, 

onZa + 2 auxtfi = 0, Oaais 9* 0, 

or, in nonhomogeneous coordinates, 

y" = 2 tax', to 0. 

The affine transformation of coordinates x" = tn x', y" = y* reduces 
this equation to 

(4 d) y" l = 2x". 

Thbobem 11. The equation of a parabola can be reduced by a proper 
change of affine coordinates to the form 

y* = 2 x. 

The corresponding equation in line coordinates is 

»* - 2 «. 

Interpreting the affine transformations which we have employed 
as transformations of the plane, instead of as transformations of co- 
« ordinates, we conclude from Theorems 10 and 11, by arguments anal¬ 
ogous to thqee in the projective case, that there exist in the affine plane 



becomes 
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only four types of nondegenerate conies: one type of hyperbola, one 
type of parabola, and two types of ellipses. 

Theorem 12. Each two real ellipses with real traces (without real 
traces), or each two real hyperbolas, or each two real parabolas, are equity- 
alent with respect to the group of real affine transformations. 

EXERCISES 

1. Deduce a simple condition that the nondegenerate conic XbiftuUj = 0 
be a parabola. The same for 1,a, 1 XiX i = 0. 

2. Find the asymptotes and center of the conic 

x , -f3ajy-4y' + 2a:-10y = 0. 

3. Show that the asymptotes of the central conic 'ZaijXiXj = 0 are parallel 
to the lines represented by the equation 

aux* + 2 anxy + any 1 “ 0. 

4. Find the diameter of the conic 

a 1 — 3rj/+2j/* = 4 
which is conjugate to the axis of x. 

5. By application of Theorem 4, show that the diameters of 

£ _£ ^ i 

a* 6* 

which are of slopes X, X' are conjugate if and only if 



ft. Prove the latter half of Theorem 7. 

7. Establish Theorems 8 and 9. 

8. Prove that the tangents to a central conic at the extremities of a chord 
meet on the diameter bisecting the chord. Is the proposition true for a 
parabola? 

9. Show that a cross ratio of four diameters of a central conic is equal to 
the corresponding cross ratio of the four conjugate diameters. 

10. Determine an affin e transformation carrying the ellipse 

2x* — 2xj/ + 5y* — 2x — 8y + 4 * 0 

into 

x* + v* — 1 « 0. 

11. Find an affine change of coordinates which reduces the equation of the 
parabola 

*« - 2 xy + y* + 3 * + 2y - 2 = 0 

to the form 

y* •• 2z. 

12. Show that each two complex central conics are equivalent with respect 
to the group of complex affine transformations. How many kinds of non¬ 
degenerate conics are there in complex affine geometry? 
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6. Metric Properties of Conics. The metric geometry of oonics has 
to do with their relationships to the circular points at infinity, I and J. 

Parabolas. By an axis of a conic is meant a line of symmetry, that 
is, a finite line which bisects the chords of the 
conic perpendicular to it. An axis of a para¬ 
bola is, therefore, necessarily a diameter which 
is perpendicular to the tangent at the finite 
intersection of the diameter with the parabola. 
A diameter VP with this property must, with 
the corresponding tangent VQ, separate har¬ 
monically the isotropic lines through V (Fig. 
7). In other words, the pole Q of the diameter 
must be the harmonic congugate of P with 
respect to I and J. Hence Q, and therefore 
the diameter, is uniquely determined. 

Theorem 1. A ■parabola has a single axis , the polar of the point which 
is the harmonic conjugate of the point at infinity on the parabola with 
respect to I and J. 

The finite {mint V in which the axis meets the parabola is the vertex 
of the parabola. 

If rectangular Cartesian coordinates x, y, referred to the axis of an 
arbitrary parabola as aj-axis and the tangent at the vertex as y-axis, are 
introduced, the equation of the parabola must, by reasoning similar 
to that of § 5, take the form 

(1) y 1 — 2 rnx, m t* 0. 

We may assume that the axis of x has been so directed that m is 
positive. Then no two of the parabolas represented by (1) are metric¬ 
ally equivalent. It is not legitimate, for example, to claim the equiv¬ 
alence of the two parabolas 

y* — 2 mix, j/ 1 = 2 mix', m, ^ m z , 

by the transformation m^x' — myt, y' — y, for this transformation is 
not a rigid motion. 

Theorem 2. There are oo 1 nonequivalent types of real parabolas with 
respect to the group of real rigid motions. 

Centred Conics. Inasmuch as we are dealing only with real conics 
and the points I add J sac conjugate-imaginary, a conic which passes 
through one of these points must pass through the other. 
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. A conic . whioh contains I and J is a circle. The asymptotes of a 
circle are isotropic lines, and hence each two conjugate diametere of a 
circle are perpendicular. 

Since an axis of a conic is a line which bisects the chords perpendic¬ 
ular to it, an axis of a central conic is a diameter which is perpendicular 
to the conjugate diameter. The latter diameter is then also an axis. 
Thus the axes of a central conic appear in pairs, as the pairs of mutually 
perpendicular conjugate diameters. Inasmuch as the conjugate diam¬ 
eters form an involution with the asymptotes as double lines, there is, 
except in the case of a circle, just one pair of mutually perpe ndicul ar 
conjugate diameters (Ch. IX, § 8, Th. 1), and they bisect the angles 
between the asymptotes. 

Theorem 3. A central conic, no£ a circle, has two axes, the bisectors 
of the angles between the asymptotes. Every diameter of a circle is an axis. 

Since two perpendicular axes of a central conic and the line at in¬ 
finity form a self-conjugate triangle, the equation of the conic referred 
to the axes, as axes of coordinates, assumes the form 

(2) Ax* + By * =1, AB 0. 


Theorem 4. There are oo* nonequivalent types of real central conics 
with respect to the group of real rigid motions. 

If A and B are of opposite signs, we assume A > 0 and B < 0 and 
Bet A = 1/a 1 , B — — 1/6*, thus obtaining the hyperbolas 


(2 a) 


1 


a‘ 6* 

If A and B are of the same sign, we have the ellipses 


(2 b) 


X* w* 

— + — = ±1 
a* r 6 s ’ 


with, or without, real traces. When A = B, we get the circles. 

It is evident from our results that, whereas there are only a finite 
number of nonequivalent types of real conics in projective or affine 
geometry, there is an infinity of nonequivalent types of real conics in 
metric geometry, in fact, an infinity which depends on two parameters. 
The two parameters are reflected geometrically in the shape and size of 
the conic. 

* 

Foci and Directrices. The foci of a conic are the finite points of inter¬ 
section of the isotropic tangents. The directrices are the polars of the 
foci. 
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Since a parabola Is tangent to the fixed line, it has but two isotropic 
tangents and hence only one focus and one directrix. The isotropic 
tangents are conjugate-imaginary; the focus and the directrix are con¬ 
sequently real. 

A circle has but two isotropic tangents, its asymptotes. Hence a 
circle has a single focus, its center, and a single directrix, the line at 
infinity. 

A central conic, not a circle, has four distinct isotropic tangents, 
which are conjugate-imaginary in pairs. There are therefore four foci, 
two real and two conjugate-imaginary, and corresponding to them, two 
real and two conjugate-imaginary directrices. 

Theorem 5. The foci of a central conic, not a circle, lie on the axes 
and are equidistant in pairs from the center. 

Let F and F' be the real foci, 0 and 6 the conjugate-imaginary foci. 
By a previous theorem (Ch. VIII, § 5, Ex. 4), FF' and GG are mutually 

perpendicular lines whose point of inter¬ 
section C is equidistant from F and F' 
and from 0 and G. To prove that C is 
the center and FF' and GO are the axes, 
it suffices to show that FF’ and OG are 
conjugate diameters. 

The pole of FF' is the pointof intersection 
of any two lines which are conjugate to 
FF'. The line through F conjugate to FF' 
is the harmonic conjugate of FF' with 
respect to the isotropic tangents FG 
and FO and is therefore perpendicular to FF'. Similarly, the line 
through F’ conjugate to FF' is perpendicular to FF'. Since these two 
lines conjugate to FF' are parallel to GG, the pole of FF' is the point 
at infinity in the direction of GO. In the same way it may be shown 
that the pole of GG is the point at infinity in the direction of FF'. 
Consequently, FF' and GG are conjugate diameters. 

CoBOLnABT. The directrices corersponding to the foci lying on an 
axis are parallel to, and equidistant from, the other axis. 

The directrices which are the polars of F and F' go through the pole 
of FF' and so are parallel to GG. That they are equidistant from 
GG follows from the fact that F and F', as well as the conic, are sym¬ 
metric in GO. 
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Theorem 6. The focus of a parabola lies on the axis, the directrix is 
perpendicular to the axis , and the vertex is equally distant from the focus 
and the directrix. 

The theorem can be established geometrically by methods analogous 
to those used in proving Theorem 5. 

We could now proceed as in Ch. VIII, § 9, to obtain the metric 
properties which bear on foci and directrices. 

EXERCISES 

1. Find the axis and vertex of the parabola 

x i + 4xy+4y*-2x = 0. 

2. Find the slopes of the axes of the conic 

— 4xy — + 2x - 3y + 1 =0, 

by writing the equation of the involution of the pairs of conjugate diameters 
and determining from it the pair of perpendicular conjugate diameters. 

3. Determine the foci of the conic 

51* — 4 — 20 x — 24 y + 4 = 0. 

4. Prove Theorem 6. 

5. Find the focus of the parabola iw + « + v <= 0, without finding the equa¬ 
tion of the parabola in point coordinates. 

6. Show that the line joining the pole of a focal chord of a conic to the focus 
is perpendicular to the focal chord. 

7. The line joining a point to the center of a circle is perpendicular to the polar 
of the point with respect to the circle. Establish this statement and hence 
show that, if a triangle with finite vertices is self-conjugate with respect to a 
circle, the intersection of the altitudes must be the center of the circle. 

7. Degenerate Conics. We agree to extend the definitions which 
we have introduced in this chapter for nondegener&te conics to 
degenerate conics, in so far as they are applicable.* 

Projective Properties. We discuss, first, poles and polars and conju¬ 
gate points with respect to a degenerate point conic 

(1) Xa./z.x,- = 0, = a iU 

of rank two. If r is not the singular point, the equation 

( 2 ) JLaijr { Xi = 0 

* Since degenerate point conics can be considered as conics only from the 
point of view of point geometry, we can expect to extend to them only that 
portion of our developments which pertains to point geometry. Similarly, we 
can hardly expect of degenerate line conics properties which belong essentially 
to point geometry. We cannot hope, for example, to get far with a theory of 
conjugate linen for a degenerate point conic. 
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always represent* a straight line, the polar of r, and the points of this 
line are the points conjugate to r. 

If r is on (1), the polar of r is the tangent at r and is therefore that' 
one of the constituent lines of (I) on which r lies. If r is not on (1), the 
polar of r is the harmonic conjugate, with respect to the lines constitut¬ 
ing the conic, of the line joining the singular point to r; for, if the 
constitutent lines of (1) are (c |as) = 0, (d|x) = 0, the line joining 
their point of intersection to r and the polar of r are respectively 

(c|r)(d|*) - (djr)(c|x) = 0, (c|r)(d|x) + (d|r)(e|x) = 0." 

It follows that two points, neither of which is on (1), are conjugate 
if and only if the lines joining them to the singular point separate the 
constituent lines of (1) harmonically, and that two points, the first of 
which is on (1) but is not the singular point, are conjugate if and only 
if the second lies on the same constituent line as the first. 4. 

If r is the singular point of (1), equation (2) is illusory: the polar of 
the singular point is undefined. On the other hand, the coordinates of 
every point s satisfy the equation £ayr*s/ = 0: conjugate to the singular 
point is every point in the plane. 

Since the only polars of points are the lines through the singular 
point, the transformation of point into polar is not one-to-one and has 
no proper inverse transformation of polar into pole.t 

Two lines which separate harmonically the constituent lines of 
(1) may justifiably be called conjugate lines, inasmuch as each con¬ 
tains points whose polars are the other. But these are the only pairs 
of lines which may properly be called conjugate. 

By a Belf-conjugate triangle we shall understand, here, a triangle each 
two of whose vertices are conjugate points. One of the vertices is then 
the singular point and the lines joining the other two to the singular 
point separate the lines of the conic harmonically. 

The facts concerning a degenerate point conic of rank one, 

<c|*)* = 0, 

can readily be deduced from the polar equation 

(cjr)(c|x) = 0. 

The points of the conic have no polars, and the polar of every point 

* This is essentially Theorem 1 a of J1, paraphrased for our degenerate conic. 

tit is worth while in this connection to think of the transformation of 
point into polar as a singular involutory correlation (J 3) and to recall the 
facts concerning singular collineations; see Ex. 11, End of Ch. VII. 
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not on the conic is the line of the conic. Conjugate to a point of the 
conic is every point in the plane, and conjugate to a point not on the 
conic is every point of the conic. The self-con jugate triangles are 
those with two vertices on the conic. Conjugate lines do not exist. 

To reduce the equation of a degenerate point conic of rank two to 
normal form, we take as the sides x\ = 0, x't — 0 of the new triangle of 
reference two lines separating harmonically the lines of the conie. 
The equation of the conic, referred to this self-conjugate triangle, 
becomes 

a> nXi + a'nXs = 0, anOjj 0, 

and may, by suitable choice of the new unit point, be reduced to 

,,S l r. II * II S 

xi + Xi = 0 or Xi — xj = 0, 

according as the lines of the conic are conjugate-imaginary or real. 

If the rank of the degenerate point conic is one, its equation is 
obviously reducible to 

xi = 0. 

Here, too, the new triangle of reference is self-conjugate with respect 
to the conic. 

We leave to the reader the corresponding developments for degener¬ 
ate line conics. 

Affine Properties. According as the two points in which the line at 
infinity meets a degenerate point conic * are real and distinct, real and 
coincident, or conjugate-imaginary, the conic is known as a degenerate 
hyperbola, degenerate parabola, or degenerate ellipse. 

Applying the definitions introduced for nondegenerate conics, we 
find that a degenerate ellipse or hyperbola has two asymptotes, its 
constituent lines, and a unique center, its singular point. 

A degenerate parabola is symmetric in every point of a line, that is, 
it has a line of centers. It also possesses asymptotes, its constituent 
lines, for these are its tangents at its point at infinity. 

There is only one affine property which may be extended to degener¬ 
ate line conics. The point midway between the constituent points of 
a degenerate line conic, provided these points are finite, may justifiably 
be called the center of the conic. 

* We leave aside, as lacking in interest, the case in which the fixed line 
belongs to the conic. 
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Metric Properties . A degenerate central conic has two axes, the 
bisectors of the angles between its constituent lines.* A degenerate 
parabola has as axes the line of centers and every line perpendicular 
to the line of centers. 

The definitions of the squares of the eccentricities of a nondegenerate 
hyperbola as functions of an angle a between the asymptotes, namely 
sec* aj2 and esc 1 a/2, are readily shown to hold for a non degenerate 
ellipse, other than a circle. These definitions apply equally well to a 
degenerate central conic, not a circle. To a degenerate circle we give 
only the one eccentricity zero, and to a degenerate parabola, the single 
eccentricity unity. 

EXERCISES 

1. Discuss the projective properties of degenerate line conics. 

2. Determine the nonequivalent types of degenerate point conics in affine 
geometry and exhibit normal forms of their equations. 

3. Discuss the question of the foci of a degenerate line conic; of a degenerate 
point conic. 

S. Invariants of Conics. Let the quadratic form 

(1) Oii = a», 
be carried by the collineation 

(2) n = YLdijx), (i = 1, 2, 3), | dij\ s* 0 

t 

into the quadratic form 

(3) JXix'rz',, a'r, = a,r, 

T9 

and denote by A the determinant | d<, | of the collineation, and by A 
and A'the discriminants |a^j and j a T , | of the given and transformed 
forms. Then 

(4) A' - A *A. 

Theorem 1. The discriminant of a quadratic form is a relative in¬ 
variant, of weight two,f with respect to the group of collineations. 

In establishing (4) we need the values of the a"s in terms of the a’s 
and <Ts. These are obtained by actually transforming ( 1 ) into (3) 

* A degenerate circle is an exception. The constituent lines in this case 
are the isotropies through the center and every line through the center is an 
axis. 

t Id saying that tint invariant is of weight two, we mean simply that the 
power to which A appears in (4) is two. An invariant of weight zero is an 
absolute invariant. 
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by (2). Setting 

= HdirX r, Xf — T*djtXi 

T » 

from (2) into {!), we get 


or 

(5) 

where 

( 6 ) 


— ^Uijdirdj&rX, = £ CE,di r ajidj t )x' r x > ,, 

V tfit rt ij 


^ dirQfidjf 

This expression for a', may be analyzed as follows: 

®r» “ H, di r hi„ where hi, — Ofid,». 

• I 


The second of these sets of relations says that the determinant 
H = | hi .| is the product of the determinants A and A: H = d A; 
the first says that A' is the product of A and H : A' — A H. Hence 
A' = A A A - A*d. 

Our proof is, however, not quite complete. It remains to show that 
a’ r , and a’, r are actually equal.* This follows readily from (6) by virtue 
of the fact that a,-,- = ay<. 

Theorem 2. The expression 


^ a itVi z i 


is an absolute invariant of the quadratic form, (1) and the two points y 
and z with respect to the group of collineations. 


Since 
we have 


Vi ~ S dtrVrt Z i — ’H, . 

r * 

5Z — H, ®ijd\rdjtyr2t = ^ (S dirfl«yd;«)j/rZ 

<7 </ri r* i) 


r i 

I > 


and hence, by (6), 

(7) T,aoyiZi = Ha Wet- 


Geometric Interpretations. Our theorems furnish analytic proofs of 
certain fundamental propositions in the projective geometry of conics. 
The first theorem assures us that, if a collineation carries a point conic 

* The definition of the discriminant of a quadratic form assumes that the 
form has been written as 23a,,s,*/, where a</ — ay,. 
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Q Into a point conic O', Q and O' are both degenerate or both non- 
degenerate.. 

The second theorem guarantees (a) that two points conjugate with 
respect to Q are carried into two points conjugate with respect to Q’; 
(b) that the polar of a point with respect to Q is carried into the polar 
of the transformed point with respect to Q and (c) that a tangent to 
Q at a given point goes into a tangent to Q‘ at the transformed point. 

It is obvious geometrically that a necessary condition that two point 
conics be protectively equivalent is that they have the same rank. 
Hence, the rank of the matrix of a quadratic form is an invariant with 
respect to the group of collineations. This invariant differs, evidently, 
in type from the invariants previously considered. It is known 
as an arithmetic invariant. 


EXERCISES 

1. Show that B* — 4 AC is a relative invariant of weight two of the conic * 

(8) Ax* -j- Bxy -f- Cy* -f- Dx -(- Ey + F = 0, 

with respect to the group of affine transformations. Give a geometrical reason 
why the weight must be an even number. 

2. Prove that A + C and B* — 4 AC are absolute invariants of the conic 
(8) with respect to the group of rigid motions. What is the geometrical signifi¬ 
cance of the vanishing of A + <77 

3. Show that the roots of the equation 

(B* — 4 AC) 2* - 4 [(A + O* + B* - 4A.CJ (z - 1) - 0 
are the squares of the eccentricities of the conic (8). 

EXERCISES ON CHAPTER XIV 

1. Show that, if the vertices of a complete quadrangle lie on a nondegenerate 
conic, the diagonal triangle is self-conjugate with respect to the conic. State 
the dual. 

2. Prove that every triangle self-conjugate with respect to a nondegenerate 
conic may be considered as the diagonal triangle of a complete quadrangle 
whose vertices are on the conic. State and prove the dual. 

3. Let Q be a nondegenerate conic, and let L be a line not tangent to it. 
If Ai, Bi, Ct, ... are points on L and A t , B s , C*, ... are the intersections 
with L of the polars of Ai, B,, Ci, . . . with respect to Q, show that the pairs 
of patatsgflplt, Bi, Bs, Ci, Ci, . . . form an involution. 

4. JHjjph nondegenerate conic and two lines L and V which are not conjugate 
wjtjfajppecfc to the conic be given. Show that there is a unique point P' on L' 
MMi, conjugate to an arbitrarily chosen point P on L, and vice versa. Prove 

* * It Is assumed that A, B, C are not all zero. 

, * 
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that the one-to-one correspondence thus established between the points of 
L and L' is projective. When will the point common to L and U correspond 
to itself? 

5. Let P be a point not on a nondegenerate conic, L its polar, and Q an 
arbitrary point on the conic. Show that the points in which L is met by PQ 
and the tangent at Q are conjugate points. 

6. Show that the equation in line coordinates of an arbitrary parabola 
tangent to the coordinate axes is of the form 

o-iuv + a,u 4- a»v = 0, aiO*a, s* 0. 

7. Show that the two chords connecting a point on a central conic to the 
ends of a diameter are parallel to two conjugate diameters. 

8. Show that the sides of a parallelogram inscribed in a central conic are 
parallel to a pair of conjugate diameters. 

9. Under what conditions will two central conics have the same pairs of 
conjugate diameters? 

10. Prove that the pairs of points in which a diameter, not an asymptote, 
cute two conjugate hyperbolas form a harmonic set. 

11. Show that the isotropic lines through the center of a conic are conjugate 
diameters if and only if the conic is a rectangular hyperbola. 

12. Where must a point be located in relation to a nondegenerate conic in 
order that each two perpendicular lines through it be conjugate with respect 
to the conic? 

13. There is in general a unique line which is perpendicular to a given 
finite line and also conjugate to it with respect to a given nondegenerate 
conic. What are the exceptions? 

14. Prove that, if each of two pairs of opposite vertices of a complete quadri¬ 
lateral consists of conjugate points with respect to a nondegenerate conic, so 
also does the third pair. 

15. Show that two triangles which axe polars of each other (§ 3, Ex. 2) are in 
the relationship of Desargues. What special theorem results when one of the 
triangles is circumscribed about the given conic? 

16. An imaginary nondegenerate parabola which is tangent to the line at 
infinity at J: (1, i, 0) has no focus and no directrix. Its equation may be re¬ 
duced to the form 

(x + t y)‘ + a (x - i y) = 0, a ^ 0, 

by introducing the contact point M of the isotropic tangent from I as origin, 
and the constant a may be made to take on the value unity by proper choice 
of rectangular axes at M. The parabola admits of a group of three rigid mo¬ 
tions into itself, namely the group of rotations about M through the angles 
0°, 120°, and 240° I Consequently, it is possible to inscribe in it infinitely many 
equilateral triangles!! What is the eccentricity of the parabola, as defined by 
5 8, Ex. 3? 

17. An imaginary nondegenerate central conic which passes through J, 
but not through I, has no axes and only two foci and two directrices. The 
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directrices are isotropies, and the line joining the foci is an isotropic asymptote. 
The equation of the conic, referred to the center as origin and to the polar of / 
as the axis of x, is 

s* -2txy + 3y» - 4fc», k s* 0. 

The two foci F and F' then have the coordinates (A, k i) anti (— k, — At) and 
for every point P on the conic 

±FP ±F'P - 2V5A. 

On the other hand, the oonie is not the locus of a point moving so that the ratio 
of its distances from a focus and a directrix is constant, and both its eccen¬ 
tricities, as given by $ 8, Ex. 3, are sero! 



CHAPTER XV 

PROJECTIVE THEORY OF CONICS 

1. Projective Generation of Conics. First Method. Let it be 
required to find the locus of a point P which moves so that the cross 
ratio (LiLj, L S L*) of the four lines joining P to four given points, no 
three collinear, is constant and equal to k: 

(1) (LiLt, L* Lt) = k. 

Take the four given points as the basic points A h A 2 , As, D of a 
projective coordinate system and denote the 
coordinates of P by (x h x 2 , x%). The equations 
of Li and I* are, then, 

La a as XsXt — X‘>Xz ~ 0, 

Ln' /3 ^ XyXs — rjXi «= 0, 

and the equations of L 3 and are the linear 
combinations of these equations which are 
satisfied respectively by ( 0 , 0 , 1 ) and ( 1 , 1 , 1 ), namely 

La Xia + = 0 , 

La. (xi - x s ) a + (x t - xi) P = 0 . 

Hence (1) becomes 

Zsfa ~ s a ) _ ^ 

Xi(Xi — Xs ) ’ 

or 

(2) XtXs — k x,xi + (k — 1) iia* = 0. 

This equation represents a point conic which passes through each of 
the given points.* The conic is nondegenerate provided we assume 
that k 0 , 1 . 

Theorem 1 a. The locus of a point which moves so that a chosen cross 
ratio of the lines joining it to four fixed points, no three collinear, is con¬ 
stant, ^ 0, 1, is a nondegenerate point conic passing through the four 
points. 

* Strictly speaking, the given points do not belong to the locus, since the 
cross ratio in (1) is undefined when P coincides with one of them. 
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Conversely, every nondegenerate point conic * can be generated in this 
manner. 

To prove the converse, we choose on the given conic four distinct 
points and take them as the basic points of our coordinate system 
(Fig. 2). The equation of the conic then is 

( 3 ) aiXtXi + OiXtXi + atxih = 0 , a 1 a t a t 0 , 

where 

Qi + <h + a» = 0. 


Without loss of generality, we may set 

a! = 1, at = — k, os = k — 1, Jfc 9* 0, 1. 


Equation (3) then becomes identical with (2) and the conic is the locus 
of a point P moving so that (LiLt, L t L t ) = k. 

If we allow P, moving on the conic, to ap¬ 
proach a given point, say D, as its limit (Fig. 2), 
the cross ratio retains always the value k, while 
the secant PD approaches as its limit the tan¬ 
gent DT at D. Therefore 

(DA t DA t , DAt DT) = k. 

We now restate the converse in the form in 
which it was originally discovered. 



Steiner^! Theorem. If four points on a nondegenerate conic are 
given, a chosen cross ratio of the four lines joining them to an arbitrary 
fifth point on the conic has a constant value. The corresponding cross 
ratio of the lines joining three of the given points to the fourth and the 
tangent at the fourth has the same value. 

We leave to the reader the proofs of the dual theorems. 

Theorem 1 b. The envelope of a line which moves so that a chosen 
cross ratio of the points in which it intersects four given lines, no three 
* concurrent , is constant, ^ 0, 1, is a nondegenerate line conic tangent to 
the four lines. 

Theorem 2 6 . If four tangents to a nondegenerate conic are given, 
a chosen cross ratio <4 the four points in which they are met by an arbitrary 
fifth tangent has a constant value. The corresponding cross ratio of the 


* We exclude in this chapter conics without real traces, 
f Steiner (1796-1863) was particularly interested in the projective generation 
of algebraic curves and surfaces. 
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points in which three of the given tangents intersect the fourth and the 
point of contact of the fourth has the same value. 


EXERCISES 

1. Prove Theorem 1 6. 2. Prove Theorem 2 h. 

3. Prove geometrically that, if the cross ratio k in the locus problem is 0,1, 
or «, the locus consists of a pair of opposite sides of the complete quadrangle 
determined by the four given points. 

4. Show that Steiner’s Theorem is true for a degenerate point conic, pro¬ 
vided only that the cross ratio in question is defined. 


2. Conics Determined by Points and Tangents. In the envelope 
problem of § 1, the constant value of the cross ratio can be prescribed 
as the cross ratio (PiP 2 , PiPt) of the points in which a fifth given line 
L t intersects the four given lines L u L } , L h L< (Fig. 3). Then L 5 will 
be one of the positions of the moving line and 
the envelope will be tangent to it as well as to 
the four given lines. Hence there is a conic Q 
tangent to the five lines In, Lu, L», Lt, L s . 

Suppose now that a conic Q', tangent to 
the five lines, is given. Since it is assumed 
that no three of the lines are concurrent, Q' is 
nondegenerate. Hence Q' is the envelope of 
a line L moving so that the cross ratio of the 

points in which it intersects Li, L 2 , L 3 , L* is a constant; since one posi¬ 
tion of Lis Lf, the value of this constant is (P 1 P 2 , P 3 P<). Thus Q' 
answers to the same description as Q and therefore coincides with Q. 

Theorem 1 a. Tangent to five lines, no three concurrent, there is just 
one line conic and it is nondegenerate. 



Theorem 1 b. Through five points, no three collinear, there passes just 
one point conic and it is nondegenerate. 

The constant value of the cross ratio in the envelope problem of § 1 
can also be prescribed as the cross ratio (PiP 2 , P3P4), where Pi, P 2 , Pj 
are the points in which L u Lt, L» are met by L t , and P* is a fourth point 
on L^ The resulting conic will be tangent to L lt L t , L h L t , and the 
point of tangency on will be P<. We are thus led to the following 
theorem. The detailed proof is similar to that of Theorem 1 o. 

Theorem 2 a. Tangent to three lines and to a fourth at a given point 
there is a unique line conic and it is nondegenerate. It is assumed that 
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no three of the four lines are concurrent and that the point on the fourth 
does not lie on any of the other three. 

Thhobem 2 b. Passing through three points and tangent at a fourth 
to a given line there is a unique point conic and it is nondegenerate. It is 
assumed that no three of the four points are coUinear and that the line 
through the fourth does not contain any of the other three. 

EXERCISES 

1. Prove Theorem I b. 2. Prove Theorem 2 b. 

3. Show that through five points, no four coUinear, there pauses just one point 
conic, nondegenerate or degenerate. How many conics are there through the 
five points, if just four are coUinear? If all five are coUinear? 

4. Under what conditions wUl there be a unique point conic, nondegenerate or 
degenerate, passing through three points and tangent at a fourth to a given 
line? 


3. One-Dimensional Perspective Correspondences. If a projective 
correspondence is established between two ranges of points lying on 
distinct lines, the point common to the two ranges wiU not, in general, 
correspond to itself. When it does, the ranges are said to be perspec¬ 
tive. Similarly, two pencils of lines which are in projective corre¬ 
spondence so that the common line is self-corresponding are called 
perspective. 

If two ranges of points are the projections of one another, their 
common point is Belf-corresponding and they are perspective. Con- 


o 



Fra. 4 


versely, if two ranges are perspective, the lines 
joining corresponding points are concurrent. 
For, if we think of the perspective correspond¬ 
ence as determined by three pairs of corre¬ 
sponding points Ai A), Bi **■ B t , C x *-* C t , 
where Ai(Ai) is the point common to the two 
ranges, the projection from the point 0 in which 
the lines BiB t and CiCt intersect also orders 
Ai, B u Ci to A i, B 9 , C 9 respectively, and hence es¬ 


tablishes between the two ranges the given perspective correspondence. 


Thhobem 1 a. Two projective ranges of points are perspective if and 
only if the lines joining corresponding points are concurrent. 


The point of concurrency is known as the center of perspective. 


Tbdbobxx 1 6. Two projective pencils of lines are perspective if and 
only if the points of intersection of corresponding lines are coUinear. 
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The line of collinearity is called the axis of perspective. 

A range of points and a pencil of lines in projective correspondence 
are said to be perspective if each point of the range lies on the corre¬ 
sponding line of the pencil. The range of points A h B h C u . . . and 
the pencil of lines OAi, 0B t) OC i, ... in Fig. 4 are perspective. 

EXERCISES 

1. Prove Theorem 1 b. 

2. Show that, if three of the lines joining corresponding points of two pro¬ 
jective ranges are concurrent, the ranges are perspective. State the dual. 

4. Projective Generation of Conics. Second Method. We have 
just seen that the locus of the points of intersection of corresponding 
lineB of two perspective pencils is a straight line, the axis of perspective. 
Strictly speaking, however, we should include also the line common 
to the two pencils, for it corresponds to itself and has in common with 
itself every one of its points. The locus then consists of two straight 
lines and is a degenerate point conic. 

In the case of two pencils which are projective but not perspective, 
the locus is a nondegenerate point conic. 

Theorem 1 a. The locus of the points of intersection of corresponding 
lines of two projective, nonperspective pencils of lines is a nondegenerate 
point conic. 

Theorem 1 b. The envelope of the lines joining corresponding points 
of two projective, nonperspective 
ranges of points is a nondegene¬ 
rate line conic. 

We choose to prove the second 
of the two theorems. Let three 
pairs of corresponding points in 
the given correspondence be¬ 
tween the ranges on the lines h 
and be Ai ** A t , Bi •** B s , 

Ci Ci, and let the lines joining 
these pairs of points be a, b, c. 

Since the ranges are not perspec¬ 
tive, a, 6 , c are not concurrent 
(5 3, Ex, 2). As a matter of fact, 
it is not difficult to show that no three of the five lines o, 6 , c, ft, f* are 
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concurrent. Hence there is a unique nondegenerate conic Q tangent 
to them. 

The line p joining two arbitrarily chosen corresponding pointB Pi 
and P* of liie two ranges will be tangent to Q, if it can be shown to be 
identical with the second tangent p‘ drawn from Pi to Q (Fig. 5). 
Inasmuch as the two ranges are projective, 

(1) <A,B a , C,P S ) - (AA, C 1 P 1 ). 

Since tire four tangents a, b, c, p' cut the two tangents h, tt in two sets 
of points whose corresponding cross ratios are equal (§ 1, Hi. 2 6), 

(2) (AA, CrPi i) = (AiB h CA). 

From (I) and (2) we have 

(AiB h CA) = (AA, CiPi). 

Hence Pi coincides with Pi, and p is identical with the tangent p'. 

Conversely, if p is a tangent to Q, relation (1) holds, by § 1, Th. 2 b, 
and Pi and Pi are a pair of corresponding points of the two ranges. 

As a moves, always tangent to Q, toward h as a limit, Ai approaches 
the contact point Si of h and At approaches the common point of the 
ranges, considered as a point Si of the range on tt. Thus, to the common 
point, considered as a point of the one range, corresponds the point of 
contact with Q of the line of the other range. 

Corollary to Theorem 1 6. The conic is tangent to the lines of the 
two ranges at the points which correspond to the point common to the two 
ranges. 

Let the reader now prove Theorem 1 a and derive the corollary to it. 
Corollary to Theorem 1 a. The conic goes through the vertices of 
the two pencils and is tangent at them to the lines which correspond to the 
line common to the two pencils. 

To prove that every nondegenerate conic 
Q can be generated in the way described in 
Theorem 1 a, join two fixed points Fi and 
Vi on Q to an arbitrary point P on Q. As 
P traces Q, there is established between the 
pencils of lines at Vi and Fi a correspond¬ 
ence which becomes one-to-one without ex¬ 
ception when tangents at Ft and Vt are 
ordered to the common line of the two pencils. By Steiner's Theorem, 
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this correspondence preserves cross ratio and is therefore projective. 
Thus Q is the locus of the points of intersection of the corresponding 
lines of two projective pencils. 

We may interpret this result as follows. 

Theobem 2 a. The points of a nondegenerate conic subtend projective 
pencils of lines at two fixed points of the conic. 

Theobem 2 b. The tangents to a nondegenerate conic cut two fixed 
tangents in projective ranges of points. 

We are now in a position to complete the set of theorems begun in § 2. 

Theobem 3 a. Tangent at two given points to given lines and passing 
through a third point there is a unique point conic and it is nondegenerate. 
It is assumed that the three given points are not collinear, and that each of 
the two given lines contains just one of the given points. 

Let Vi, V it C be the given points and ffii and b 2 the given lines passing 
through Vi and V 2 (Fig. 7). The pairs 
of lines «i at, bi **■ bt, Ci c« establish 
between the pencils at Vi and V 2 a projec¬ 
tive, nonperspective correspondence. The 
locus of the point P in which an arbitrary 
pair of corresponding lines of the pencils 
intersect is a nondegenerate conic Q which 
goes through C, since C is one position of P, 
and is tangent at Vi to and at V 2 to 6 2 . 

Suppose now that Q' is a conic which satisfies the given requirements. 
Q> cannot be degenerate. (Why?) Hence Q' is the locus of points of 
intersection of corresponding lines of two projective pencils at 7, and 
7 S . This projective correspondence is identical with that which gave 
rise to Q, since it has in common with it the three pairs of corresponding 
lines a ~ a* h - &» ft - ft. Therefore Q' is the same as Q. 

Theobem 3 b. Dual of Theorem 3 o. 



EXERCISES 

1. Establish Theorem 1 a and the corollary thereto. 

2. Prove Theorem 2 b. 3. State and prove Theorem 3 b. 

4. Madaurin's Method of Generating a Conic. A variahle triaiigie moves w 
that its three sides turn about three given nonoolUnear points A, B, C and two 
of the vertices trace fixed lines o, b, not containing any of <the given joints. 
Show that, if A, B, and the point 0 of intersection of a and b are not colbnear, 
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the locus cl the third vertex is a nondegenerate conic which passes through 
the points A, B, A', B\ 0 (Fig. 8). 


5. State and prove the dual proposition. 

6. Discuss the locus of P in Ex. 4 when A and B are 
_ oollinear with O. 

1. Mark on a straight line a series of equally spaced 
points, numbering the points consecutively, and repeat 
the construction on a second line. What can you say 
of the lines which join like-numbered points? 

8 . Newton’s Method of Generating a Conic. Two con¬ 
stant angles move about fixed vertices so that a side of one alwayB intersects 
a side of the other on a fixed line. Show that the point of intersection of the 
other two sides traces a point conic. When is the conic degenerate? 



Fto. 8 


9. Describe the envelope of the lines joining corresponding points of the 
projective ranges on the lines L and U of Ex. 4, End of Ch. XIV. Discuss ail 
eases. 


5. Continuation. Analytic Treatment. Let there be given two 
projective, nonperspective pencils of lines 
with vertices V and V' and let three pairs 
of corresponding lines have the coordinates 
a, b, c and a', b\ d so chosen that 

c a -+• 6, d = a' + 6'. 

Then 

V = P « + 6, v' = P a' + V 

are coordinates of an arbitrary pair of corresponding lines. 

Since the point P : (xi, x*, xj) whose locus is desired lies on eaeh of 
the lines p and p', we have 

(jj (o|x)p + (&jx) * 0, 

(o'|x)p + (h'jx) = 0. 

Eliminating p, we find that P lies on the conic 

V 

( 2 ) (a|x)(6'jx) — (o'jx)(6jx) = 0. 

This conic goes through V since, for V, (o)x) and (6|x) are both zero. 
Similarly, the conic goo; through V. 

To prove that the conife is tangent at V and V to the lines corre¬ 
sponding to VV\ we may assume, without loss of generality, that the 
three pairs of corresponding lines determining the projective corre- 
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spondence are as shown in Fig. 10. Then, since a' = b* the equation 
of the conic becomes 

(3) (a\x)(b'\x) - (6lx) 1 = 0, 

and the tangent to the conic at the point r is 
(o|r)(&'|s) + (b'|r)(a|s)-2(b|r)(6|x) - 0. 

When the r's are thought of as the coordi¬ 
nates of V, this equation reduces to (o | x) = 0. 

Hence the line a is the tangent at V, as was to 
be proved. 

Any five points, no three collinear, may be made to play the roles of 
V, V', A, B, C in Fig. 9. If, then, the coordinates a, b, c and a', b', d 
are computed subject to the restrictions e =,o + b, d = a' + b\ 
equation (2) will represent the conic through the five points. 

Figure 10 and equation (3) may be similarly applied to find the equa¬ 
tion of the conic tangent at two given points to given lines and pass¬ 
ing through a third point. 

EXERCISES 

1. Describe a method of finding the equation of a conic tangent at a given 
point to a given line and passing through three other points. 

find the equations of the following conics. 

2. The conic passing through the five points (— 2, 0,1), (2, 0,1), (— 1,2,1), 
(1, 2, 1), (0, 3, 1). 

3. The conic tangent to the five lines (1, 0, 1), (— 1, 0,1), (0, 1,1), (1, 0,1)> 
(1,1, 1). 

4. The conic tangent at the point (— 1, — 1) to s + y + 2 = 0 and passing 
through the points (1, 0), (1,1), (- 1, 1). 

5. The oonic tangent to the lines (1, 1, 2), (3, - 1, — 3) at the points 
(— 1, — 1, 1), (1, 0, 1) and tangent to the line {0, 3, 1). 

6. The Theorems of Pascal and Brianchon. A conic is determined 
by five points or by five tangents. Under what conditions will six 
points lie on a conic or six lines be tangent to a conic? These and other 
important questions are answered by Pascal’s and Brianchon’s The¬ 
orems. 

The theor ems have to do with hexagons. By a hexagon is meant a 
figure co nsisting of six distinct points connected in a specific order by 

* We can take o' = b and still choose coordinates so that c = o + 6 and 
d - o' + 
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six distinct lines, or a figure consisting of six distinct lines brought to 
intersection in a definite order in six distinct points. Figure 11 shows 
a hexagon determined by the six ordered ver¬ 
tices I, II, III, IV, V, VI, or by the six ordered 
sides 1, 2, 3, 4, 5, 6. A pair of vertices, or 
sides, which are separated by two vertices, or 
sides, are called opposite; for example, I and 
IV are opposite vertices and 3 and 6 are oppo¬ 
site sides. 

Pascal’s Theobem. If a hexagon is in¬ 
scribed in a nondegenerate conic, the points of 
intersection of the pairs of opposite sides are col- 
linear. Conversely, if the pairs of opposite sides of a hexagon, determined 
by six points no three of which are coUinear, intersect in points of a line, 
the six vertices of the hexagon lie on a nondegenerate conic. 

We assume a hexagon inscribed in a nondegenerate conic, as shown 
in Fig. 12, and prove that the points L, M, N in which the pairs of 
opposite sides intersect are collinear. By Steiner’s Theorem, a cross 
ratio of the lines joining the points A, B, C, E to D is equal to the 
corresponding cross ratio of the lines 
joining the same points to F: tt 

(1) ( DADB,DCDE)=(FA FB,FC FE). 

The firat set of lines intersects the side 1 
in the points A, B, C u L; the second set 
intersects the side 2 in At, B, C, M. *t\ 

Hence 

(2) (A B, C\ L) *= (A s B, C M). 

There is therefore a projective corre¬ 
spondence between the ranges of points 
on the lines 1 and 2, in which to A, B, 

Ci, L correspond respectively A t , B, C, 

M. Since the point B common to the 
two ranges is self-corresponding, the ranges are perspective. Con¬ 
sequently, the lines AA t , C X C, and LM are concurrent. But AA } 
*td m intersect in N and so N lies on LM. 

^ T^bonverse can be established by retracing steps. Since L, M, N 
nre eoHmear, the lines AAt, C X C, LM are concurrent and the projective 
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correspondence established between the points of the lines 1 and 2 
which is determined by A ■** A,, C\ ■** C, L ** M is perspective: 
B ■** B. Thus the cross ratios in (2) are equal and hence the cross 
ratios in (1) are also equal. Consequently, the conic which is the 
loeus of a point P moving so that ( PA PB, PC PE) = k, where k 
is the common value of the cross ratios in (1), passes through all six 
vertices of the hexagon.* 

A hexagon whose pairs of opposite sides intersect in points on a line 
is called a Pascal hexagon, and the line, a Pascal line. 

Six points, no three collinear, can be arranged in many different 
orders and so determine many different hexagons—in fact, sixty 
(Ex. 4). If one of these hexagons is a Pascal hexagon, the six points 
lie on a conic and hence all the hexagons are Pascal hexagons. 

Cobollary. Six points, no three collinear, lie on a conic if and only 
if a hexagon having them as vertices is a Pascal hexagon. 

Let the student establish the dual results: 


Brianchon’ s Theobem. If a hexagon is circumscribed about a non¬ 
degenerate conic, the lines joining the pairs of opposite vertices are con¬ 
current. Conversely, if the lines joining the opposite vertices of a hexagon, 
determined by six lines no three of which are concurrent, go through a 
point, the six sides of the hexagon are tangent to a nondegenerate conic, f 


A hexagon which has the property that the lines joining the pairs of 
opposite vertices go through a point is called a Brianchon hexagon, and 
the point, a Brianchon point. 

Corollary. A necessary and sufficient 
condition that six lines, no three concurrent, 
be tangent to a conic is that a hexagon having 
them as sides be a Brianchon hexagon. 

Construction Problems. Let it be required 
to construct additional lines tangent to the 
conic determined by five given lines. 

Arrange the five given lines in a definite 
order, a, b, c, d, e, and bring a and b, b and e, c and d, d and e to inter¬ 
section in the points I, II, III, IV (Fig. 13). Draw the line IIV and 

* Which steps of the reasoning depend on the hypothesis that no three of 

theorem i. 1M0, whej he wee ody U y«rs 
old. It was 166 years later that Brianchon found the dual theorem. 
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choose on It a point P. Denote the points in which the lines II Pand 
III P intersect e and o respectively by V and VI. The line V VI is 
then tangent to the conic determined by the five given lines. 

By moving P along the line IIV a large number of tangents may be 
constructed. These will outline, however, only a portion of the conic. 
To obtain a finished picture, arrange the five given lines in other orders 
and repeat the construction. 

The dual problem of constructing additional points on a conic de¬ 
termined by five points admits of an equally simple solution by means 
of Pascal’s Theorem. 

EXERCISES 

1. Construct a sufficient number of tangents to a conic determined by five 
tangents to outline the conic completely. 

2. Describe in detail a method of constructing additional points on a conic 
determined by five points. 

3. Prove Brian chon’s Theorem. 

4. Show that six points, no three collinear, are the vertices of sixty distinct 
hexagons.* 

5. Es ta b l ish Madaurin’s method for generating a conic by proving, by 
Pascal’s Theorem, that the points 0, A', B', A, B, P of Fig. 8 lie on a eonic. 

6. Apply the dual method to Ex. 5 of $ 4. 


7. Continuation. Special Cases. If in Fig. 12 we allow the 
vertex F, moving on the conic, to approach the vertex A as a limit, 

the side 6 approaches the tangent at 
A and the hexagon is replaced in the 
limit by the inscribed pentagon 
ABCDE (Fig. 14). On the other 
hand, since F Btays on the conic, the 
points L, M, N remain always col¬ 
linear and hence the points which they 
approach as limits are collinear. 
Theorem 1. If a pentagon is in- 
^ scribed in a nondegenerate conic, the 

point in which the tangent at one ver¬ 
tex intersects the opposite side and the points of intersection of the pairs 
af opposite remaining sides are collinear. Conversely, if a line through 

* If the six points lie on a conic, the sixty hexagons are all Pascal hexagons. 
The sixty Pascal lines pass by threes through twenty points; the twenty points 
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al lines pass by threes through twenty points; toe twenty points 
Steen lines, three of toe lines going through each point. 


PROJECTIVE THEORY OF CONICS 


a vertex <4 a pentagon, no three of whose vertices are coUinear, meets the 
opposite side in a point coUinear with the intersections of the opposite re¬ 
maining sides, the line is tangent to the conic which circumscribes the 
pentagon. 

By the hypothesis of the converse, the given line through the vertex 
A meets the side 3 on the line LM. But the tangent at A to the conic 
which circumscribes the pentagon also meets 3 on LM, by the direct 
theorem. Hence the given line through A is the tangent at A, and the 
converse is established. 

The theorem furnishes a condition necessary and sufficient that a line 
through one of five given points, no three of which are collinear, be 
tangent to the conic passing through the five points. It also yields a 
simple construction for the tangent at one of the given points. 

In Fig. 14 we can let approach one another the two vertices C and D 
opposite to the vertex A\ or two vertices adjacent to A, Bay D and E. 
We thus obtain the theorems illustrated by Figs. 15 and 16, and cor¬ 
responding converse theorems. 



In Fig. 15, not only will the tangents at A and C meet in a point on 
the line LAf, but also the tangents at B and E. We thus obtain a 
theorem concerning two quadrilaterals. 

Theorem 2. If a quadrilateral is in¬ 
scribed in a conic and a second quadrilateral 
is circumscribed about the conic so that the 
ordered vertices of the first are respectively the 
points of contact of the ordered sides of the 
second, the points of intersection of the pairs of 
opposite sides of the two quadrilaterals are 

coUinear. . .. .. 

If in Fig. 16 we let C, moving on the conic, approach B as its limit, 
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we obtain two triangles, one inscribed in the conk and the second 
consisting of Idle tangents to the conic at the vertices of the first 
(Fig. 17). Since the sides RS and It'S', ST and S'T', TR and T'R' 
of the two triangles intersect in collinear points, the triangles are in 
the relationship of Desargues. We are thus led to the theorem: 

Theorem 3. If RST and R'S'T 1 are two triangles so situated that 
each vertex of the first lies on the opposite side of the second, there exists a 
conic circumscribing the first and inscribed in the second if and only if the 
two triangles are in the relationship of Desargues. 

EXERCISES 

1. Construct the tangents to a conic determined by five points at each of the 
given points. 

2. State and prove a condition necessary and sufficient that a point on one of 
five lines, no three of which are concurrent, be a contact point of the conic 
tangent to the five lines. Describe and illustrate a method for the construction 
of the contact point. 

3. Discuss the limit ing cases of Brianchon’s Theorem which have to do with 
quadrilaterals. 

4. Derive the dual of Theorem 3. 

3. A nondegenerate conic is determined by four points and & tangent at one 
of them, (a) State and prove a condition necessary and sufficient that a fifth 
point lie on the conic and give a method for constructing additional points on 
the conic. (6) Derive a necessary and sufficient condition that a line through 
one of the remaining points be tangent to the conic. 

<5- A nondegenerate conic is fixed by three tangents and the points of contact 
on two of them. Find a necessary and sufficient condition (a) that a point on 
the remaining tangent be the contact point on the tangent; ( b) that a fourth 
line be tangent to the conic. 

8. Further Developments Concerning Projective Correspondences. 

Let there be given, on the lines La and Li, two perspective ranges of 

points, with center of perspective 0 and 
common point R. Let two pairs of corre¬ 
sponding points Ax ** At, Bi ■** Bi be joined 
crosswise, Ai to B, and Bi to A t , and let X 
be the point of intersection of the joining 
lines. The line RX is clearly the harmonic 
conjugate, L, of the line RO with respect to 
la and Lt and is therefore independent of 
the particular pairs of corresponding points 
chosen. Hence, all the points of intersection of lines joining crosswise 
two pairs of corresponding points tie on a tine. 
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In a correspondence between the two ranges which is projective but 
not perspective, the points A, B, C, . . . of intersection of the lines 
joining one pair of corresponding points Oi ** O t crosswise with each 
of the remaining pairs of corresponding points A\ ** A,, B\ B%, 
Ci ** Cj, . . . lie on a line L (Fig. 19). For, the points A, B,C, . . . 



Fig. 19 


are the intersections of the corresponding lines of the two pencils, 
OiOi, 0,A Sl 0\Bi, OiCi, ... and 0A, 0 2 A h 0 t B u OsCi, . . . , and 
these pencils are perspective; they are projective since the ranges on 
Li and U are projective, and their common line OA corresponds to 

itself. 

To be able to conclude that all the points of intersection of lines 
joining crosswise two pairs of corresponding points of the two ranges 
lie on L, we must show that L is independent of the particular pair of 
points chosen as Ox *+ 0 2 . As a matter of fact, L is the line joining the 
points IU and S, which correspond to the point «»(&) common to the 
two ranges. The lines OA and OA are corresponding lines of the two 
pencils at 0, and 0,, and hence their intersection, S 2 , lies on L. Like¬ 
wise S it as the intersection of 0i& and 0 2 S h lies on L. Hence L is 


the line RtSj. 

Theorem 1. The points of intersection of lines joining crosswise two 
pairs of corresponding points of two projective ranges lie on a line. If the 
ranges are not perspective, the line is the join of the points corresponding 
to the point common to the two ranges. If the ranges are perspective, it is 
the harmonic conjugate, with respect to the lines of the ranges, of the line 
joining the common point to the center of perspective. 
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I» both esses the Ike is called the axie of the projectivity. 

Cosverse or Theorem 1, If two ranges of points are in one-to-one 
correspondence so that the points of intersection of lines joining crosswise 
two pairs of corresponding points are collinear, the ranges are projective. 

In giving the proof we make use of Pig. 19, thinking of 0i*+ 0 t , 
Ai **■ At, B\ **■ B t , Ci **■ Ct, ... as pairs of points in the given cor¬ 
respondence. Since A, B, C, . . . are, by hypothesis, collinear, the 
pencils of lines at Oi and 0* are perspective. Hence the two ranges are 
projective. 

The duals of Theorem 1 and its converse we state as a single theorem. 

Theorem 2. Two pencils of lines which are in one-to-one corre¬ 
spondence are projective if and only if the lines joining points of inter¬ 
section of two pairs of corresponding lines taken crosswise go through a 
point. 

This point is known as the center of the projectivity. Where is it 
located, when the pencils are not perspective? When the pencils are 
perspective? 

The range of points A u Bi, Ci, ... on Li in Fig. 19 is perspective 
with the range A, B t C, . . . on L, and this range is in turn perspective 
with the range A it B t , Ci, ... on la. Hence the projective corre¬ 
spondence between the ranges on Li and Z* is equivalent to the succes¬ 
sion of two perspective correspondences. In other words, two pro¬ 
jective ranges can be connected by a succession of (two) perspectivities. 

It can be shown, dually, that two projective pencils can be con¬ 
nected by a succession of (two) perspectivities. 

If a pencil and a range which are projective are given, a range per¬ 
spective with the given pencil ($3) can be connected as jn Fig. 19 
with the given range. 

Theorem 3. Two projective one-dimensional fundamental forms can 
be connected by a succession of perspectivities. 

EXERCISES 

1. X projective correspondence between the ranges of points on two distinct 
Ikes is given by the prescription of three pairs of corresponding points. 
Show how to construct the point on the one line which corresponds to a given 
point on the other. 

2. Prove Theorem 2 and answer the questions La the paragraph following it. 

3. In* p ersp ective correspondence between two pencils of lines, determined 
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by two pairs of distinct corresponding lines, the axis cl perspective is inacces¬ 
sible. How may it, then, be possible to construct the line of the one pencil 
which corresponds to a given line of the other? 

4. By Th. 1 show that Pascal’s Theorem remains true for a hexagon inscribed 
in a degenerate point conic consisting of two distinct straight lines, when each 
two successive vertices of the hexagon lie one on each line. 

9. Ranges of Points and Pencils of Lines of the Second Order. A 
cross ratio of the lines joining four given points on a nondegenerate 
conic to a fifth point on the conic is 
independent of the position of the fifth 
point and is therefore, when the conic 
is given, a property of the four points 
alone. What is more natural than to 
call it a cross ratio of the four pointsf 

What is the dual definition of the 
cross ratio of four tangents to a 
conic? 

Theorem 1. A cross ratio of four 
points on a nondegenerate conic is equal 
to the corresponding cross ratio of the 
four tangents at the points. Fia. 20 

Let Ai, As, A,, A< be the four 
points and a lt «*, a*, o« the tangents at them. To prove that 
(A,A„ AsAs) = (aio,, ajct 4 ), it is sufficient to prove (Fig. 20) that 
(Pijh, P*Pt) = (PiPi, P»P<)- But this is evident inasmuch as p< is 
the polar of Pi, i = 1, 2, 3, 4. 

Projective Correspondences between Two Conics. The totality of 
points on a nondegenerate conic is known as o range of points on a 
conic or as a range of the second order. The totality of tangents to a 
nondegenerate conic is called a,pencil of tangents to a conic or o pencil of 
the second order. The two together are known as one-dimensional 
fundamental forms of the second order. 

Definition. Two fundamental forms of the second order ore in 
projective correspondence if their elements are in one-to-one correspondence 
so that corresponding cross ratios are equal. 

A simple case, suggested by Th. 1, is that in which the two forms 
consist respectively of the points and the tangents of the same come, 
and to each point is ordered the tangent at the point. 
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Thborbm 2. There is one and only one projective correspondence 
between tux fundamental forms of the second order which orders to three 
given distinct dements of the one form three prescribed distinct elements of 
tiie second form. 

We consider the case of two ranges of points on two nondegenerate 
conics Q i and Q* Let Ai, Bi, Ci be the given points of the range on 
Qu and let At, B», C t be the corresponding prescribed points of the 
range on Q 3 . Join A t , Bi, Cl by the lines ai, bi, Ci to a point Fi on Q>, 
and At, B it Ct by the lines a*, bi, c% to a point V* on Q t . There is a 
unique projective correspondence between the pencils of lines at Vi and 
Vt in which to at, b if c t correspond a?, bi, Ci. Hence there is one and only 
one projective correspondence between the ranges of points on Qi and 
Qt in which to At, B t , Ci correspond Ai, Bi, Ct. 
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Projective Fundamental Forms of the Second Order on the Same Conic. 
If, in the preceding proof, the conics Qt and Qi are one and the same 

conic Q, a simple method presents 
itself for the construction of the point 
Pt of the second range which corre¬ 
sponds, in the projective correspond¬ 
ence' determined by A, A a , B x *♦ Bt, 

Ct **■ Ci, to a given point Pi of the first 
range. Join At, Bt, Ci to Ai, and A t , 
B t , Ct to A u as shown in Fig. 21.* The 
projective correspondence between the 
two pencils of lines at At and Ai which is determined by o, a*, bx *♦ bt, 
ct -*-*■ c% is perspective, since the line AiA a corresponds toitself. Thus 
the points of intersection of pairs of corresponding lines of the two 
pencils lie on a line, the line BC, or L, of the figure. Hence, if P t is 
a given point of the first range and P is the point in which A*P t meets 
L, the point Pt of the second range which corresponds to P x is the 
second point in winch A X P meets Q. 

It Is evident front the construction that the points H and K in which 
h intersects Q are self-corresponding points and are the only self- 
corresponding points. 

Theorem 3. A projective correspondence , other than the identity, 
between two ranges of points on the same conic has two self-corresponding, 
or double, points. 


* It is assumed that Ai and At are distinct. If A», Si, C* ooincide respec¬ 
tively with A*, Bt, Ct, the given correspondence is the identity. 
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According as the two double points are coincident or distinct, that is, 
according as L is a tangent or a secant of Q, the projective corre¬ 
spondence is called parabolic or nonparabolic. Nonparabolic corre¬ 
spondences are further classified as hyperbolic or elliptic according as 
their double points are real or imaginary. 

The line L is known as the axis of projectivity. It is determined by 
the double points. In particular, if the double points coincide, it is the 
tangent to Q at their point of coincidence. 

The points B, C, P, . . . of the axis L are the points of intersection 
of the lines which join the pair of corresponding points A, ■*->■ At cross¬ 
wise with each of the remaining pairs of corresponding points Bt **■ B 2 , 
Ci -*-*■ C 2 , Pi** Pi, ... . But the axis L is independent of the par¬ 
ticular pair of corresponding points chosen as Ai ** A 2 . Hence: 

Theorem 4. The points of intersection of lines joining crosswise two 
pairs of corresponding points of two projective ranges on the same non - 
degenerate conic lie on the axis of projectivity. Conversely, if two ranges 
of points on the same nondegenerate conic are in one-to-one correspondence 
so that the points of intersection of lines joining crosswise two pairs of 
corresponding points are collinear, the ranges are projective. 

The proof of the converse is similar to that of the converse of The¬ 
orem 1 of § 8. 

EXERCISES 


1. If the points of two projective ranges of points on the same nondegenerate 
conic Q are joined to a point V on Q, two projective pencils of lines are obtained 
with V as common vertex. Establish the following relationships between the 
projectivity between the pencils at V and the projectivity between the ranges 

A. The double lines of the projectivity at V meet Q in the double points of 


the projectivity on Q. 

B. The projectivity on Q is elliptic, parabolic, hyperbolic, or the identity, 
according as the projectivity at V is elliptic, parabolic, hyperbolic, or the lden- 

C. The projectivity on Q is involutory if and only if the projectivity at V is 

D. If the projectivity on Q is'nonparabolic, a pair of corresponding pomte 

separate the double points in a constant cross ratio. This cross ratio is known 
as the irwariant'oi the projectivity on Q and has the same value as the invariant 
of the projectivity at V. f ! . 

2. Give a construction for a pair'of corresponding lines in a projective cor¬ 
respondence between Wo pencils Of tangents to the same ^wbichis 
determined by three pairs of corresponding tangents. Hence prove the duals 

of Theorems St and 4. 
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10. invehrtftoat on a Conk. 

Thxo&bu 1. Two pairs of distinct points on a nondegenerate conic 
form a harmonic set if and only if the lines determined by them are am- 
jugate with respect to the come. 

Let Pi, Pt and ft, ft be the given pairs of points and let p and q be 
the lines determined by them (Fig. 22). Jf p and q are conjugate with 



0 . 
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respect to the conic, q passes through the pole P of 
p and the points P, R and Qi, ft form a harmonic 
set. The lines PiP, PJt and Ptft, Pift then form 
a harmonic set and hence so do the points in which 
they meet the conic. But these are the given points 
Pi, Pa and Qu ft. 

Conversely, if Pi, P t and ft, Q, form a harmonic 
set and P is the point of intersection of the tangent 
at Pi with q, the points P, R and ft, ft form a har¬ 


monic set. Consequently, P is conjugate to R and, since it is also 


conjugate to Pi, it is the pole of p. Hence q is conjugate to p. 


Theorem 2. A projective correspondence between two ranges of points 
on the same nondegenerate conic is involutory if and only if it is non- 
parabolic with invariant — 1. 


This theorem follows from the analogous theorem for one-dimensional 
fundamental forms of the first order (Ch. IX, § 7) by virtue of the 
results of Ex. 1 of the preceding paragraph. 

An involution in the points of a conic consists, then, of the pairs of 
points on the conic which separate two fixed points H, K harmon¬ 
ically. The two fixed points may be real or conjugate-imaginary, that 
is, the involution slay be hyperbolic or elliptic. 
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The line joining the double points H,Kh the aids L of the involution. 
Since the pairs of points m the involution ell separate harmonically 
the double points, the lines determined by them are, by Th. 1, all 
conjugate to the aids and hence all go through the pole P of the axis. 
Conversely, if the lines joining the pairs of corresponding points of two 
projective ranges on a conic go through a point P, the points of each 
pair of points on the conic collinear with P are interchanged in pairs 
and the projective correspondence is, by definition, involutory. 

Theorem 3. A necessary and sufficient condition that a projective 
correspondence between two ranges of points on a conic be involutory is 
that the lines joining corresponding points go through a point. 

This point is known as the center of the involution. The involution 
is hyperbolic if the center is outside the conic, that is, if the tangents 
from the center are real (Fig. 23 a). If the center is inside the conic, 
that is, if the tangents from it are imaginary, the involution is elliptic 
(Fig. 23 6). 

Theorem 3 can be restated in a form which brings out clearly the 
inherent simplicity of an involution on a conic. 

Theorem 4. A pencil of lines whose vertex is not on a nondegenerate 
conic cuts the conic in pairs of points in an involution. Every involution 
in the points of the conic can be thought of as generated in this way. 

We conclude also: 

Theorem 5. An involution in the points of a nondegenerate conic is 
uniquely determined by its center or by its axis. 

The center of an involution can be thought of as the point of inter¬ 
section of the lines joining the points of two pairs in the involution. 
Hence: 

Theorem 8 . An involution in the points of a nondegenerate conic is 
uniquely determined by two pairs of distinct points. 

In other words: 

Theorem 7. There is a unique pair of points H, K on a nondegenerate 
conic which separate harmonically each of two given pairs of distinct 
points A\, At and B\, B t on the conic. 

The points H, K are the intersections with the conic of the polar of 
the point of intersection, P, of the lines AjAj, B\Bt. They are real or 
conjugate-imaginary according as P is outside or inside the conic. 
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But P is outside os inside the conic according as the given pairs of 
points, At, At and Bi, B h do not or do separate one another. 

Coboulaby. According as two given pairs of real points do not 
or do separate one another, the points separating both of them harmonically 
art real or conjugate-imaginary. 

EXERCISES 

1. State and prove the dual of Theorem 1. 

2. Discuss involutions among the tangents to a nondegenerate conic, proving 
the duals of Theorems 2-6 inclusive. 

3. Deduce from Theorem 7 and its corollary the corresponding theorems for 
(a) lines through a point; (b) points on a line. See Ch. IX, $ 7, Th. 8. 

4. Show that the lines which Join two points A and B on a nondegener&te 
conic to a third point P on the conic are separated harmonically by the tangent 
at P and the line joining P to the pole of the line AB. 

5. Prove directly that a pencil of lines whose vertex is not on a nondegener¬ 
ate conic cute the conic in two projective ranges of points.' 
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11. Involutions in the Plane. An involution in the plane, that is, 
an involutory collineation of the plane, interchanges in pairs those 
points of the plane which it does not leave fixed. 
If Ai, At and B u B t are two of these pairs 
which are not collinear, the involution carries 
each of the lines Aid* and BiB t into itself, and 
hence leaves fixed the point 0 common to these 
lines. 

Since Ai, At, and 0 are carried into At, Ai, 
and 0, and B t , B t , and 0 into B tr B i, and 0, the 
harmonic conjugates, A and B, of 0 with respect to A it At and B u B t , 
respectively, are carried into themselves. Their line L is therefore a 
fixed line. 

Since the involution interchanges At, At and also B u B», it inter¬ 
changes the lines Ai£i and AtB t , and hence leaves their point of inter¬ 
section C fixed. Inasmuch as (0 A, AiA a ) = (OB, BiBi), C lies on 

i h. 

bow have on L three fixed points, A, B, C. The projective 
ition of L into itself which is established on L by the involu¬ 
t'd Is consequently the identity. Every point on L is a fixed point. 
"-Because 0 and each point on L are fixed points, each line through 0 
Sa fixed line. /,:■ 
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The point 0 and the points on L are fixed points and the line L and the 
Urns through 0 are fixed lines. These axe all the fixed points and fixed 
tinea. If there were, for example, an additional fixed point, it would be 
possible to single oat four fixed points, no three of which are eollinear, 
and the collineation would be the identity, by Ex. 3, End of Ch, X. 

The projective transformation established by the given involution 
on a fixed line through 0 is itself a (one-dimensional) involution. The 
fixed points on the line, namely 0 and the intersection of the line with 
L, are the fixed points of this involution, and the pairs of points separat¬ 
ing them harmonically are the pairs in this involution. Thus: 

The points of each pair of points in the involution are eollinear with 0 
and separate harmonically the point 0 and the intersection of their line 
with L. Dually, the lines of each pair of lines in the involution meet on 
L and separate harmonically the line L and the line joining their common 
point with 0. 

The point 0 is called the center, and the line L the axis, of the involu¬ 
tion. Evidently: 

Theorem 1. There is a unique involution which has a given point as 
center and a given line as axis, provided the point does not lie on the line. 

Since, in the original argument, the center 0 and the axis L were 
determined by the two pairs of points Ai, As and B h Bs, we also have 

Theorem 2. An involution is uniquely determined by two pairs of 
points, provided that no three of the four points are eollinear. 

Relationship between Involutions in a Plane and Involutions on a 
Conic. An involution in a plane transforms into itself any nondegener¬ 
ate conic with respect to which its center 0 and axis L are pole and 
polar. In particular, it interchanges each two points of the conic 
which are eollinear with 0. Thus it establishes in the points of the 
conic an involution. Conversely, if an involution in the points of a 
conic is given, there exists, as can be shown by application of Th. 2, a 
unique involution in the plane which leaves the conic fixed and estab¬ 
lishes in the points of the conic the given involution. 

EXERCISES 

1. Establish the second half of the italicised statement preceding Theorem 1. 

2. Metric Involutions in the Plane. If the axis of an involution in the metric 
plane is the line at infinity, the involution is the reflection of the plane in a 
finite point. If the axis is a finite line L and the center is the point at infinity 



tie direction perpendicular to l>, the invototioo is the reflection of the plane 
la the line L. Prove there propositions. 

3. Show that there b a unique coUiaeatfaai of the plane which interchanges 
the points of each of two given pairs of points, provided that no three of the 
four points are ooliinear, and that this collineation is an involution. 

4. Discuss the relationship between involutions among the tangents to a 
conic and involutions in a plane. 


12. Parametric Representations of Conics. Let A h At, A, be the 
triangle of reference, and D the unit point of a system of projective 

point coordinates (Fig. 25). Consider 
the projective correspondence between 
the pencils of lines at Ai and At which 
is determined by the three pairs of cor¬ 
responding lines i»i **■ &8, Ci ** c», dv~~ d t 
shown in the figure. Introduce in the 
two pencils projective coordinates based 
respectively on &i, c u d, and b», c», d t , and 
denote both coordinates by t. The lines 
in the pencils with the same coordinate 
t are, then, corresponding lines. Their equations are 



(1) <*» — ** = 0, tx * — *i = 0. 

Elimination of t from these equations gives the equation of the conio 
generated by the points of intersection of corresponding lines of the 
pencils ($ 6). Consequently, if we solve the equations for ii, ®s, x« in 
terms of f we obtain a parametric representation of the oonic: 


( 2 ) 


Xl - P, 


Xt= t. 


Xt = 1. 


Since there is only one type of conic with a real trace in projective 
geometry, equations (2) may be thought of as constituting a normal 
form for the parametric representation of a conic, obtained by a proper 
choice of the coordinate system and the parameter. 

Equations (2) establish a perfect one-to-one correspondence between 
^e values of t, including t =» co, and the points of the conic. In other 
words, lit a coordinate in the range of points on the conic. But t is also 
coordinate in the pencil of lines, say, at Au As a matter of fact, it is 
clear that a line L of the pencil and the point P in which it meets the 
twain have the saijtte coordinate t. Hence we conclude: 
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Tbbosbm I. If Pi, Pi, P t , Pi are four distinct points on the conic, 
with coordinates k, U, fa, U, then 


(PiP h PiPi) 


(k ~ k)(U - U) 

(k — k)(U — ti) 


Theorem 2. The projective transformations of the range of points on 
the conic into itself are identical with the linear transformations 


(3) 


u _ Oit + a, 
bit + b,’ 


aibt — of), 9 * 0 . 


Thus it is evident that the theory of projective correspondences 
between two ranges of points on the same conic, or on different conics, 
is analytically equivalent to the corresponding theory for linear one¬ 
dimensional fundamental forms. 

The transformation (3) admits here the two usual interpretations. 
It may be thought of as representing, not only a projective transforma¬ 
tion in the points of the conic, but also a change from one coordinate t 
on the conic to a second coordinate f'. The projective theory of points 
on the conic will have the same analytic form in terms of the new co¬ 
ordinate t' as it has been shown to have in terms of t. Accordingly, we 
shall call t and every new coordinate t' obtained from t by means of a 
linear transformation (3) projective coordinates on the conic. 

From the point of view of the theory of parametric representation of 
curves, equation (3) or the equivalent equation 

-W+at 

bit'-O! 


represents & change of parameter, whereby the representation (2) be¬ 
comes 

*i = (- bit' + cii) 1 , 

(4) x% = (- bit' Oj) (bit' — Ci), 

xt = (bit' — 

The expressions on the right-hand sides of these equations are of the 
second degree in t'. We are thus led to investigate the general para¬ 
metric equations of this type. 

Theorem 3. The equations 

Xi — fluf* + Oi*f -4* flu, 

Xt = Oaf* + Otsf + 0s», 

Xt — an? + Out + a«, 


(5) 


A * lotft? 4 0, 
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represent « rumdegenerak conic, and the parameter tie a projective co¬ 
ordinate on the conic. 

Equivalent to (5) are the equations 

4h*i + At&t + An®* — AP, 

•AiiXi + Aait + An&t — At, 

AuXi + AttXt + AuXt *= A, 

and the change of coordinates 

Ax\ = Y.AjtXj, (» = 1 , 2 , 3 ) 

i 

reduces these equations to 

Xi = r, X* = l, Xa = 1. 

Hence the theorem is proved. 

Before leaving this subject, the student will find it profitable to read 
once more the paragraph on unicursal curves in Ch. XIII. 

EXERCISES 

1. The equation t‘ - — t represents an involution in the points of the conic 
(2). Show that the center of the involution is At. 

2. The equation t' = k t, /t* r 6 1, represents a noninvolutory projective trans¬ 
formation of the points of the conic (2), with At and A, as the double points. 
Show that the envelope of the lines joining corresponding points is a conic 
which is tangent to the given conic in At and A%. 

3. Find the equation in point coordinates of the conic (5). 

4. What do the equations (6) represent when A — 0? 

5. Develop the theory of parametric representations of the lines of a non¬ 
degenerate conic. 

EXERCISES ON CHAPTER XV 

1. The lines joining three fixed points A, B, C on a hyperbola to a variable 
point on the hyperbola cut a parallel to an asymptote in the points A’, B', C'. 
Show that the ratio A'B'IB'C' is constant. 

2. Establish the corresponding proposition for a parabola. 

3. Show that, if three fixed tangents to a parabola cut an arbitrary fourth 
tangent in the points A, B, C, then ABjBC is constant. 

4% Prove that the triangle formed by the asymptotes and an arbitrary tan¬ 
gent to a hyperbola has a constant area. 

-Suggestion. Apply the second part of the dual of Steiner's Theorem to two 
tangents and the asymptotes, 

8. Show that the locus of a point P which moves so that PAt, PAt and 
Pflb PJ*, where At, 4t and Bi, B, are the pairs of opposite vertices of a 
parallelogram, form a harmonic set, is a central conic with the diagonals of the 
psn&dogram as conjugate diameters. 
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6 . Prove that the locus of a point which moves so that two lines with given 
directions through it are always separated harmonically by the tines joining it 
to two fixed points is a hyperbola. Locate its center and asymptotes. 

7. The four sides of an ordinary quadrilateral turn about fixed points and 
three of the vertices trace fixed lines. Find the locus of the remaining vertex. 

8. The base of a triangle is fixed and the two sides move so that they always 
intercept the same distance upon a fixed line. What is the locus of the vertex? 

9. The vertices of a triangle trace three fixed concurrent lines and two Bides 

turn about fixed points. What is the envelope of the third side? t 

10. A nondegenerate conic and two points Pi, Pi not conjugate with respect 
to it are given. Find the locus of a point P which moves always so that P t P 
and PiP are conjugate lines. 

11. The base of a triangle always touches a given nondegenerate oonic, the 
extremities of the base move on two fixed tangents to the conic, and the two 
sides turn about fixed points. Find the locus of the vertex. 

12. Two men are walking at constant rates, not necessarily equal, along 
intersecting straight roads. At a certain time a tree is in line with the men. 
Are there other times at which the tree and the men are collinear? Discuss 
all possibilities. 

13. A point P traces a fixed line L. The point Q is the harmonic conjugate 
of P with respect to two fixed points on L, and the point P' is the projection of 
Q from a fixed point 0 on a second fixed line U. Discuss the envelope of the 
line PP'. What metric theorem results when L is the line at infinity and the 
fixed points on it are the circular points? 

14. The sides 1 and 4 of the hexagon inscribed in the conic in Fig. 12, p. 260, 
remain fixed while the sides 2 and 5 turn about B and E in such a manner that 
their point of intersection M traces a straight line. Discuss in detail the locus 
of the point N in which the sides 3 and 6 intersect. 

15. A fixed line M and a fixed point F, not on M, are given. A point P 
traces M, and a line L through P moves always so that the directed angle from 
PF to L is constant. Prove that the envelope of L is a parabola with F as 
focus. 

16. A nondegenerate conic is determined by five points. Show how to 
construct (a) the second point of intersection of a chord through one of the 
five points parallel to the chord determined by two others; (6) the center of 
the conic, if there is a center; (c) the polar of a point. 

17. A nondegenerate conic is determined by five tangents. Construct 
(a) a sixth tangent parallel to one of the five; (6) the center, if there is a center. 

18. Construct a line parallel to the axis of a nondegenerate parabola which 
is determined by four finite tangents. 

19. A nondegenerate hyperbola is determined by four points and a line 
parallel to an asymptote. Show how to construct (a) this asymptote; (b) a 
line parallel to the second asymptote. 



21. A conic is inscribed in a triangle and is tangent to two of the aides at 
their mid-point*. Show that it is also tangent to the third aide at its mid-point 

22. An arbitrary nondegenerate conic is passed through four points 0, A, B, 
C, no three of which are oollinear. Fixed lines Li and Lx through 0 meet the 
etude again in Pi and P* Show that the Pasoal line of the hexagon OPiABCPJ) 
is independent of the conic chosen. 

25. Discuss the envelope of the line Pi Pi of the preceding exercise. Sug¬ 
gestion: Consider the motion of the triangle PiPtM, where M is the intersection 
<rf PiA and PtC. 

24. Prove by means of Brianchon’s Theorem that the altitudes of a triangle 
fanned by throe finite tangents to a parabola intersect on the directrix. 

Suggestion: Form the circumscribed hexagon from the three given tangents, 
the tangents perpendicular to two of them, and the line at infinity. 

25. Show that, if two triangles with distinct vertices are inscribed in a non- 
degenerate conic, their sides are tangent to a nondegenerate conic. 

26. The base of a triangle turns about a fixed point, the extremities of the 
base atom on a nondegener&be conic, and the aides tarn about fixed points- on 
the conic. What is the locus of the vertex? 

27. A nonparabolic projective correspondence between two ranges of points 
On the same conic is given. Show that the envelope of the lines joining corre¬ 
sponding points of the two ranges is a conic which is tangent to the given 
conic at each of the double points of the correspondence. State the dual 
theorem. 

28. A variable triangle is inscribed in a nondegenerate conic and two of its 
sides turn about fixed points. What is the envelope of the third side? 

20. Show that, if a oollineation carries a nondegenerate conic Q t into a second 
conic Qt, it establishes between the ranges of points on Q t and Q, a projective 
conespondettoe. 

30. Prove that there exists a unique oollineation of the plane which carries 
a given nondegenerate conic into a prescribed nondegenerate conic and es¬ 
tablishes between the ranges of points on the two conics a given projective 
corresp on dence. What does the proposition become when the second conic is 





CHAPTER XVI 

PAIRS AND PENCILS OP CONICS 

A. Point Conics 

1. Pairs of Point Conics. Geometrical Discussion. In how many 
points do two distinct point conics interseot? Our experience tells us, 
four. Certainly not more, in general, for two 
nondegenerate conics which have five points in 
common are identical. 

I. Consider two nondegenerate conics, Qi and 
Q it and assume that they do intersect in four dis¬ 
tinct points Pi, Pi, Pj, P,. They cannot be tan¬ 
gent at any one of the four points, for if they were 
tangent at Pi, for example, we should have two 
distinct conics tangent at Pi to a given line and 
passing through P lf P,, P«, and this is impossible. 

Two circles which have two finite points in com¬ 
mon intersect in four distinct points, the two finite 
points and the circular points at infinity. 

II. Hold the conic Qi in Fig. 1 fast and vary the 
conic Qi so that its intersections Pi, P 2 , P, with Qi 
remain fixed, while the fourth intersection P« ap¬ 
proaches Pi as a limit. Since P< approaches Pi 
along Q i, the limit of the line PiP« is the tangent 
to Qi at Pi. It is also the tangent at P t to the 
conic which is the limit of Qt, since it intersects this conic only in Pi. 
Hence Q\ and the new conic Qi are tangent at 
the doubly counting point of intersection, Pi, 
and intersect in Pj and P» (Fig. 2); that they 
are not tangent at either Pi or P» follows from 
Ch. XV, § 4, Th. 3 o. 

An example of this type is furnished by two 
circles which are tangent at a finite point. 

III. If in Fig. 2 we allow Qt to approach a 
new position in such a way that the intersection Fio. 3 
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Pj with Qt approaches the intersection Pi as a limit, we obtain two 
conics tangent to one another in each of two points (Fig. 3). 

Two concentric circles are tangent to one 
>—✓*—'■>•5 another at each of the circular points at in- 

f finity. Why? 

( \ J\ IV. If, instead of allowing P s in Fig. 2 to ap- 

\. * ) proach P 2 , we allow it to approach P u we ob- 

-— ^p % tain two conics tangent at a point which 

Fio. 4 counts three times as a point of intersection 

(Fig. 4). The other point of intersection P 2 
is not a point of tangency, as will be proved presently. 

V. Finally, we allow P 2 in Fig. 4 to approach Pi 
as a limit. The four points common to Qi and Qt 
then coincide in one quadruple point of intersec¬ 
tion (Fig. 5). 

EXERCISES 

1. Discuss in detail the points of intersection of a j> IO- 5 

nondegenerate and a degenerate point conic, drawing 

figures to represent the various cases possible. Show that all five types of 
intersection actually occur. 

2. The same for two degenerate point conics which do not have a line in 
common. Only four of the five types occur. Which one is missing? 

2. Continuation. Analytic Proof. To establish beyond question 
the facts brought out in the previous paragraph, we proceed analytic¬ 
ally, beginning with a careful 
choice of the basic points A t , 
At, At, D of our system of pro¬ 
jective coordinates. Let At be 
a point on Qi not also on Qt, A 3 
a second point on Q lt Ai the in¬ 
tersection of the tangents to Qi 
at At and At, and D a point on 

xtxt - x\ = 0, 

Qt is 

ax * ■+■ hx\Xt + ext + dx\X% ■+■ extXt + fxl ~ 0, 

At is not on Qs, c 0. 
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Since a t meets Qi only at A? and At is not on Qt, Qi and Qj cannot 
intersect on as. Hence we may assume, without losing points of 
intersection, that x» ?■* 0 and introduce x = xi/x*, y = xj/xj in place 
of xi, xt, x t . The equations of Qi and Qt become 

(1) V = x 2 , 

(2) ax* + bxy + cy t + dx + ey + f = 0, c it 0. 

Our problem is to solve these equations simultaneously. What is 
simpler? The substitution of the value of y from (1) into (2) yields 
the equation 

(3) cx 4 + &x® + (a + e)x* + dx -b / = 0, c 0. 

Since 0, this equation has four roots n, r s , r», r<. Consequently, 
Qi and Q t have in common the four points 

P<: (r„ rl, 1), (t = 1, 2, 3, 4). 

The solutions n, r,, r s , r ( of (3) determine on at the four points 

(r { , 0,1), (i= 1,2, 3,4). 

The line P,fi, goes through At, for it has the equation Xi = r<x 8 . 
Hence the point R, is the projection from At of the point Pi, and vice 
versa. Thus our method of solving equations (1) and (2), interpreted 
geometrically, consists in projecting the possible points of intersection 
of Qt with Qi from At on at, in discovering four projected points on at 
and projecting them back on Q t . 

There are five possibilities as to the roots of equation (3): four simple 
roots; two simple roots and one double root; two double roots; one 
simple root and one triple root; one quadruple root. In each case, 
the sum of the number of limes which each distinct root counts is equal to 
four, and this is what we mean when we say that the equation has four 
roots. 

Since the roots of (3) are not necessarily distinct, neither are the 
points R{ nor the points Pi. If certain of the points R, are identical, 
the corresponding points P< are identical, and conversely. Thus a 
point P counts as many times as a point of intersection of Qi and Q s as 
does the corresponding r as a root of (3). Consequently, there are 
five possibilities: four simple points of intersection, two simple points 
and one double point, two double points, one simple and one triple 
point, and, finally, one quadruple point. In every case the sum of 
the number of times each distinct point counts is four. Hence: 
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Theorem 1 . Two distinct nondegenerate conics intersect always in 
four points. 

To justify completely the expectations of $ 1, we establish the 
following theorem. 

Theorem 2. The two conics are never tangent at a simple point of 
intersection and are always tangent at a multiple point of intersection. 

In proving the theorem, we take, as the point A 1( a point of inter¬ 
section of Q\ with Qi. Then / — 0 and equations (2) and (3) become 

(2') cu? + bxy + cy* + dx + ey = 0, 

(3') er« + 6x* + (a + e)x* + dx - 0, c^O. 

The point ^L*:x = 0 1 y=°0isa simple or multiple point of inter¬ 
section of Qi and Qi according as z = 0 is a simple or multiple root of 
(3'), that is, according as d ^ 0 or d — 0. On the other hand, the 
tangents at A* to Qi and Qi, namely 

y ** 0 dx + ey => 0,* 

are distinct or identical according as d f 4 0 or d =■ 0. Thus the 
theorem is established.! 

A multiple point of intersection may be a double, a triple, or a 
quadruple point. Accordingly, we recognize three types of tangency. 

Definition. If two nondegenerate conics are tangent at a point P, 
they are said to have at P two-point contact, three-point contact, or four- 
point contact according as P is a double, triple, or quadruple point of 
intersection. If the two conics have two-point contact at each of two points, 
they are said to have double contact at these points. 

We have now established the theorems and formulated the definitions 
which are necessary for accurate descriptions of the five possible types 
of intersection. 

I: [Pi, Pt, Pi, PJ.J Qi and Qi intersect simply, that is, without 
being tangent, at each of four distinct points. 

* Since Qt is nondegenerate, d and e cannot both be zero. 

t The method of proof of Theorems 1, 2 implies that Q i, and Qi have real 
traces and a real point of intersection. However, the method applies equally 
well to oonica and in this case puts no restrictions on the conics, sinoe 

in comple x geometry a triangle does not have to have real vertices in order 
to serve as a triangle of reference for projective coordinates. 

I This symbol denotes four simple points of intersection; similarly, [Pf, Pi] 
means one triple and one simple point of intersection. 
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II: CP?, Pt, P»]. Qi and Qi have two-point contact at Pi and inter¬ 
sect simply in each of the points P a , P 8 . 

Ill: [Pi, Pi]. Qi and Qt have double contact at the points Pi and 

Pi. 

IV: £Pi, PjJ. Qi and Qt have three-point contact at Pi and inter¬ 
sect simply at Pt. 

V: [Pt]- Qi and & have four-point contact at P%. 

Examples of the first three types were given in § 1 and examples of 
the last two types are readily constructed.* All five types, then, 
actually exist. 


Suppose that one of the given point conics, say Qt, is degenerate. 
Then each line of Qt intersects Qi in two points and hence Qt intersects 
Qi in four points. If both conics are degenerate and have not a line 
in common, each line of Qi intersects each line of Qt in a single point 
and hence here, too, there are four points of intersection. 

Theorem 3. Two distinct point conics which have not a line in 
common intersect almaps in /our points. 


Guided by Theorem 2, we agree to say 
that two point conics, one or both of 
which are degenerate, are tangent at a 
common point P if Pis a multiple point 
of intersection.t We agree also to apply 
the definition of the three types of tan- 
gency to the present case. This means, 
for example, that the two conics in Fig. 7 a have three-point contact at 
Pi, and that those in Fig. 7 b have double contact at Pi and P*. 



Fio. 7 a 


Fia. 7 b 


The following proposition will be found useful later. 

Theorem 4. If two nondegenerate conics Qt and Qi have k-point 
contact with a nondegenerate conic Qi at a point P, they have at least 
k-point contact with each other at P. 

* The conics (1) and (2') have three-point contact at A> if x = 0 is a triple 
root of (30, that is, if d =■ 0, a + e = 0, b ^ 0. Hence an example of Type 
IV is 


y - a*, a(a* — y) + bxy + c/ = 0, abc & 0. 

T Note that, in the case of a nondegenera,te conic Qi and a degenerate conic 
Qi, we are specifying, not the conditions under which the separate lines of Qt 
are tangent to Q i—that has already been done—but the conditions under which 
Qt as a whole is tangent to Qi. 
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It is evident that, if Q* and Qi are talent to Qi at P , they are 
tangent to one another at P. Hence the theorem is true when k = 2. 

In giving the proof when k = 3, we take as Qi the conic x* — y — 0 
and as P the point A t :x = 0, y = 0. Then, according to the first 
footnote on p. 283, 

Qi\ a(x* — y) + bxy + cy* = 0, abc ^ 0, 

Qi: a'(x s — 2/) + 6'xy + cV = 0, a'6V 5^ 0, 

are two arbitrary nondegenerate conics having three-point contact 
with Qi at A t . That they have at least three-point contact with one 
another at At follows from the fact, which we leave to the reader to 
verify, that, of the four simultaneous solutions of their two equations, 
at least three are x = 0, y = 0. 

A similar proof can be given when k = 4. 

EXERCISES 

1. Find the points of intersection of each of the following pairs of conics. 

(а) x 1 = y + 1, 2x* + 2xy-t-y* — y - 2 = 0; 

(б) y* - 4s = 0, 16x* + 16 y* - 40x + 9 = 0; 

(fi) xy — x — y == 0, x* + xy — 4 y = 0; 

(d) xy = 1, (x — 1) y = 1. 

2. Construct an example of a pair of nondegenerate conics of Type V. Then 
prove Theorem 4 when k •» 4. 

3. Pencils of Point Conics. General Case. If 

P === (X\jX%Xj = 0, <t = “ 0 

are two distinct point conics, the totality of point conics represented by 
the equation 

(1) fcp+i«r = 0, 

when k and l take on all possible pairs of values other than 0, 0, is 
called a pencil of point conics. The conics p = 0 and a = 0 are known 
as the base conics of the pencil. 

We consider, first, the general case in which p — 0 and <7 = 0 are 
nondegenerate conics which intersect in four distinct points Pi, Pi, 

In this case, the pencil consists precisely of all the point conics which 
pass through the four points. In the first place, every conic of the 
pencil goes through the four points; for, if one of the points is (r u r%, r»), 
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then p(ri, r%, rj) = 0 , <r(r 1( r», r«) = 0 and the equation 
* P( r i, »* 2 , r») + l a(r u r 4 , r 3 ) = 0 

is true, no matter what the values of k and l are. Conversely, let C be 
a conic through the four points, and let P: (s 4 , s 2 , s s ) be a fifth point on C. 
Since C is uniquely determined by five points, it will follow that C 
belongs to the pencil if we can exhibit a conic of the pencil which 
passes through P. But such a conic is 


<r(si, sj, sj) p — p(si, 8 2 , 8») a = 0. 


It is evident that a pair of opposite sides of the complete quadrangle 
determined by the four points constitutes a 
degenerate point conic of the pencil, and con¬ 
versely. Hence the pencil contains three dis¬ 
tinct degenerate point conics. 

Since the pencil is the totality of conics which 
pass through the points Pi, P 5 , P», P t , and since 
each two of the conics intersect in these points, 
any two distinct conics of the pencil may be 
employed as the base conics instead of p = 0 , 

a = 0. In particular, we may take as the base conics two of the de¬ 
generate conics. Thus, if a = 0, j3 = 0 are the equations of the lines 
P1P2, P3P4, and 7 = 0, 5 = 0 , those of the lines P1P4, P 1 P 1 , we obtain 
as a new equation of the pencil 
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(2) k afi + l y6 = 0. 

If four points Ri, Rt, Rt, R<, no three collinear, are given, the point 
conics which pass through them constitute a pencil. If a = 0, jS = 0, 
7 = 0 , 5 = 0 are equations of the lines RiRt, RzRt, RiRt, RtR», then 
ocl 3 = 0 and yS — 0 are two degenerate conics of the pencil and (2) 
is an equation of the pencil.* 

Conic through Five Points. It is now absurdly simple to write the 
equation of the conic which passes through five given points. We 
have only to write equation ( 2 ) of the general conic passing through 

* If r', r", r"', r iv are the symbolic coordinates of the four points, the ex¬ 
plicit equation is 

k (x t't")(x r"'r lr ) + l (* r'r tv )(x r'V") = 0, 
where (x r'r"), for example, is the determinant | xr'r" \. 
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four of the points and determine k and t so that this conic goes through 
the fifth point.* 

The method may readily be applied to the following affine and metric 
problems: to find (a) the central conic through four given points with 
an asymptote of given slope; (6) the central conic through three given 
points with given slopes for both asymptotes, in particular, the circle 
through three points. 

EXERCISES 

1 . Find the equation of the conic through the five points: 

(a) (1, 0), (- X, 0), (0,1), (0, - X,), (1, 1); 

(b) (0, 0), (2,1), (3, - 4), (0, 2), (- 2, 0). 

2. Find the equation of the hyperbola which goes through the points (1,1), 
(— 1, — 1), (1, — 1), (— 1,1) and has an asymptote of slope 1/3. 

3. The same, if the hyperbola goes through the points (1,0), (0,1), (1, 1 ) and 
has asymptotes of slopes 1/2 and 2 . 

4. Find the equation of the circle through the points ( 1 , 2 ), (- 2 , 1 ), 
(-2,-4). 

4. Continuation. Systematic Treatment A pencil of point conics 
is the totality of point conics 

(1) A p + I <r = 0, 

which are linearly dependent on two distinct point conics, 

(2) p as EoijX t -Xj =0, am J^byX&f = 0. 

Two distinct conics of the pencil are 

(3) Pi m kip -J- licr — 0, pi m Je^p + = 0,~ 

where 

A = kiU — 0. 

A conic linearly dependent on pi = 0, pi = 0 is also linearly dependent 
on p =» 0, <r == 0, for 

m pi + H p* s* (mil + nki) p + (mil + nf*) <r. 

Conversely, a conic linearly dependent on p = 0, <r = 0 is also linearly 
• If the five points are t J , r", r"', r lT , r T the equation of the conic is 
(r / r lT r T )(r"r / "r T )(x rVOOr r"V* T ) - (r , r"r r )(r"'r lr r T )(x rV ,T )(x r"r"0 - 0. 

If it is assumed, as is necessary in order that the problem have meaning, that 
no four of the five points are oollinear, it is always possible to choose from them 
four points, no three oollinear, as r', r", r'", r iT . 
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dependent on pi =* 0, p% <= 0, for from (3) 

Ap B Itfn — lip*, Act s — A*pi + Hp*, 

end hence 

A(fc p + Z c) 23 (fcZ* — Zij) pi — (Hi — Zfci) ps. 

Thus, the pencil of conics determined by pi =* 0, ps = 0 is identical 
with the given pencil. In other words: 

Theorem 1. Any two distinct conics of a pencil may be taken as the 
base conics. 

The conic (1) contains the point r if k and 2 are bo chosen that 
k P(n, r S) r*) + 2 p(n, r 2> r,) = 0. 

Hence, we conclude 

Theorem 2. Through each point of the plane other than the points 
common to all the conics of a pencil there passes a unique conic of the 
pencil. 

The conic (1), 

k p + 2 a * aif ■+■ 2 bi/jXiXf = 0 , 
is degenerate if and only if its discriminant vanishes: 

k On + 2 bu k an + 2 6ig k on + 2 2 >h 

k an 1 in k an + 2 6 « fcoj» + Z 6 *» = 0 . 

k o»i + 2 2 »ji k ast + 2 6 b k a» + 2 

This equation becomes 

( 4 ) | a, y| k l + <Si HZ ■+■ St kP 4- | b»v| 2* =» 0, 

where | a,-, |, are the discriminants of p = 0 , <r = 0 and Si and S t 
are constants depending on the a's and b’a. Unless all of its coefficients 
are zero—a case which we exolude here (see Ex. 11) —the equation has 
three roots. Hence: 

Theorem 3. A pencil of point conics contains three degenerate 
point conics. 

Theorem 4. The points of intersection of two conics of a pencil and 
the number of times each point counts are the same for each two conics of 
the pencil. 

To prove Theorem 4, wo shall first show that the points of intersec¬ 
tion of pi ■> 0, pi « 0 are the same as those of p = 0 , <r = 0. The 
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point r is common to p =* 0 , tr = 0 if and only if 

(5) pin, r», r») = 0, <r(r,, r», r») - 0, 

and common to p 2 = 0 , pi = 0 if and only if 

( 6 ) kip(r u r S) r s ) + ^(n, r 2 , r s ) = 0 , fcap(ri, r 2 , r») + l*ff(ri, r*, r») = 0 , 

That equations ( 6 ) follow from equations (5) is obvious. Vioe versa, 
Bince faU — fair 9* 0, equations (5) follow from equations ( 6 ). Hence 
the points common to the one pair of conics are identical with those 
common to the other pair. 

Secondly, we shall prove that a point is a simple or multiple point of 
intersection of pi = 0 , p 2 = 0 according as it is a simple or multiple 
point of intersection of p = 0, <r = 0. For this purpose we shall as¬ 
sume that p =» 0 , a = 0 are the nondegenerate conics ( 1 ) and ( 2 ') of 
§ 2 , namely * 

p m y — x? ~ 0, o = ax? + bxy + cy 1 + dx + ey = 0 , 

and that the point of intersection is At : x — 0, y = 0. By § 2, Th. 2, 
the point At is a simple or multiple point of intersection of p ** 0, a = 0 
according as the tangents at A, to p = 0, a — 0, namely 

y — 0, dx + ey = 0, 

are distinct or coincident. Similarly, A* is a simple or multiple point 
of intersection of pi — 0, p 2 = 0 according as the tangents at A s to 
Pi = 0, pt = 0, whose equations are readily found to be 

fa y + h(dx + ey) = 0 , fay + k(dx + ey) — 0 , 

are distinct or coincident. But the latter tangents are evidently 
distinct or coincident according as the former are distinct or coincident. 
Hence the contention is established.f 
Theorem 4 may now be readily proved by inspection of the various 
possibilities. Suppose, for example, that p — 0, <r = 0 have two dis- 

* Since the pencil contains infinitely many nondegener&te conics (Th. 3), 
Mid any two of its conies may be taken as the base conics (Th. 1), we may 
assume that p » 0, *• = 0 are nondegenerate conics. Their equations may 
then be reduced to the forms in question by the method of § 2 . 

f The argument fails if the equation given for the tangent at As to, say, 
*i =» 0 is illusory. But, since the equation = 0 is illusory only if r is 

a singular point of the conic / = 0 , pi = 0 must, in this case, consist of 

two fines through At and hence must intersect pt = 0 at least twice in A s . 
On the other hand, if the equation ft# + h(dx + ey) « 0 is illusory, then 
d •» 0 and p «■ 0, a -* 0 intersect at least twice in A t . Hence the contention 
is also valid in this case. 
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tinct points of intersection, one of which is a simple point and the other 
a triple point. Then pi = 0, pj = 0 must have, as their intersections, 
the same simple point and the same multiple point and, since the total 
number of intersections is four, the multiple point must be a triple 
point. 

It is evident from Theorem 4 that there are five different types of 
pencils of point conics, corresponding to the five types of intersection 
of two conics. 

I: £Pi, Pt, Pi, Pj. This is the general case which we discussed in 
detail in § 3. 

Theorem I. The pencil of conics consists of all the point conics pass¬ 
ing through four points, no three of which are collinear. 

The three degenerate conics are distinct, each consisting of a pair of 
opposite sides of the complete quadrangle PiPiPtP*. 

II: [P?, P„ ft]. Each two conics of the pencil, since they inter¬ 
sect twice in Pi, are tangent at Pi. Consequently, all the conics of the 
pencil have the same tangent h at Pi. 

Theorem II. The pencil consists of all the point conics which are 
tangent to a given line U at a given point Pi and 
pass through two other points Pi, Pt* 

For, every conic of the pencil has these prop¬ 
erties, and every conic which has them is deter¬ 
mined by them and a further point, and hence, by 
Th. 2, belongs to the pencil. 

The pencil contains two distinct degenerate 
conics, namely <i, P 2 Pa and PiP 2 , PiP 3 . The 
latter counts twice, as may be verified by considering the pencil as a 
limiting case of a pencil of Type I. 

By taking the degenerate conics as the base conics, we obtain a 
simple equation representing the pencil. Let the equations of <i and 
PiP« be ri = 0 and (3 = 0 , and let those of Pi Pa and P1P3 be 7 = 0 and 
5=0. The desired equation is then 

(7) ifc rfi + 1 75 = 0. 

A simple method now presents itself for writing the equation of a 
conic tangent to a given line <1 at a given point Pi and passing through 

* In order that the degenerate conic PiPj, P 1 P 1 be covered by this descrip¬ 
tion we must recognise a line through its singular point as a tangent. 
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three other given points P t , P*, P t . - The general conic tangent to ii 
at Pi and going through Pi and P* has the equation (7), and the con¬ 
stants k,l in this equation may be determined so that the conic con¬ 
tains P t . 

The method is applicable to various affine and metric problems, 
for example, to that of finding the parabola through three points with 
an axis of given slope. 


Ill: [Pt Pt]. 



Each two conics have double contact at Pi and Pi. 
Hence all the conics have the same tangents h 
and f* at Pi and P*. Conversely, every conic 
which is tangent to ii at Pi and to U at P s is de¬ 
termined by a further point and therefore, by 
Th. 2, belongs to the pencil. 

Theorem III. The pencil consists of all the 
point conics which are tangent to each of two given 
lines <1 and U at given points Pi and P t * 


Here, too, there are two distinct degenerate conics in the pencil. 
The tangents l t , U form the one, and the chord of contact taken twice 
constitutes the other. If h, f* have the equations n = 0, t, = 0 and 
PiP* has the equation 7 = 0, then 


(8) k nr* + l y 1 = 0 

represents the pencil. 

It is easy now to write the equation of the conic tangent to two lines 
at given points and passing through a third point. 


IV: [P*, PJ. Each two conics of the pencil have, three-point 
contact at Pi and hence all have the same tangent 
h at Pi. There is just one (triply counting) degen¬ 
erate conic, namely U, PiP*. If p = 0 is a nonde¬ 
generate conic of the pencil and n = 0 and 0 = 0 
are the equations of U. and Pi Pi, a new equation of 
the pencil is 

(9) kp -Hr,/3= 0. 


CD 


Fig. 11 


Theorem IV. The pencil consists of all the point 
conics which have three-point contact with a given nondegenerate conic 
at a given point Pi and intersect this conic simply in a second point P*. 


* What agreement must be made in order that the degenerate conic con¬ 
sisting of the line PiP* taken twice be covered by this description? 
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It is evident that the conics of the pencil answer this description. 
It remains to show that, if a nondegenerate conic C has three-point 
contact with p = 0 at Pi and passes through P s , it belongs to the pencil. 
Let Pt be a further point on C, and let C' be the conic of the pencil which 
passes through Pj (Th. 2). Since C and C' each have three-point con¬ 
tact with p = 0 at Pi, they have at least three-point contact with one 
another at Pi; see § 2, Th. 4. But they intersect also in P 2| P 8 and so 
have at least five points in common. Consequently, C coincides with 
C’ and hence belongs to the pencil. 

V: CpO- Each two conics of the pencil have four-point contact at 
Pi and therefore all have the same tangent <i at 
Pi. This tangent counted twice constitutes the only 
degenerate conic in the pencil. A new equation of 
the pencil is 

(10) k p + l t? = 0, 

where p = 0 is a chosen nondegenerate conic of the 
' pencil and n = 0 is the equation of <i- 

Theorem V. The pencil consists of all the point conics which have 
four-point contact at a given point with a given nondegenerate conic. 

The proof of this theorem is similar to that of Theorem IV- 

EXERCISES 

Find the equations of the following conics. 

1 . The conic which is tangent to the line Xi + x* — x> *» 0 at the point 
( 0 , 1 , 1 ) and passes through the points (— 1 , 0 , 1 ), ( — 1 , 1 , 1 ), ( 0 , 0 , 1 ). 

2. The parabola which has an axis of slope unity and goes through the points 
( 0 , 0 ), ( 1 , 0 ), ( 0 , 1 ). 

3. The conic tangent to * 4- y = 1 at (1, 0) and to x — y = 0 at (0, 0), 
and passing through (3, 2). 

4 . The conic which has three-point contact with 2 x* + y® + # — 1*0 
at the point ( 0 , 1 ), meets this conic again in the point (— 1 , 0 ), and passes 
through the origin. 

5. All the hyperbolas which have the lines x — y = 0 , x-|-y — 2 = 0 as 
asymptotes. 

6 . The hyperbola which goes through the points (1, 0), (0, 1), (0, 4) and 
has the line 4 z — 2y + 5- 0asan asymptote. 

7. The hyperbola which goes through the point (1, 3), is tangent to the 
y-axia at (0, 4), and has the line x — y — 2 ■» 0 as an asymptote. 




HIGHER GEOMETRY 


8 . Show that a pencil <4 print amice contain i in general * just two parabolas. 

9. Find the equations of the parabolas which pass through the four points 
{0,2), (0, -2), (1,2), (4, -4). 

10 . Find the equations of the degenerate conics of the pencils determined by 
the pairs of conics of § 2, Ex. 1. 

11 . Prove that, if two degenerate point conics have a line in common or a 
singular point in common, the pencil of conics determined by them consists 
entirely of degenerate conics. Show that these are the only cases in which all 
the conics of a pencil are degenerate. 

5. Conditions and Degrees of Freedom. A demand upon a conic 
which is equivalent to one analytic condition on the coefficients in the 
equation of the conic is known as one condition on the conic. The 
demand that a conic go through a given point places one condition on 
it, and the demand that it go through three points puts on it three 
conditions. 

The general conic depends on five independent parameters, or has, 
as we say, five degrees of freedom. If three independent conditions are 
placed on the conic, three independent relations subsist between the 
five parameters. There are, then, » 4 conics satisfying the three condi¬ 
tions; or, the general conic satisfying them has two degrees of freedom. 

Demanding that a conic be tangent to a given line at a given point 
puts two independent conditions on the conic, for there still remain 
three degrees of freedom—we may still demand that the conic go 
through three further points. 

Again, the fact that there are w* circles in the plane is a direct 
corollary to the fact that a conic is a circle if and only if it passes 
through the two circular points. 

6 . Conics Tangent to a Given Conic at a Given Point. Let it be 
required to determine the number and the equation of the point conics 
which have fc-point contact with a given nondegenerate conic p = 0 
at a given point P. 

The theory of pencils suggests that, if we find the most general 
degenerate point conic which has ft-point contact with p = 0 at P, 
the conics which are linear combinations of p = 0 and this degenerate 
conic will constitute all the required conics. To establish the validity 
of this claim, it suffices to show that an arbitrarily chosen point conic 
having jfe-point contact with p == 0 at P is linearly dependent on p = 0 

* The exceptions are discussed in } 8 , Ex. 9. 
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and some degenerate point conic having /c-point contact with p = 0 at 
P, This is readily proved. We have merely to take, as the degener¬ 
ate conic, a degenerate conic of the pencil determined by the chosen 
conic and p = 0. 

Four-Point Contact. There is just one degenerate point conic which 
has four-point contact with p = 0 at P, namely the tangent r = 0 at P 
counted twice. Hence all the required conics are given by 

(1) m p + r J = 0, 

and form with p = 0 a pencil of Type V. 

Theorem 1. There are oo 1 point conics which have four-point contact 
with p — 0 at P. 

Application of Th. 2 of § 4 yields the following important theorem. 

Theorem 2. There is a unique conic which has four-point contact 
with a given nondegenerate conic at a given point and passes through a 
second given point, not on the given conic. 

Three-Point Contact. If a = 0 is an arbitrary line through P other 
than r = 0, the most general degenerate point conic which has three- 
point contact with p = 0 at P is ar — 0, and the required conics are 

(2) m p + or = 0. 

This equation contains two independent arbitrary constants. One 
of them is m and the other is contained in a = 0. 

Theorem 3. There are °o s point conics which have three-point con¬ 
tact with p = 0 at P. 

If a — 0 is allowed to take on the position of r — 0, the conics (2) 
include the conics (1). Equation (2) then represents the °° 2 conics 
each of which has at least three-point contact with p = 0 at P. 

Since the general conic (2) depends on two parameters, we can sub¬ 
ject it to two further conditions. Thus we are led to predict the follow¬ 
ing proposition. 

Theorem 4. There is a unique point conic which has at least three- 
point contact with a given nondegenerate conic p — 0 at a given point P 
and passes through two other points Pi and Pi, not both of which lie on the 
tangent t to p = 0 at P. 

Two conics satisfying the requirements would intersect in at least 
five points and hence be identical.* 

* The alternative is that they both be degenerate and have in common the 
line t, and that f oontain all the points of intersection. This is impossible be¬ 
cause of the assumption that P\ and Pt do not both lie on t. 
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In proving that there is a conic satisfying the given conditions, we 
assume that Pi is not on t and choose a point A on p == 0 not lying on 
PPu In the pencil of conics which have three-point contact with p = 0 
at P and meet p = 0 again in A, there is a conic <r = 0 passing through 
Pi, and this conic, since Pi lies on neither t nor PA, is nondegenerate. 
Again, in the pencil of conics which have three-point contact with 
a *• 0 at P and meet <r = 0 again in Pi, there is a conic k = 0 which 
goes through Pi. This conic k = 0 evidently passes through Pi and 
P*. Since it has three-point contact with a => 0 at P and <r = 0 has 
like contact at P with p = 0, it has, by § 2, Th. 4,* at least three-point 
contact with p «* 0 at P. It is therefore the conic Bought. 

Corollary. There is a unique circle which has at least three-point 
contact with p — 0 at a finite point P. 

The corollary implies that this circle, of all the circles tangent to 
p = 0 at P, has the highest contact. Accordingly, it is the osculating 
circle, and its center and radius are the center of curvature and radius 
of curvature of the conic p = 0 at the point P. 

The conic determined by the conditions of Theorem 4 has, in gen¬ 
eral, precisely three-point contact with the given conic at the given 
point. That the contact may, however, be four-point contact is clear 
from the proof of the theorem. An example in which this is actually 
the case is to be had in the osculating circle to a conic at a vertex. 

Two-Point Contact. Corresponding to the fact that a pencil of 
Type II contains two distinct degenerate conics, there are two choices 
here of the “ moat general ” degenerate conic having two-point contact 
with p *= 0 at P. We may take it as orr — 0, where r ~ 0 is, as before, 
the tangent to p = 0 at P and a = 0 is now any line not passing 
through P; or as /9y = 0, where 0 = 0, y = 0 are any lines through P 
distinct from r = 0. We thus obtain for the conics having two-point 
contact with p = 0 at P the alternative equations 

(3) m p + or = 0, m p + /Sy = 0. 

Theorem 5. There are »* point conics having three-point contact 
with p = 0 at P. 

If we remove the restriction on a = 0 and permit either or both 

* The theorem applies only when * «■> 0, as well as p »* 0 and a *■ 0, are 
nondegeDerate. But if « ■* 0 is degenerate, it consists of t and PPi and ob¬ 
viously has three-point contact with p *■ 0 at P. 
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of the lines 0 = 0, 7 = 0 to coincide with r = 0, each of the equations 

(3) represents the <*>* conics which have at least two-point contact with 
p = 0 at P. 

Double Contact. The point conics which have double contact with 
p = 0 at two points P u P 2 form with p = 0 a pencil of Type III. 
Alternative equations for them are 

(4) m p + titj = 0, mp + f = 0, 

where n *= 0, = 0 are the tangents to p = 0 at Pi, P» and 7 = 0 is 

the line PiP*. 

EXERCISES 

Find the equations of the following conics. 

1. The conic which has four-point contact with x* + 2 ■» 3 at the point 

(1, I) and goes through the origin. 

2. The conic which has double contact with z* + 4 y‘ = 100 at the points 
(6, 4) and (6, — 4) and contains the point (3, 4). 

3. The conics which have at least three-point contact with the parabola 
1 / — 2x + y — 4 = 0 at the point (1, 2). In particular, that one of these 
conics which passes through the points (— 1, 0) and (0, 0). 

4. The osculating circle to y* «= 4 x at the point (1,2). Find the center and 
radius of curvature. 

5. The conic which has at least two-point contact with the parabola of Ex. 3 
at the point (4, 3), is tangent to the line x + y + 2 = 0 at the point (— 1, — 1), 
and goes through the point (0, — 1). 

6 . Show, by reference to the text, that the demand upon a conic that it 
have at least fc-point contact with a given conic at a given point places k 
conditions on the conic. 

7. Projective Applications. The pairs of lines 1, 1, 2, 2, 3, 3 in 
Fig. 8 are known as pairB of opposite common chords of the two conics 
shown in the figure. In general, two lines which form a degenerate 
conic of the pencil of point conics determined by two given conics 
constitute a pair of opposite common chords * of these conics. 

Theobem 1. If each of two point conics has double contact with a third , 
their chords of contact with the third and a pair of their opposite common 
chords are concurrent. 

Let p «■ 0 be the equation of the third conic and a = 0 and 0=0 

* The terminology is somewhat unfortunate in that pairs of opposite common 
chords, as defined, may include lines which are actually common tangents, 
for example, f t , PJPi in Fig. 9, or h, ti in Fig. 10. 
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the equations of the chords of contact of the first and second conics 
with the third. The first conic, since it is a member of the pencil 

determined by the conics p = 0 and 
a* = 0 , may have its equation written in 
the form 

(A) (r = p + k a* = 0, k jA 0. 
Similarly, the equation 

(B) t^p + U 3 s = 0, 0, 

for a proper choice of l, represents the 
second conic. 

A pair of opposite common chords of (A) and (B) constitutes a 
degenerate conic of the pencil determined by (A) and (B), and must be 
a linear combination of a — 0 and r = 0. An obvious linear combina¬ 
tion of a = 0 and r = 0 which represents a degenerate conic is 
(T — r=k a 1 — l / 3 ? = 0 . 

Hence the four lines in question are 

a = 0 , 0 = 0 , V* a + Vi/3=0, Vjfca_Vf 0 =O. 

They not only are concurrent, but form a harmonic set.* 

Theorem 2. If three point conics have 
a common chord, and the three conics are 
taken in pairs and the common chord of 
each pair which is opposite to the given 
common chord is drawn, the three resulting 
lines are concurrent. 

Let the equation of the conic (1) in 
Fig. 14 be 

(1) P = 0, 

and let that of the common chord of the 
three conics be a = 0 . 

If 0 = 0 is the common chord of conics 

* Critique. If p = 0 is a doubly counting line, the theorem is not in general 
true. If at *= 0 and 0 = 0 are identical orifcr=0orT = 0isa doubly count¬ 
ing line, the theorem is trivial. When these possibilities are excluded, the 
proof is impeccable. The conics p = 0 and a 3 = 0 cannot be identical; 
9 = 0 is therefore a linear combination of them and, since o- = 0 cannot be 
a 8 = 0, this linear combination can be written in the form (A). Equation 
(B) is similarly justified. Finally, inasmuch as Id ^ 0 and a = 0 , 0 = 0 are 
distinct, the four lines in question do form a harmonic set. 
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(1) and (2) which is opposite to a = 0, then a/3 = 0 is a degenerate 
conic of the pencil determined by the conics (1) and (2), and the conic 

(2) has an equation of the form 


( 2 ) <r~kp+a0= 0 . 

Similarly, the equation 

(3) t s= l p + ay = 0, 

where y = 0 is the common chord of (1) and (3) which is opposite to 
a = 0, represents, for a proper choice of l, the conic (3). 

The common chord of (2) and (3) which is opposite to a = 0 con¬ 
stitutes with a = 0a degenerate conic of the pencil determined by <r = 0 
and r = 0. Since this degenerate conic evidently is 


Iff — kr = a(l — ky) = 0, 


the desired common chord of (2) and (3) is l /3 — k y = 0. 

We now have as the equations of the required lines /8 = 0, y = 0, 
Ifi — ky = 0, and the theorem is established.* 


The theorem yields Pascal’s Theorem as a special case (Fig. 
The given conic Q and the degenerate conicB 1,5 
and 2, 4 have the line BE as a common chord. 

The opposite common chord of Q and 1, 5 is 6; 
that of Q and 2, 4 is 3; and that of 1, 5 and 
2, 4 is the line which joins the point of intersec¬ 
tion of 1 and 4 with that of 2 and 5. Hence 
the point of intersection of 3 and 6 lies on this 
line. 


15). 



Theorem 3. If each of three point conics has 
double contact with a fourth point conic, and the three conics are taken 
by twos and a certain pair of opposite common chords are drawn, the six 
resulting lines pass by threes through four points. 

Brianchon’s Theorem may be obtained as a special case of this 
theorem. 


* Critique. If two conics are degenerate and have a line in common, they 
have, not one, but infinitely many common chords opposite to this line. Ac¬ 
cordingly, we assume that at most one of the given conics contains <* — 0 
and that p — 0, in particular, does not contain a = 0. Since p = 0 is then 
distinct from a0 = 0 and ay = 0, the conics (2) and (3) can have their equa¬ 
tions written in the forms (2) and (3) and, inasmuch as at most one of these 
conics contains a = 0, at most one of the constants k, l can vanish. Thus the 
proof of the theorem is checked. 
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EXERCISES 

1. What does Theorem 1 become when <r = 0 and r*0 are taken as de¬ 
generate conics, consisting of pairs of tangents to the nondegenerate conic 
p = 0 and not having a line in common? 

Am. A apodal case of Brianchon’s Theorem. 

2 . The same, if p = 0 is a degenerate conic consisting of two distinct lines 
and o- **> 0 and r ■» 0 are nondegenerate. 

3. Prove that two opposite common chords of a hyperbola and an ellipse 
which is tangent to the asymptotes of the hyperbola are parallel to the chord 
of contact of the ellipse with these asymptotes and equally distant from it. 

4. What does Theorem 2 become in each of the following cases? 

(a) When the two points common to the three conics are 1 and J. 

(b) When just two of the conics are circles. 

(c) When the three conics, instead of having a common chord, are all tangent 
to a given line at a given point. 

(d) When each of the conics consists of two distinct lines passing respec¬ 
tively through two given points. 

5. Two nondegenerate conics intersect in two real, and two conjugate-imagi¬ 
nary, points. Give a construction for the co mmo n chord determined by the 
two ima ginar y points. 

6 . Four points A, B, C, D traoe respectively the four sides of a parallelogram 
so that the lines AC and BD remain always parallel to sides of the parallel¬ 
ogram. Find the locus of the point of intersection of the lines AB and CD. 

7. Prove Theorem 3 and criticise both the theorem and the proof. 

8 . Obtain Brianchon'a Theorem as a special case of Theorem 3. 

9. If through the point of contact of two nondegenerate conics of Type II a 
line be drawn meeting the conics again in Pi and Pi, the tangents to the conics 
at Pi and Pi intersect on the common chord of the two conics which is opposite 
to their common tangent. 

& Similar and Similarly Placed Conics. 

Definition. Two nondegenerate conics are said to be similar and 
similarly -placed when they have the same eccentricity * and their corre¬ 
sponding axes are parallel. 

Central Conics. If two hyperbolas are similar and similarly placed, 
the asymptotes of the one are parallel to those of the other. This is true 
also of two conjugate hyperbolas or, more generally, of any two hyper- 

* In the case of a central conic, which has two eccentricities (Ch. VIII, \ 9), 
we mean here the eccentricity associated with the axis containing the real 
foci. This is the usual eccentricity of elementary analytic geometry when 
the conic has a real brace. For the representative conic without a real trace, 
a?/o* + y*/d* — — 1, a > b, it is e/bi; the real foci at this conic lie on the 
gHuda. 
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bolas each of which is similar and similarly placed to the conjugate of 
the other. In either case, the two hyperbolas intersect the line at 
infinity in the same points. Conversely, if two hyperbolas have the 
same points at infinity, they are similar and similarly placed or each 
is similar and similarly placed to the conjugate of the other. 

These considerations apply equally well to ellipses provided we 
define two ellipses as conjugate whose equations can be reduced to the 
forms 



by the same change of metric coordinates. Hence: 

Theorem 1. Two central conics are similar and similarly placed or 
each is similar and similarly placed to the conjugate of the other if and 
only if they have the same points at infinity. 

The following theorem is now readily proved. 

Theorem 2. There are «* central conics which are similar and simi¬ 
larly placed to a given central conic p = 0 or to its conjugate. They are 
the nondegenerate conics defined by the equation 

(1) P + i«i=0, 
where a — 0 is an arbitrary line. 

Circles have been tacitly excluded from the foregoing discussion 
inasmuch as the definition is inapplicable to them; see Ex. 4. 

Parabolas. Two parabolas are always similar. They are similarly 
placed if their axes are parallel, that is, if they are tangent to the line at 
infinity at the same point. 

Theorem 3. There are «* parabolas similarly placed to a given pa¬ 
rabola p — 0. They are the nondegenerate conics defined by the equation 

(2) p + k ax i = 0 , 
where a = 0 is an arbitrary line. 

From equations (1) and (2) we oonclude that, if the coefficients of 
the quadratic terms in the equations in nonhomogeneous coordinates 
of two nondegenerate conics are equal or proportional, the two conics 
are similar and similarly placed or each is similar and similarly placed 
to the conjugate of the other, and conversely. 

EXERCISES 

I. Prove that two parabolas have four-point oont&ct at infinity if and only 
if they are congruent, have the B&me axis, and open in the same direction. 
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2 . There are os* parabolas with a given line as axis. Derive an equation 
which represents them all. 

3 . Under what conditions will two parabolas have three-point contact at 
infinity? 

4. Show that, if two circles are said to be similar and similarly placed if they 
both have real traces or both are without real traces, and a definition of con¬ 
jugate circles analogous to that of conjugate ellipses is introduced, Theorem 2 is 
valid when p = 0 is a circle. 

5. Prove that two nondegenerate conics are similar and similarly 'placed if they 
are equivalent (Ch. XTV, § 4) with respect to the group of homothelic transforma¬ 
tions * 

x f =* px + a, )/ = py + b, p v* 0. 

6 . Prove that, if a conic has double contact in finite points with one of two 
similar, similarly placed, and concentric central conics, two opposite chords 
which it has in common with the other are parallel to the chord of contact and 
equally distant from it. 

7. Discuss in detail the central conics which are concentric with a given cen¬ 
tral oonic and are similar and similarly placed either to it or to its conjugate. 

8 . Show that, if for each two of three similar and similarly placed conics a 
certain finite common chord is drawn, the three resulting lines are concurrent. 

9. It is evident geometrically that a pencil of similar and similarly placed 
conics contains no parabolas or consists exclusively of parabolas. Verify 
analytically and show that this is the only case in which a pencil of point conics 
fails to oontain just two parabolas, distinct or coincident. 

9. The Biquadratic Equation. The equation 

( 1 ) /(f) 3S t* -j- Oif* + atP -j- Ojf + £44=0 

is usually solved by factoring the polynomial /(<) into two quadratic 
factors. The algebraic devices by means of which the factorization is 
effected are not easily kept in mind. In their stead we shall introduce 
a geometric device, whereby/(f) is replaced by a quadratic polynomial 
F(x, y) whose discriminant vanishes. The problem of factoring /(f) 
into quadratic factors will then be reduced to the problem of factoring 
F(x, y) into linear factors, that is, to the familiar problem of finding 
the constituent lines of the degenerate point conic Fix, y) = 0. 

The polynomial F(x, y) is obtained from/(f) by replacing the powers 
of f in /(f) by properly chosen products of powers of a; and y. Eadh of 

* This group of homothetic transformations is more general than that of 
Ex. 2, End of Ch. VII, in that here p is not restricted to be positive. The 
content of the theorem might have been taken as definition, in the place of the 
separate definitions for circles and nondegenerate conics, not circles, it is also 

tn (WmAFfitA rnnina 
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the powers of t, except P, can be written in just one way as the product 
of at most two factors of the forms P and t, as follows: t* = P - P, 
P — P • t, t — t. On the other hand, P can be expressed either as P or 
as t • t. If, then, we write 

fit) s= P-P + axP-t + X t-t + (as - \)P + a,f + a«, 

and replace P and t respectively by x and y, we obtain the desired 
polynomial: 

(2) F{x, y) = x 2 + aixy + X y 1 + (a? - X)x + a t y + a 4 . 

If the parameter X is so chosen that the conic F(x, y) — 0 is degener¬ 
ate, F(x, y) can be factored into linear factors: 

F(x, y) = (x + bxy + Ci)(z + b 2 y + c 2 ). 

Hence 

F(P, t) = (P + bit 4* Ci)(£ s + but + c 2 ). 

But it is evident from (2) that F(< 2 , t) = f(t ) and therefore 

f(t) = (p + bit + ci)(t 2 -+■ bit -t- cz). 

Thus we have established the following theorem. 

Theorem 1. If X is so chosen that F(x, y) is factorable into linear 
factors, these factors become the quadratic factors of f (ft) when for x and y 
are set P and t respectively. 

The values of X for which F(x, y ) is factorable are the solutions of 
the equation obtained by equating the discriminant of F(x, y) to zero: 

(3) X® — 2 CI 2 X 2 + (oio, + 02-4 o«)X + (afai — aia^as + a») = 0. 

This equation is known as the cubic resolvent of the given biquadratic 
equation. 

Example. Let the given equation be 

fit) = P + P- 7 P + 2t + 4=0. 

Then 

F{x, y) = x s + xy + X y* - (7 + X)x + 2 y + 4, 
and (3) becomes 

X® + 14 X* + 35 X + 22 = 0. 

This equation has as its roots - 1, - 2, - 11. Of these three values 
of X, only the second, X = - 2, renders the quadratic terms in F(x, y) 
factorable into linear factors with rational coefficients. Setting 
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X = — 2 in F{x, y) and factoring, we have 

F(x, if) m (* - y - 1 ) (as + 2 y - 4). 

Hence 


/(l)s(l*-f-l){* + 2f-4), 
and the roots of /(f) = 0 are 


id + Vfi), id - Vs), -1 - Vs, - l + Vs. 

Geometric Interpretation. The equation 

F(x, y) s (x J + Oi*y + 04 X+ a t y + a*) + X(y l - x) = 0 , 


where X is arbitrary, represents the pencil of point conics whose base 
conics are 

(4) x* + aixy + an + a*y + o 4 = 0, y 1 - x - 0. 


The roots of the cubic resolvent (3) determine the degenerate conics of 
the pencil. 

The equation which results from the elimination of x from equations 
(4) is evidently f(y) *= 0. Hence: 

Theorem 2. The solutions of the biquadratic equation are the y-co- 
ordinates of the points common to aU the conics of the pencil. 

Corresponding to the five types of pencils of conics are the five 
possibilities as to the multiplicities of the roots of the biquadratic 
equation. Thus, if the pencil of conics is of Type IV, the biquadratic 
equation has one triple root and one simple root.* 

If the pencil of conics is of Type I, the roots of the biquadratic equa¬ 
tion are distinct. The polynomial /(f) can then be factored into 
quadratic factors in three essentially different ways, which correspond 
respectively to the three distinct degenerate conics of the pencil and 
to the three corresponding solutions of the cubic equation (3). 

Graphical Solution. By the usual method f of adding a suitable 
quantity to the roots of (1), ai can be made zero. We assume that 
thereby at is not also made zero; otherwise/(i) would be quadratic in <*. 

* It is essential in this connection to note that, inasmuch as one of the base 
oonics is the parabola — z — 0 , two distinct points common to the conics 
of the pencil can never have the same ^-coordinates. Otherwise a double 
root, let us say, of the biquadratic equation might correspond to two distinct 
poinds of intersection of the conics of the pencil and the correspondence be¬ 
tween the five possibilities for the roots of the equation and the five types of 
pencils would be vitiated. 

f See, for example, Rietz and Crathorne, College Algebra, Revised Ed., 

S 06 . 
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Since a* 0, the roots can now be multiplied by a quantity so chosen 
as to make a t = — 1 . Thus, /(i) is reduced to the form 

(5) f{t) a t* + 2 bit? - t + b<. 

The base conics of the pencil are now the two congruent parabolas 
[* + — \_y — (b 4 — bi)J =0, y* — x =* 0, 

and the y-coordinates of the points of intersection of these two para¬ 
bolas are the roots of the reduced equation (5). 

The following method of finding graphically the real roots im¬ 
mediately presents itself. On a sheet of coordinate paper construct 
the parabola y 1 — x = 0 . On a sheet of tracing paper draw, to the 
same scale, the parabola i ' 2 — y' = 0. Place the tracing paper on the 
coordinate paper so that the axes of the two parabolas are perpendicu¬ 
lar and the vertex of the parabola on the tracing paper covers the point 
(— bt, b t — bl) on the coordinate paper, and then read off the ordi¬ 
nates of the points of intersection of the two parabolas. 

EXERCISES 

Solve each of the following equations algebraically and graphically. 

1. + *' - 6P-5< + 3 = 0. 

2. t* + t» — 11 <* — 10 1 + 4 - 0. 

3. t< + 6f» + 51* - 12t +4 - a 

4 . 4<* - 7z* - fif -1 = a 

B. Line Conics 

10. Palm of Line Conics. We content ourselves in this and the 
following paragraph with a statement of the facts, leaving the proofs 
largely to the reader. 

Theorem 1. Two distinct line conics which have not a point in com¬ 
mon always have four common tangents. 

In the general case in which the given line conics Qi, Q* are nonde¬ 
generate, the theorem may be established by dualizing the proof of 
Theorem 1, § 2. The basic lines of a system of projective line co¬ 
ordinates are chosen as follows: a 2 , a 8 , d as tangents to Q i, a* not also 
tangent to and oi as the chord of contact of the tangents a*, a». 
The equations of Qi, Qi in the forms which they then assume in the 
nonhomogeneous coordinates u =* «i/«j, v = «s/«>, namely 

(1) v = u* 

( 2 ) ou* + buv + ei^ + du + ev + f — 0 , 


C 7* 0, 
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have the lour simultaneous solutions (u, r<), i = 1, 2, 3, 4, where 
n, r*, r», are the roots of 

ctt 4 -j- bu* + (o + e)u* + du + / = 0, c^O. 

Consequently, Qi and Qt have in common the four tangents 
T < : in, ri 1), (i = 1, 2 ,3,4). 

Exercise. Expand the foregoing proof, justifying the assumption that 

J* 0 and interpreting geometrically the method by which equations (1) and 
(2) are solved. 

Theorem 2. The two line conics are never tangent to one another on a 
simple common tangent and are always tangent to one another on a mul¬ 
tiple common tangent. 

This statement says, in the case in which the conics are nondegener¬ 
ate, that the points of contact of Qi and Qt with a common tangent T 
coincide when and only when T counts at least twice as a common 
tangent. When one or both of the conics are degenerate, it is no 
longer to be taken as a proposition to be proved, but as a definition of 
tangency of Qi and Qt. 

Definition. If two line conics are tangent to one another on a common 
tangent T, they are said to have two-line, three-line, or four-line contact 
according as T is a double, triple, or quadruple common tangent. If the 
two conics have two-line contact on each of two lines, they are said to have 
double contact on these lines. 

We are now in a position to classify pairs of line conics according to 
the nature of their common tangents. 

I: [TV, Tt, T%, TJ. Qi and Qt have four distinct common tangents. 
Each of these is a simple common tangent: Qi and Qt are nowhere 
tangent to one another. 

II: [_T\, Tt, Tt}. Qi and Qt have two-line contact on TV and have 
Tt and T t as simple common tangents. 

Ill: [21, 7T]. Ci and Qt have double contact on the lines TV 
and Tt. 

IV: [Tj, Ij3- Qi and Qj have three-line contact on T\ and have T* 
as a ample common tangent. 

V: ITQ. Qi and Qt have four-line contact on TV 
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The five types are illustrated, for nondegenerate conics, by Figs. 
16-20. In Fig. 21 we have a special case of Type II in which Q 2 
consists of two distinct points lying on a tangent to Qi, and in Fig. 22, 
a case of double contact in which both Qi and Q 2 are degenerate, one of 
them consisting of a single point counted twice. 



By means of the method employed in the proof of Theorem 1, the 
following proposition can be established. 

Theorem 3. If two nondegenerate conics have k-line contact with a 
given nondegenerate conic on a line T, they have at least k-line contact 
with each other on T. 


EXERCISES 

1. Discuss pairs of line conics from a geometrical standpoint analogous to 
that of § 1. 

2. Prove Theorem 2, in conjunction with the Exercise in the text. 

3. Construct an example of a pair of nondegenerate conics of Type IV. 
Then prove Theorem 3 when k = 3. 

4. Show that, if two nondegenerate conics have double contact on two lines, 
they have double contact at two points, and vice versa. 

5. Discuss in detail the tangents common to a nondegenerate and a de¬ 
generate line conic. 

6. Exhibit a pair of degenerate line conics of Type II. 

11. Pencils of Line Conics. The totality of line conics 


( 1 ) 


k p + la = 0, 
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linearly dependent on two distinct lint conics, 

P = J2<UjUiUj = 0, a — EhiUitij ~ 0, 
is called a pencil of line conics. 

A pencil of line conics has the following properties. 

A. Any two distinct conics of the pencil may be taken as the Lass 
conics. 

B. There is a unique conic of the pencil tangent to a given line of the 
plane other than the tangents common to all the conics of the pencil. 

C. The pencil contains three degenerate line conics.* 

D. The tangents common to two conics of the pencil and the num¬ 
ber of times each counts are the same for each two conics of the pencil. 

According to Property D there are five types of pencils of line conics, 
corresponding to the five types of pairs of line conics. 

I: £Ti, Ti, Ti, T 4 J The pencil consists of all the line conics tan¬ 
gent to four lines, no three of which are concurrent. 

The degenerate conics of the pen¬ 
cil consist of the pairs of opposite 
vertices of the complete quadrilateral 
formed by the four lines. Taking two 
of these conics, for example ai 3 = 0 
and 75 = 0, where a = 0, 0=0, 

7 = 0,5 = 0 are the equations in line 
coordinates of the points indicated in 
the figure, as new base conics, we 
obtain 

(2) baft + ly6 = 0 



7-0 if p i r i~0 




as a simple equation of the pencil. 

« _ Let the reader show how these re- 

suits may be applied to find the equa¬ 
tion of the line conic which is tangent 
to five given lines. 

II: £T}, Ti, Tj. The pencil consists 
of all the line conics which are tangent 
at a given point Pi to a given line Ti and 
MBm 24 tangent to two other lines Tt, Tj. 

’ There are two distinct degenerate 

JmM§s, = 0 and 75 = 0 (Fig. 24). Which one counts twice? 

HHf We exclude here the oases in which all the conics of the pencil are degen- 
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Taking the degenerate conics as base conics, we obtain a new repre¬ 
sentation of the pencil, 

(3) k vift + l yS = 0, 

by means of which we can readily solve the problem of finding the 
equation of the line conic tangent to a given line 
at a given point, and to three other lines. 

Ill: [71, TX]. The pencil consists of all the 
line conics which are tangent at two given points 
Pi and Pi to given lines Ti and Ti. 

The line conics n\Ti = 0 and 7 * = 0, Fig. 25, 
are the degenerate conics of the pencil and the 
equation of the pencil based on them is 

(4) k jrixj + 1 7 * = 0. 

What general problem can be solved by the aid of this equation? 

IV: [n, Ti]. The pencil consists of aU the line conics which have 
three-line contact with a given nondegenerate 
conic on a given line T\ and have in common 
with this conic a second tangent 7*. 

The pencil contains just one (triply 
counting) degenerate conic, 7 rij 3 = 0 . If 
p = 0 is one of its nondegenerate conics, a 

k p + l jtj3 = 0. 

V: [71]. We leave to the reader the discussion of this case. 

EXERCISES 

Find the equations in line coordinates of the following conics. 

1. The conic tangent to the five lines (1, 0, 1), (— 1, 0, 1), (0, 1, 1), 
(0, - 1, I), (1, 1, 1). 

2. The parabola in the pencil of line conics determined by 2iu> = 3, 
M 1 + V* - 1 =0. 

3. The hyperbola which has x — y = 0 as an asymptote and is tangent to 
the lines x + y=0, x=>3,5x — 4y = 4. 

4. The conic which is tangent to Zi + x% — x, = Oat (1,0,1), toxi — xj = 0 
at (0, 0, 1), and to xi — 4 x» » 0. 

5. The parabola which has an axis of slope unity and is tangent to the 
line (—1, — 1) and to the coordinate axes. 

6. The hyperbolas of § 4, Ex. 5. 



Fig. 26 


new equation for it is 
(5) 
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7. Shaw that the pencil* of point conics of Type III and the pencils of line 
conics of Type III are identical, except for their degenerate conics. 

8 . Discuss a pencil of line conics of Type V. Then prove that the pencils 
of point oonice of Type V and the pencils of line conics of Type V are identical 
except for their degenerate conics, provided it is assumed that four-point con¬ 
tact and four-line contact of two nondegenerate conics are equivalent. 

9. How many parabolas does a pencil of line conics contain? 

10. The pencils of point conics of Type III and the pencils of line conics of 
Type III are essentially the same. But, in general, a pencil of point conics con¬ 
tains two parabolas and a pencil of line conics only one. Explain the paradox. 

12. Applications to Foci. Confocal Conics. We recall that the 
tangents to a nondegenerate conic from a focus are isotropic lines and, 
conversely, that two isotropic tangents which are not parallel intersect 
in a focus. 

Theorem 1, A necessary and sufficient condition that a nondegenerate 
conic have a given point as a focus is that it be tangent to the isotropies 
through the point. 

Thus, the demand that a conic have a given point F as a focus places 
on it two independent conditions. Hence, the general conic with F as a 
focus depends on three parameters. It may, then, be subjected to three 
further conditions. We may, for example, demand that it be tangent 
to three prescribed lines. 

Confocal Conics. Two foci of a nondegenerate central conic, not a 
circle, which lie on the same axis of the conic we shall call a pair of foci. 
There are two pairs of foci, one on each axis. The lines joining the 
foci of the one pair to those of the other are the isotropic tangents to 
the conic. 

The isotropic tangents may also be thought of as the isotropic lines 
which pass through the foci on one axis. The foci on the other axis 
are, then, the other two finite points of intersection of these isotropic 
lines. Hence the two pairs of foci cannot be prescribed independently. 
When one pair is given, the other is determined. 

Theorem 2. Two nondegenerate central conics which have one pair of 
foci in common have all their foci in common. 

It is4$ear from oar argument that two pairs of finite points can serve 
aa the'Foci of a central conic if and only if the four isotropic lines issuing 
from.the points of one pair intersect also in the points of the other pair. 
Tb* taro pairs of points are then the foci of every nondegenerate conic 
jritieh is tangent to the four isotropic lines. 

i f 
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The totality of these conics consists of the nondegenerate conics of a 
pencil of line conics of Type I. The equation of the pencil, if a — 0, 
(3 = 0 and y = 0, S — 0 represent the two pairs of points, is 

(1) k a(3 + l yS = 0. 

The totality is usually known as a set of confocal central conics. 
It consists of all the central conics having one pair, and hence all four, 
of the given points as foci. 

Theorem 3. A set of confocal central conics consists of the non¬ 
degenerate conics of a 'pencil of line conics which is made up of the conics 
tangent to four isotropic lines , two of each kind. 

As an illustration, we shall find the equation of the central conics 
which have (=fc c, 0) as one pair of foci and hence (0, ± i c) as the 
second pair. Here 

a = cn + l = 0, y = i c v + 1 = 0, 

j3 = cw — 1 = 0, S= — icr + l = 0. 


Hence the desired equation is 


(2) k (chS - 1) + l (cV + 1) = 0, fc Kk -Q* 0* 

To find the equation in point coordinates we rewrite (2) in the form 


Hence we have 

Noticing that 

we are led to set 
2k 


k - l 

+ k 

-1 

x * 

1 

y * 

k 

1 

i 

k — l 

k 

-1 

2 k 


21 


k — l 


k-l k-l 

= X + 1 whence 


= c*. 


= 2 , 


21 

k - l 


= X - 1. 


We thus obtain as the equation in point coordinates 


x l y* _ c* 
X + l+X-1 2’ 


XM 1. 


For values of X between — 1 and + 1, the equation represents hyper- 


* The degenerate conics of the pencil are excluded. 
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bolae; for X > 1, ellipses with real traces; and for X < — 1, ellipses 
without real traces. 

Two nondegenerate parabolas are said to be confocal if they have 
the same focus and the same axis. This is equivalent to requiring 
that they have the same isotropic tangents and the same point at 
infinity; for, the isotropic tangents of a parabola determine the focus, 
and the focus and the point at infinity on the parabola then determine 
the axis. 

Theorem 4. A set of confocal parabolas is essentially a pencil of line 
conies of Type II. It consists of the nondegenerate parabolas which are 
tangent to the isotropic lines through the common focus and tangent to the 
line at infinity at the point at infinity in the direction of the common axis. 

EXERCISES 

1. Find the equation of the parabola which has the point (0,1) as focus and 
is tangent to the lines 2x — y — 2 = 0, 2x — 2y — 1 =0. 

2. Show that the conics which have & given point F as a focus and a given 
line D, not passing through F, as the corresponding directrix form a pencil. 

3. Find the equation of the central conic which has the points (— 1, 2) and 
(2, — 1) as foci and is tangent to the axis of x. 

4. The same problem, if the conic is to go through the origin instead of being 
tangent to the axis of %. There are two answers. Why? 

5. By means of Th. 4 find the equation in line coordinates of the confocal 
parabolas which have the origin as focus and the axis of x as axis. Show that 
the resulting equation in point coordinates may be put into the form 

™ 2 X x + X*, X 0. 

6. Discuss the conics which have a given finite line as directrix. 

13. Further Applications. Two points which form a degenerate 
conic of the pencil of line conicB determined by two given line conics 
are called a pair of opposite intersections of common tangents of these 
conics. 

Theorem 1. If three line conics have two tangents in common and the 
three conics are taken in pairs and the intersection of the common tangents 
of each pair which is opposite to the intersection of the given common 
tangents is marked, the three points obtained are coUinear. 

This is the dual of Theorem 2 of § 7. 

Theorem 2. The dual of Theorem 1 o/ § 7. 
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EXERCISES 

1. Prove Theorem 1 and show that Brianchon’s Theorem is a special case 
of it. 

2. Deduce from Theorem 1 a proposition concerning three line conics with a 
common focus. 

3. Three line conics have two tangents fi, U in common and each two of them 
are mutually tangent, at points not lying on either ft or t* Show that the 
three points of contact are collinear. 

4. State and prove Theorem 2. 

5. What does Theorem 2 become (a) if the odd conic consists of two distinct 
points and the other two conics axe nondegenerate? (6) If the conditions are 
reversed? 

6. State and prove the theorem dual to Theorem 3 of § 7. 

7. As a special case of the theorem of Ex. 6, show that the real common 
tangents of three mutually intersecting circles,* taken in pairs, form a Pascal 
hexagon. 

C. Point Conics and Line Conics 

14. The Involution Theorems of Desargues and Sturm. 

Theorem 1 a (Desargues). The pairs of points in which a line meets 
the conics of a pencil of point conics form an involution, provided the line 
does not contain a point common to aU the conics of the pencil. 

Theorem 1 b (Stuhm). The pairs of tangents from a point to the 
conics of a pencil of line conics form an involution, provided the point 
does not lie on a tangent common to all the conics of the pencil. 

In proving the Theorem of Desargues, we choose our projective co¬ 
ordinate system so that the given line L is x s = 0. The pairs of points 
in which L cuts two distinct conics of the pencil, 

Y, a <i x i x i — °> Y.hijXfXj = 0 , 

are defined, then, by the quadratic equations 

dux* + 2 etui 1X2 + 022X2 — 0, 611X1 -p 2 612X1X2 + 622X2 = 0. 

These two pairs of points have not a point in common, since L would 
otherwise contain a point common to all the conics of the pencil. 
Hence they determine an involution. According to Ex. 12, End of 
Ch. IX, the pairs of points in this involution are represented by the 
equation 

( 1 ) k (flux! + 2 012X1X1 + 022XI) + l (611X* + 2 612X1X2 + 6»z£) = 0 , 

* That is, three circles each two of which have real points of intersection. 
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and are therefore the pairs of points in which L : x* *= 0 meets the 
conics 

( 2 ) k JjaifXitCj + l = 0 

of the pencil.* 

Let us now turn our attention to the Theorem of Sturm. Let P be 
a point not lying on a common tangent of the given pencil of line conics, 
and let d be a double line of the involution consisting of the pairs of 
tangents drawn from P to the conics of the pencil. There is, we know, 
a unique conic of the pencil which is tangent to d. The second tangent 
from P to this conic is the mate of d in the involution and therefore 
coincides with d. In other words, the two tangents from P to the conic 
are identical. Hence P is a point of the conic. Conversely, if a conic 
of the pencil passes through P, the tangents to it from P coincide and 
constitute one of the double lines of the involution. Hence: 

Thkorkm 2 b. There are two distinct conics in a -pencil of line conics 
which pass through a given point f not lying on a common tangent to the 
conics of the pencil. Their tangents at the point are the double lines of the 
involution established at the point by the pencil. 

* An elementary proof can be given along the same lines. Introduce on 
L:x i »■ 0 the nonhomogeneous coordinate x — xjx 2 and denote by £, £' 
the nonhomogeneous coordinates of the points in which L meets the arbitrary 
conic (2) of the pencil. Since £, £' are the roots of the quadratic equation 

(k an + l bn)* + 2 (k an + 1 6i*)x + (k an + l bn) — 0, 

we have 

£ -f~ £' = _ ka n -f~ Ibn , kan Ibn 

2 kan -j- Ibn kan + lbn 

In order to find how £ is transformed into £', it is necessary to "eliminate k, l. 
This is most easily done by rewriting the equations in the forms 

£+ £' 

kan + Ibn — p 0, kan + Ibn H-2— p ~ kan + lbn — ££V = 0. 

Hence 

an bn — 1 
an bn = 0. 

an bn — ££' 

The transformation of £ into £' represented by this equation is evidently linear. 
It cannot he singular, by hypothesis, and consequently, since the equation is 
symmetric in £ and f', it is an involution. 

t It is evident from the proof that what we mean here by a “ degenerate line 
conic panning through a point ” is the same as what we always mean by a non¬ 
degenerate line conic passing through a point, namely that the lines of the 
conic through the pomt coincide. 
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As an application of the theorem we deduce the fact that a Bet of 
confoeal conics (§ 12) forms an orthogonal system. Since the tangents 
at P to the two conics which pass through P are the double lineB of the 
involution at P, they will be perpendicular if the isotropic lines through 
P are paired in the involution. But the circular points at infinity 
constitute a degenerate conic of the pencil and the tangents from P to 
this conic are the isotropies through P. 

Theorem 2 a. There are two distinct conics in a pencil of point 
conics which are tangent to a given line * not passing through a point 
common to the conics of the pencil. Their points of contact with the given 
line are the double points of the involution in which the line cuts the pencil. 

As a direct corollary to this theorem we have 

Theorem 3 a. Passing through four points, no three collinear, and 
tangent to a given line not containing any of the given points, there are two 
distinct conics. 

Theorem 3 6. The dual of Theorem 3 a. 

These theorems raise the question as to the number of conicB passing 
through three points and tangent to two lines, or passing through two 
points and tangent to three lines. The answer is four. There are, 
for example, four circles tangent to three finite lines, namely, the in¬ 
scribed circle and the three escribed circles of the triangle formed 
by the three lines. 

If three points and two tangents are prescribed, the three points 
may be taken as the vertices of the triangle of reference. The general 
conic which contains them has the equation in point coordinates, 

TiXiXi + rix»xi + r&iXt = 0 , 

and hence the equation in line coordinates, 

r\u\ + r*«j 4- rlul — 2 rirjiiiu- — 2 r s r 8 Ui« 8 — 2 r 3 nu } ui = 0. 

This conic is tangent to the two lines (ai, a 2 , a 3 ), (b it b\, £>j) if and only if 
a*r\ + a\rI + o»r? - 2 Oia 2 rir 2 - 2 o*a 8 rjr 8 - 2 a 8 atr 8 n = 0, 
b\r\ + blr\ + blr] - 2 bArfa - 2 bs&s^rj - 2 &Ar 8 n = 0, 

and these simultaneous equations, since they may be interpreted as 
representing two conics in (ri, r 2 , r 8 ) as point coordinates, furnish four 
solutions of our problem. 

* What is meant here by a degenerate point conic being tangent to a line? 
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EXERCISES 

1. Prove Theorem 2 a. 

2. Prove that, if a pencil of point conics contains just two parabolas, the 
two parabolas are coincident if and only if the line at infinity contains a point 
oommon to all the conics of the pencil. 

3. A set of hyperbolas all have the same asymptotes. Prove that the seg¬ 
ments which they cut from a fixed line all have the same mid-point. 

4. Show that, if the line at infinity is cut by a pencil of point conics in an 
involution which is elliptic, all the real conics of the pend] are hyperbolas. 
What are the facts if the involution is hyperbolic? 

5. Prove that, if two nondegenerate conics have double contact, the tangent 
at a point P on one of them and the line joining P to the point of intersection 
erf the common tangents are conjugate lines with respect to the other. State 
the dual theorem. 

6. Show that the two conics of Theorem 2 a are both nondegenerate when 
and only when the given line does not contain a singular point of a degenerate 
conic of the pencil. Describe more specifically when the conics of Theorem 3 a 
are both nondegenerate. 

7. Prove that one of the two conics of Theorem 2 a is always degenerate if the 
pencil is of Type III or V. What light does this throw on the fact that a 
pencil of either of these types is self-dual? See § 11, Exs. 7, 8. 

15. Poles and Palais with respect to Pairs and Pencils of Conics. 

Let two nondegenerate conics be given by their equations in point 
coordinates, 

(1) 'E.anXiXi ~ 0, L&,y XiXj - 0, 

and let it be required to find the points r whose polars with respect to 
the two conics, 

(2) HaifTiXj = 0, L&qr,*/ = 0, 

are identical. 

The lines (2) are the same if and only if a constant X exist® so that 

(3) 72 a ijr0i + X L&qr.Z; = 0. 

In order to interpret this identity geometrically we consider, in 
conjunction with it) the equation 

(4) JLoi/nxj + X YSxf&j * 0, 

formed for an arbitrary point r and an arbitrary value of X. This 
equation represents the polar of the point r with respect to the arbi¬ 
trary conic, 

(5) E 0 #*#/ + X Z fiuxiXj = 0, 

* 

of the pencil of point conics determined by the given conics (1). 
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Since the polar of a point with respect to a point conic is u ndefine d 
when and only when the point conic is degenerate and the point is one 
of its singular points (Ch. XIV, § 7), equation (4) becomes the identity 
(3) when and only when r is a singular point of a degenerate conic of 
the pencil (5) and X is the constant value of the parameter in (5) which 
defines this degenerate conic. 

Theobem 1 o. The singular points of the degenerate conics of the 
pencil of point conics determined by two nondegenerate conics have the 
same polars with respect to the two conics and are the only points with this 
; property . 

When we think of the two given conics as line conics, a similar argu¬ 
ment leads to the dual theorem. 

Theorem 1 b. The only lines which have the same poles with respect 
to two nondegenerate conics are the singular lines of the degenerate conics 
of the pencil of line conics determined by the two conics. 

It is clear that the singular lines of the second theorem are the polars 
of the singular points of the first; and vice versa. For, if a point P 
has the same polar L with respect to both conics, the line L has the 
same pole with respect to them both and this pole is P. 

Theorem 2. The singular points of the pencil of point conics deter- 
mined by two given nondegenerate conics and the singular lines of the 
pencil of line conics determined by the same two conics are in one-to-one 
correspondence; a singular point and the corresponding singular line are 
pole and polar with respect to both conics. 

Let us next enumerate the singular points and singular lines of the 
various types of pencils. 


Type 

Pencil of Point Conics 
Singular Points 

Pencil of Line Conics 
Singular Lines 

I 

Three 

Three 

II 

Two 

Two 

III 

One and a range * 

One and a pencil 

IV 

One 

One 

V 

A range 

A pencil 


We return now to the two pencils of Theorem 2. The theorem 
guarantees that there are just as many singular points associated with 
the one pencil as there are singular lines associated with the other. 
Interpreting the table in light of this fact, we conclude 
* That is, a range of singular points and an isolated singular point. 
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Theorem 3 . The pencil of point conics and the pencil of line conics 
which are determined by two given nondegenerate conics are of the tame 
type. 

For example, if the pencil of point conics is of Type II, that is, has 
just two singular points, the pencil of line conics must have just two 
singular lines and hence must be of Type II. 

Essentially equivalent to Theorem 3 is the following theorem. 

Theorem 4 . A pair of nondegenerate conics is of the same type whether 
the conics are considered as point conics or as line conics. 

This simple statement is rich in content. It says, for example, that, 
if two conics have four distinct points of intersection, they have four 
distinct common tangents, and conversely. Again, it tells us that, if 
the conics have two-point contact at a given point, they have two-line 
contact on their common tangent at the point, and vice versa. In 
fact, in the latter connection, it establishes for us the important propo¬ 
sition that Appoint contact and A-line contact are equivalent. 

Theorem 5 . If two nondegenerate conics have k-point contact at a 
given point, they have A-line contact on their common tangent at the point, 
and thee versa. 

Following classical usage, we shall denote A-point contact or A-line 
contact as contact of order A — 1. Ordinary two-point or two-line 
contact is then contact of the first order. 

Common Self-Conjugate Triangles. If two points have the same 
polars with respect to both the given conics, their line has the same 
pole with respect to them both. In other words: 

Continuation op Theorem 2 . The line joining two singular points 
is a singular line. The point of intersection of two singular lines is a 
singular point. 

If a triangle is to be self-conjugate with respect to both conics, its 
vertices and sides must be respectively singular points and singular 
lines of the two pencils determined by the conics. Inspection of our 
table shows immediately that a triangle of this description is possible 
when and only when the two pencils are of Type I or of Type III. 

If they are of Type I, the one pencil has three singular points, and the 
other, three singular lines. The three singular points form a triangle, 
the diagonal triangle of the complete quadrangle determined by the 
four points of intersection of the two conics. The three singular lines 
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also form a triangle, the diagonal triangle of the complete Quadrilateral 
determined by the four common tangents to the two conics. Accord¬ 
ing to the Continuation of Theorem 2, these two triangles are one and 
the same triangle. Since the vertices and sides of this tr iangl e are 
poles and polars with respect to both conics and no one of the vertices 
lies on either conic, each vertex and the opposite side are pole and polar 
and the triangle is self-conjugate with respect to both conics. 

Theorem 6. If two nondegenerate conics intersect in four distinct 
points, or have four distinct common tangents, there exists a unique tri¬ 
angle which is self-conjugate with respect to both. 

In the case of two conics which have double contact (Fig. 27), there 
are « 1 common self-conj ugate triangles. Each triangle has the point of 
intersection of the common tangents to the 
two conics as one vertex and two conjugate 
points on the chord of contact as the other 
two vertices. 

Poles and Polars with Respect to a Pencil 
of Conics. The polars of a point r with re¬ 
spect to the conics of the pencil of point 
conics (5) are defined by (4). If r is a sin¬ 
gular point of the pencil, the lines (2) are 
identical and equation (4) represents always the Bame line, no matter 
what the value of \ * Otherwise, equation (4) represents a pencil of 
lines. 

Theorem 7 a. The polars of a point with respect to the conics of a 
pencil of point conics form a pencil of lines, provided the point is not a 
singular point of the pencil of conics. A singular point has the same 
polar with respect to all the conics of the pencil. 

Theorem 7 b . The poles of a line with respect to the conics of a pencil 
of line conics form a range of points, unless the line is a singular line. 
A singular line has the same pole with respect to all the conics. 

It is evident from Theorems 6 and 7 that there is a unique triangle 
which is self-conjugate with respect to all the conics of a pencil of 
point conics of Type I, and that the same is true of a pencil of line 
conics of Type I. What are the corresponding facts for pencils of 
Type III? 

* With one exception: the polar of the singular point r with respect to the 
degenerate conic to which r belongs is undefined. 
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Tile following interesting result is a direct consequence of Theorem 

7 4. 

Theorem 8. The centers of the central conics of a 'pencil of line conics 
lie, in general, on a line. 

EXERCISES 

1. By means of the theory of poles and polara, give a direct proof that the 
diagonal triangle of the complete quadrangle determined by the four points 
of intersection of two nondegenerate conics is self-conjugate with respect to 
both conics. Show that the diagonal triangle is real except when two of the 
four points are conjugate-imaginary and the other two real; see Ex. 1, End of 
Chapter. 

2. Draw carefully a figure for Theorem 6, constructing separately the two 
diagonal triangles mentioned in the proof. 

3. The equations in point coordinates of a pair of nondegenerate conics of 
Type I or Type HI can be reduced simultaneously to the forms 

OjSi* -f- ctjXj* + ajii* *= 0, b]X i* ■+■ hjZj* 4* 6|Xj J = 0. 

Criticise this statement. When will the conics, as represented by the reduced 
equations, be of Type 1? 

4. Establish Theorem 2 directly in each of the cases II, III, IV, V, drawing a 
careful figure in each case. Prove that there is always at least one singular 
point on each singular line and at least one singular line through each singular 
point. 

5. Prove Theorem 7 b and deduce from it Theorem 8. When do the excep¬ 
tions to the latter theorem occur? Enumerate those which you find of special 
interest. 

6. Deduce from Theorem 8 the fact that the mid-points of the diagonals of a 
complete quadrilateral are collinear. 

7. Prove that the cross ratios of the polars of a nonsingular point with 
respect to four conics of a pencil of point conics are independent of the point, 
that is, depend only on the particular four conics chosen. 

8. Show that the poles of a line with respect to the conics of a pencil of 
point conics constitute, in general, a nondegenerate conic. What are the 
exceptions? 

Suggestion. Consider the pole of the line as the point of intersection of 
the polara of two points on the line and apply the theorem of the preceding 
exercise. 

9. The centers of the central conics of a pencil of point conics lie, in general, 
an a nondegenerate conic. Prove this theorem and discuss the exceptions to it. 

10. Slow that the centers of the conics of the pencil determined by y* = 2 mx 
and ** a lie on y* + wtx ■* 0. 

gJL A pencil of Type III is self-dual. The centers of the central conics 
||Mjig 2 ng to it lie, according to Theorem 8, on a line and, according to Ex. 9, 
Hf conic. What are the facts? Discuss all possibilities. 



PAIRS AND PENCILS OF CONICS 3IQ 

12. State the duals of the theorems of Exs, 7 and 8. 

16. Conjugate Points with respect to a Pencil of Point Conics. The 

points which are conjugate to a given point P with respect to all the 
conics of‘a pencil of point conics are the points common to all the pol&rs 
of P with respect to the conics of the pencil. Hence, by § 15, Th. 7 a, 
we have 

Theorem 1. Conjugate to a nonsingular point P with respect to all the 
conics of a pencil of point conics is a unique point P\ the vertex of the 
pencil of polars of P. Conjugate to a singular point are all the points of 
the common polar of the singular point. 

If each of two conjugate points * is the only point conjugate to 
the other, neither can be a singular point. Moreover, neither can lie 
on the polar of a singular point; for, if one were on the polar of a singular 
point, the other would be this singular point. 

Corollary. The points which are neither singular points nor on the 
polars of singular points are conjugate in pairs. Conjugate to a non¬ 
singular point on the polar of a singular point is the singular point, and 
conjugate to a singular point is every point on the polar of the singular 
point. 

In the case of a pencil of Type I, for example, the singular points are 
the vertices, and their polars the opposite sides, of the common self- 
conjugate triangle. The points not on the triangle are conjugate in 
pairs. Conjugate to a vertex is every point on the opposite side, and 
conjugate to every point on a side, other than a vertex, is the opposite 
vertex. 

Transformation of a Line. Let a point P trace a line L. What is 
the locus of the points P' which are conjugate to PI 

The points P' are the points common to the polars pi, p 2 of P 
with respect to two distinct conics Ci, C s of the pencil. As P traces L, 
Pi and pi generate pencils of lines whose vertices are the poles, P\ and 
Pi, of L with respect to Ci and C*. These pencils of lines are each 
projective with the range of points on L and hence are themselves pro¬ 
jective. Consequently, the locus of the points P' common to pairs of 
corresponding lines pi and p 2 is, in general, a conic. 

In discussing the locus in greater detail, we distinguish three cases. 

A. Pi and P 2 distinct and PiP 2 not self-corresponding. The locus 

•Here and throughout the paragraph we mean, by “conjugate points,” 
points whieh are conjugate with respect to all the conics of the pencil. 
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is a nondegenerate conic. In this ease L is not the polar of a singular 
point and does not contain a singular point. For, if L were the polar 
of a singular point, its poles Pi and P a would coincide in the singular 
point. And if L, not itself the polar of a singular point, contained a 
singular point, the polars pi and pa of this singular point would be 
identical and PiPa would be self-corresponding. 

B. Pi and Pt distinct and P\Pi self-corresponding. The line L is 
not the polar of a singular point, but contains one singular point. The 
locus is a degenerate conic consisting of the line PiP t —the polar of the 
singular point on L —and a second line. 

C. Pi and P 3 coincident. The line L is the polar of a singular point, 
the point A in which Pi and Pt coincide. Both pencils have A as 
vertex, so that we now have a projective correspondence of a pencil of 
lines with itself. The fixed lines of this correspondence constitute the 
locus. On the other hand, these lines are the polars of the singular 
points on L. According as the correspondence is not or is the identity, 
just two or all the lines through A are fixed and just two or all the points 
on L are singular points. In the former case, the locus is the degener¬ 
ate conic consisting of the polars of the two * singular points on L, 
whereas in the latter case it consists of all the points of the plane. 

Inspection of these results justifies the following summary. 

Theorem 2. If a point P traces a line L, not every point of which is 
singular, the points P* conjugate to P constitute a conic. The conic is 
nondegenerate unless L contains a singular point. 

The Eleven-Point Conic. On the conic which is the transform of a 
line L, there are several points of note. In enumerating them we 
restrict ourselves to the general case. 

Theorem 3. If a pencil of point conics of Type I and a line L which 
contains neither a singular point nor a base point of ike pencil f are given, 
the locus of the points conjugate to those of Lis a nondegenerate conic C 
which passes through the following eleven points: (a) the three vertices of 
the common self-conjugate triangle; (b) the six points which are the har¬ 
monic Conjugates of the points of intersection of L with the six sides of the 
basic quadrangle, with respect to the pairs of base points on these sides; 

*Tbe two sin gular points on L may coincide. It can be shown that the 
counting singular point thus obtained belongs to a multiply counting 
degenerate conic of the pencil. 

< ^ A base point of the pencil is a point common to all the conics of the pencil. 
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(e) ihe double points of the involution established on L by the pencil of 
eonics. 

The line L meets the sides of the self-conjugate triangle in three 
distinct points, and conjugate to these three points are the three ver¬ 
tices of the triangle. Hence C contains these vertices. 

If B\ and Bt are two base points and P is the point in which their 
line meets L, the fourth harmonic point to B h B 2 and P is clearly 
conjugate to P with respect to all the conics of the pencil, and hence 
lies on C. 

Since each of the double points of the involution on L is conjugate 
to the other, both double points lie on C. 

EXERCISES 

1. Give a direct proof of Theorem 2 for a pencil of Type I, using the descrip¬ 
tion of the correspondence of conjugate points given in the text. Let L be in 
turn a side of the self-conjugate triangle, a line through a vertex other than a 
side, and a line not through a vertex. Then discuss the case in which L is a 
side of the basic quadrangle. 

2. Show that a pencil of point conics of Type I which cuts the line at infinity 
in the involution whose double points are the circular points at infinity has the 
following properties: (a) the conics of the pencil, with the exception of two 
imaginary parabolas, are all rectangular hyperbolas ; (6) the circle circumscrib¬ 
ing the diagonal triangle of the complete quadrangle determined by the four 
points common to all the conics is the nine-point circle of each of the four tri¬ 
angles determined by these points; (c) this nine-point circle is a special case of 
the eleven-point conic. 

3. Prove that the conic of Theorem 2, if it is nondegenerate, is identical with 
the conic of § 15, Ex. 8. Hence show that the locus of the centers of the 
rectangular hyperbolas of the pencil of Ex. 3 is the nine-point circle. 

4. Prove that, if a triangle is self-con jugate with respect to a nondegenerate 
rectangular hyperbola, the circle circumscribing the triangle passes through the 
center of the hyperbola. 

Suggestion. Find a degenerate rectangular hyperbola with respect to which 
the triangle is self-conjugate. 

5. A complete quadrangle with finite vertices and diagonal points is given. 
Show that the three diagonal points and the six mid-points of the sides of the 
quadrangle lie on a conic. 

6. State and prove Theorem 3 for an arbitrary pencil of point conics. 

7. Discuss conjugate lines with respect to a pencil of line conics. 

17. Simultaneous Invariants of Two Conics. If the collineation 
= ZdiM, (i = 1, 2, 3), A= 14-1 *0, 

i 
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carries the quadratic forms 


(1) HoijZiXj, 

jX&j, 

Oif — Oyy, 

bii = Oyi, 

into the quadratic forms 

tit 

2^atiXiXh 

Ubifta’i , 

°4 = Cy't, 

bit “ a/i, 


then it carries the quadratic form 

(2) T.(kaij+ lbn)xfXi 

into the quadratic form 

£(A fl/y + l bii)xa'i, 

no matter what values are given to k and l. 

By Ch. XIV, § 8, the discriminant of (2), namely 

(3) | koif + l hi, | - | o<, | *» + &JW + S,*i* + 16,y| P, 

is a relative invariant of weight two with respect to the group of 
collineationa; that is, the equation 

| k a/y + I 6<y| s A*| fc o,y + I bij \ 

is an identity in k, l. Hence the coefficients of the terms in the ex¬ 
pansion of the discriminant (3) as a cubic form in k, l are relative 
invariants of weight two. 

The valueB of the coefficients Si and St are readily found to be: * 

(4) Si = Si — £, 

Inasmuch as they bear on both the given forms (1), they are known as 
simultaneous invariants of these two forms. 

We now assume that the two conics 

a m £,OijXiXi = 0 , S 3 = = 0 

are nondegenerate and discuss the geometrical significance of the 
vanishing of the invariants Si and Si. 

Theorem 1. A necessary and sufficient condition that there exist a 
triangle self-conjugate with respect to the conic a. — 0 and inscribed in the 
conic fi “ 0 is that Si ** 0. 

Since Si is an invariant, it suffices to prove the theorem for a Bpecial 
choice*of the coordinate system. Take as the triangle of reference a 

*TKe coefficient of k% for example, is 


bn 

<hs 

Oj» 


flu 

ftjj 

a ii 


On 

Ol* 

hi* 

btt 

On 

an 

+ 

0*1 

til 

Oil 
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0*1 
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triangle AiAtA, which is self-conjugate with respect to a * 0 and 
whose first two vertices At, At lie on £ = 0* Then 

a s= ou*! + (hal + a*»3*, anCtjja H 0, 

2>u = 0, bn = 0, 

and 

Si = J£,Aijbij — = 

Since ^ 0, Si = 0 if and only if b M = 0, that is, when and only 
when A» lies on /S = 0. 

Since St is the dual of Si, the geometrical significance of St = 0 is the 
dual of that of Si — 0. 

Theorem 2. A necessary and sufficient condition that there exist a 
triangle self-conjugate with respect to the conic a = 0 and circumscribed 
about the conic &= 0 is that St = 0. 

According to Th. 1, S t = 0 is also the condition that there exist a 
triangle self-conjugate with respect to /S = 0 and inscribed in a = 0. 
Hence: 

Theorem 3 . There exists a triangle self-conjugate with respect to one 
conic and circumscribed about a second, if and only if there exists a triangle 
self-conjugate with respect to the second conic and inscribed in the first. 

Two conics which are related in this way are called apolar. 

EXERCISES 

1. Show that, if there is one triangle which is self-conjugate with respect to 
one of two nondegenerate conics and is inscribed in the other, there are infinitely 
many. 

2. If a = 0 is a degenerate point conic of rank 2 and p = 0 a nondegenerate 
conic, show that the singular point of a - 0 lies on p - 0 if and only if <Si = 0, 
and that the constituent lines of a = 0 are conjugate with respect to 0 = 0 if 
and only if Si * 0. Prove further that, if the rank of a = 0isl,Si always van¬ 
ishes, and Si = 0 when and only when the line of a = 0 is tangent to p = 0. 

3. State conditions in terms of the invariants of two conics (a) that a point 
lie on a nondegenerate conic; (6) that two distinct points be conjugate with 
respect to the conic; (c) that the line joining two points be tangent to the conic. 

EXERCISES ON CHAPTER XVI 

1. The points common to the point conics of a pencil of Type I may be all 
real, two real and two conjugate-imaginary, or conjugate- ima g inar y in pairs. 
In tiie case of a pencil of Type II, the double point of intersection must be real, 
whereas the two simple points may be real or conjugate-imaginary. The two 
double points of intersection of a pencil of Type III may be real or conjugate- 

* That there exists a triangle with these properties is readily established. 
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imaginary. The triple and simple point of intersection of a pencil of Type IV 
and the quadruple point of intersection of a pencil of Type V are necessarily 
real. Prove these propositions and exhibit an example under each case. 

2. Find the equation of the ellipse which goes through the point (— 2,0), is 
tangent to the axis of y at the origin, and has the line x — 2iy + 1 = 0 as an 
asymptote. 

3. Find the nondegenerate parabola which has double contact with the 
ellipse x* + 4 y* »= 100 at the points (8, 3) and (— 6, — 4). 

4. Find the parabola which has three-point contact with the parabola 
P® ■* * at the point (1,1) and meets this parabola again at the origin. 

5. In a quadratic equation in x and y the coefficient of the term in xy is 
arbitrary and all the other coefficients fixed. What does the equation repre¬ 
sent? 

4. Prove that, if each two opposite sides of a complete quadrangle are per¬ 
pendicular, each vertex is the point of intersection of the altitudes of the tri¬ 
angle determined by the other three vertices. Show that the four points (0, 0), 
(1, 2), (1, — 2), (— 3, 0) determine a complete quadrangle of this type and that 
all the real conics through them are rectangular hyperbolas. 

7. Prove that, if a pencil of point conics contains two rectangular hyper¬ 
bolas, all its real conics are rectangular hyperbolas. Hence show that a pencil 
of Type I consists primarily of rectangular hyperbolas if and only If the four 
points common to all the conics determine a complete quadrangle of the type 
described in Ex. 6; it is assumed that the four points are finite. 

8. A point conic is a rectangular hyperbola if and only if the point of inter¬ 
section of the altitudes of an inscribed triangle lies on the conic. 

9. A pencil of point conics which does not consist exclusively of circles 
contains at most one circle. A necessary and sufficient condition that it con¬ 
tain a circle is that it contain two conics which have their axes * parallel but 
are not similar and similarly placed. Prove these propositions. 

10. Show that, if there are two conics in a pencil of point conics whose axes 
are parallel, the axes of each two conics in the pencil are parallel. 

11. Using the results of Exs. 9,10, devise a method of constructing the circle 
osculating a nondegenerate conic at a given point. 

12. Show that, if from a point P on a nondegenerate conic tangents are 
drawn to a confocal conic, these tangents are equally inclined to the tangent at 
P. 

13. Prove that the tangents from a point P to a central conic make equal 
angles with the lines joining P to the real foci. 

14 . A nondegenerate central conic is determined by three real tangents and 
a real focus. Show that the second real focuB is the isogona! conjugate of the 
given focus with respect to the triangle formed by the three real tangents; see 
Ch. HI, § 10, Ex. 5. 

* To preserve simplicity of statement, we ascribe to a nondegenerate para¬ 
bola, here and in Ex. 10, a second axis perpendicular to the actual axis. 
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13. A variable central conic always has a given point aa a real focus and 
remains tangent to two real lines. Prove that the locus of the second real 
focus is a straight line. 

16. One real focus of a variable central conic which is tangent always to 
three real lines traces a straight line. Show that the locus of the second real 
focus is, in general, a nondegenerate conic. What are the exceptions? 

Suggestion. Use trilinear coordinates (Ch. X, § 7). 

17. Prove that the locus of the pole of a given line with respect to a set of 
confocal parabolas is a line perpendicular to the given line, provided this line is 
a finite line other than a diameter common to all the parabolas. 

18. Each two finite lines which are conjugate with respect to all the conics 
of a set of confocal central conics are mutually perpendicular. The lines 
which are conjugate to the lines of a pencil envelope a parabola which is tangent 
to the common axes of the conics, provided the vertex of the pencil is a finite 
point not lying on an axis. Prove these propositions. 

19. Show that the pencils of tangents to the conics of a pencil of point conics 
at two simple intersections of all the conics are perspective. Hence prove that 
the locus of the centers of the conics of a pencil of similar and similarly placed, 
nonconcentric, central conics is a straight line. 

20. A variable line conic moves so that it is always tangent to four given 
lines, no three concurrent. Show that the line joining its points of contact 
with two of the given lines always passes through a fixed point. Identify this 
point. 

21. On a common tangent of a pencil of line conics two points, neither of 
which is an intersection of common tangents, are chosen. Show that the two 
pencils of tangents from these points to the conics of the pencil are projective. 

22. Show that the locus of the focus of a variable parabola which is always 
jangent to three given nonconcurrent finite lines is a circle. 

23. A variable point conic always passes through four given points, no three 
collinear. A triangle inscribed in the conic has one vertex at one of the given 
points and the two adjacent sides fixed. Discuss the envelope of the third side. 

24. A pencil of point conics containing one circle is given and the isotropies 
through a simple finite intersection P of all the conics are drawn. Show that 
the envelope of the line joining the second points of intersection of these iso¬ 
tropies with the general conic of the pencil is a nondegenerate parabola with 
P as focus. 

25. Show that the conics of a pencil of line conics of Type I are concentric if 
and only if the four common tangents form a parallelogram. 

26. One asymptote of a variable central conic which circumscribes a given 
triangle always passes through a fixed finite point. Show that the second 
asymptote envelopes a conic which is inscribed in the triangle. 

Suggestion. First prove analytically the projective generalization of the 
theorem. 



CHAPTER XVII 

APPLICATIONS OF TRANSFORMATIONS* 


1. Pdar Reciprocation with respect to an Arbitrary Conic. We 
have already noted, in Ch. X, § 6, that a correlation carries an arbi¬ 
trary projective configuration into the dual configuration and is the 
most general transformation of the plane which has this property. 
Thus the correlations are the transformations which guarantee that, if 
a certain projective theorem is true, the dual theorem is also true. 

It was Foncelet who first developed the principle of duality. He 
employed, not the general correlations, but the involutory correlations, 
the transformations of pole into polar with respect to nondegenerate 
conics (Ch. XIV, § 3). In giving an account of his method we em¬ 
ploy his own terminology. Two figures which correspond by a 
transformation of poles and polars he called reciprocal polar figures, 
intending to convey by the word reciprocal the meaning we have 
attached to the word dual. The transformation itself iB, then, known 
as polar reciprocation .f 

One example suffices to show how polar reciprocation ensures the 
truth of a projective theorem when the dual theorem is known to be 




true. Let the harmonic properties of the complete quadrilateral be 
given, and let it be required to establish those of the complete quad¬ 
rangle. Reciprocate the given complete quadrangle with respect to a 

* We shall find it convenient, in this chapter, to exclude conics without real 
traces. 

! Hie mm* ^ particularly fitting: polar reciprocation is “ polar dualisation,” 
that is, dualisation by means of the theory of poles and polars. 

*f 326 
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fixed nondegenerate conic. The reciprocal polar figure is a complete 
quadrilateral. The vertices A, B, C, D of the quadrangle reciprocate 
into the sides a, b, c, d of the quadrilateral, the pairs of opposite Bides 
Pu Pit Qu <tb r u r * of the quadrangle into the pairs of opposite vertices 
Pit Ptt Qu Qtt Ptt Pi of the quadrilateral, and the diagonal points 
P t Q, R of the quadrangle into the diagonals p, q, r of the quadrilateral, 
as shown in Fig. 1.* 

Not only is the quadrilateral the reciprocal of the quadrangle, but 
the quadrangle is the reciprocal of the quadrilateral. Consequently, 
from the harmonic properties of the quadrilateral follow those of 
the quadrangle. For example, the pole of the line z introduced in 
the quadrilateral is the point Z marked in the quadrangle. Since 
by hypothesis (o b, p z) = — 1, it follows on reciprocation that 
(A B, P Z) - - 1. 

A Second Use of Polar Reciprocation. Suppose that the conic with 
respect to which we reciprocate the complete quadrangle is a central 
conic with P as center. The polar p of P is then the line at infinity. 
Hence a and b, and also c and d, are parallel, and the complete quadri¬ 
lateral is a parallelogram. But the harmonic properties of a parallelo¬ 
gram are self-evident, and from them we obtain, on reciprocating back, 
the harmonic properties of the complete quadrangle. 

This example illustrates a method by means of which polar reciproca¬ 
tion can frequently be used to establish a projective theorem. By 
proper choice of the conic of reciprocation the figure for the projective 
theorem is carried into a figure which pictures, not the dual theorem, 
but a special affine case of the dual theorem. If this special case of the 
dual theorem can be proved, the figure for it can be reciprocated back 
into the original figure and the required projective theorem is thus 
established. 

A central conic is usually employed as the conic of reciprocation and 
the success of the method ordinarily depends on a wise choice of the 
center of this conic ,—the center of reciprocation. See Ex. 3. 

EXERCISES 

I. Show that a complete quadrilateral can be reciprocated into a parallel¬ 
ogram an d its diagonals. Hence establish the harmonic properties of the 
complete quadrilateral. 

* The reader Bhould draw his own figure and follow the process of recipro¬ 
cation step by step. Practice in these simple cases is the only safeguard against 
confusion in the more complicated cases which are to follow. 
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2. Assuming one half of Desarguea’ triangle theorem, prove the other half 
by polar reciprocation. 

3. Without assuming the dual theorem, prove that, if the corresponding 
sides of two triangles intersect in collinear points, the lines joining corre¬ 
sponding vertices are concurrent. 

Suggestion. Take as the center of reciprocation the point of intersection of 
two of the lines joining corresponding vertices. 

2. Con tinuat ion. Polar Reciprocation of Conics. In reciprocating 
a curve C, we can think of it either as a point locus Cp or as a line 
envelope Cl- The reciprocal of Cp is a line envelope C L , and the 
reciprocal of Cl is a point locus Cp.* 

The point curve Cp and the line curve Cl correspond in the sense of 
Ch. XIII, § 2; taken together, they form the curve C. Similarly, the 
reciprocal line and point curves C' L and Cp correspond, and form together 
a curve C'. 

To establish this fact we must show that the tangents to Cp are the 
lines of cL and that the contact points of C' L are the points of Cp. 

Let T be an arbitrary point of Cp, 
corresponding to the tangent tto C; 
T a neighboring point of Cp, corre¬ 
sponding to the tangent t’ to C; and q 
the line joining T and T', corresponding 
to the point Q common to t and t'. The 
tangent p to Cp at T is the limit of q as 
T* approaches T along Cp. Since polar 
reciprocation is continuous, the pole 
of p must be the limit of Q as t' approaches t along C and is, therefore, 
the contact point P of C on t. Thus, the tangent p to Cp is the polar of 
the point P of C. But p was an arbitrary tangent to Cp. Consequently, 
the tangents to Cp are the polars of the points of C and hence are the 
lines of CL Similarly, the contact points of C' L are the points of Cp. 

As direct consequences of our argument, we have 

Theorem 1. A point and corresponding tangent of a curve C recipro¬ 
cate into a tangent and corresponding point of the polar reciprocal curve C. 

Theorem 2 . Tangent curves reciprocate into tangent curves. 

* If C has only one, aspect, the situation is simple. For example, if C can 
be considered only as a point curve, its polar reciprocal can be thought of 
only as a line curve. Thus the reciprocal of a degenerate point conic is a 
degenerate line conic, and vice versa. 




APPLICATIONS OF TRANSFORMATIONS 


329 

We turn now to polar reciprocation of conics. Inasmuch as a 
correlation is a linear transformation and preserves harmonic division, 
we conclude immediately: 

Theorem 3. The polar reciprocal of a conic C is a conic C'. Two 
points conjugate with respect to C reciprocate into two lines conjugate 
with respect to C'. A point and a line which are pole and polar with 
respect to C reciprocate into a line and a point which are polar and pole 
with respect to C. 

Since the polar reciprocal of a point conic is a line conic, a pair of 
point conics reciprocates into a pair of line conics, and a pencil of point 
conics into a pencil of line conics. The points common to the point 
conics correspond to the tangents common to the line conics, the 
degenerate conics of the pencil of point conics correspond to the 
degenerate conics of the pencil of line conics, and the singular points of 
the pencil of point conics correspond to the singular lines of the pencil 
of line conics. 

The last of these facts leads, by inspection of the table of singular 
points and lines of Ch. XVI, § 15, to the following theorems. 

Theorem 4. A pair or a pencil of point conics of a given type recipro¬ 
cates into a pair or a pencil of line conics of the same type. 

Theorem 5. The order of contact of two conics is preserved by polar 
reciprocation. 

Example 1. Assuming Pascal’s Theorem, prove Brianchons 
Theorem by polar reciprocation. 

Reciprocate the figure representing the hypothesis of Brianchon’s 
Theorem. The result is a figure picturing the hypothesis of Pascal’s 
Theorem. Construct in this figure the conclusion of Pascal’s Theorem. 
Then the reciprocal construction in the original figure guarantees the 
conclusion of Brianchon’s Theorem. 

Example 2. Find the polar reciprocal of the parabola 

( 1 ) y 1 = 2 mx + m 1 

with respect to the circle 

(2) 3? + y* = 1. 

First Method. The equations of the polar reciprocation with respect 
to (2), expressed in homogeneous coordinates, are 

pxi «= «i, pxs *■ uj, />*» “ ~ u »- 
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Hence the parabola, reciprocate* into 

i4 + 2 muiu, — m*ti* = 0. 

This conic has, as its equation in point coordinates, 


(3) m(x* + y*) + 2 x = 0, 

and bo is a circle. 

Second Method. The equation of the tangent to the parabola (I) 
at the point (x, y) is 


— mX + yY — (mx + m*) = 0. 

Let the pole of this tangent with respect to the circle (2) be (x', y'). 
A second equation of the tangent is, then, 


Hence 


x'X + i/Y - 1 = 0. 


m y_ 


mx + m*. 


Substituting into (1) the values found for x and y from these equations, 
we find, as the polar reciprocal of the parabola, the circle (3). 


EXERCISES 

1. Do Example 1 in the text in detail, drawing and marking carefully the 
figures. 

2. Assuming the following theorems, prove their duals by polar reciprocation: 

(a) Steiner’s Theorem; (6) Ch. XVI, 57, Th. 2; (c) Ch. XVI, §7, Ex. 9; 

(d) Desargues’ Involution Theorem. 

3. Find the polar reciprocal of the hyperbola xy o* with respect to the 
parabola y* *• 2 mx. 

4. Find the polar reciprocal of the circle x* + y 1 — 6x —3 " 0 with respect 
to the hyperbola 2 x* — p* *■ 6. 

5. Show that a nondegenerate conic reciprocates with respect to a central 
conic into a hyperbola, parabola, or ellipse, according as the center of recipro¬ 
cation is outside, on, or inside the conic. 

<J. What can you say of the polar reciprocal of a parabola with respect to a 
parabola? 

7. Show that polar reciprocation with respect to the conic 

xi* + xj* + Xi* - 0 

has the equations 

jfc pXl “ pXt =■ lit, P X * “ Uj. 

Hence prove wum, if fa the equations constituting an analytic proof of a pro¬ 
jective &%corel||point coordinates and line coordinates are everywhere inter¬ 
changed, the iSh« equations furnish a proof of the dual theorem. 

Mfc# > 
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3. Polar Reciprocation with respect to a Cirde. Let the conic of 
reciprocation be a circle with center at 0 and radius r. The polar of 
a point P is, by symmetry, perpendicular 
to OP. Moreover, since OQP is a right 
triangle, OP' * OP = r*. 

Theorem 1. The polar of a finite point P, 
other than 0, is perpendicular to OP and at a 
distance OP' from 0 such that 
OF • OP = r 3 .* 

The theorem pictures clearly the relative 
positions of a point and its polar. It tells us, in particular, that the 
nearer the point is to 0, the farther away from 0 is its polar, and vice 
versa. 

Theorem 2. The polars of the circular points at infinity, I and J, are 
the isotropies 01 and OJ. 

For, the polars of I and J are the tangents at I and J, that is, the 
asymptotes 01 and OJ of the circle. 

Theorem 3. A circle reciprocates into a nondegenerate conic which 
has 0 as a focus and the polar of the center of the circle as the corresponding 
directrix. 

The circle must in any case reciprocate into a conic. Since I and J 
are on the circle, the isotropies 01 and OJ are tangent to the conic 
and 0 is consequently a focus of the conic. 

The focus 0 and the corresponding directrix c are pole and polar with 
respect to the conic. Hence their recipro¬ 
cals, o and C, are polar and pole with re¬ 
spect to the circle. But, since 0 is the cen¬ 
ter of reciprocation, o is the line at infinity. 
Thus the line at infinity and C are polar 
and pole with respect to the circle, and so C 
is the center of the circle. 

A similar proof may be given for the con¬ 
verse: 

Theorem 4. The polar reciprocal of a nondegenerate conic with 
respect to a circle having its center at a focus is a circle whose center is the 
pole of the corresponding directrix. 

* The theorem has been proved when P is outside the circle. An analytic 
proof covering all cases can readily be given. 
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The applications of polar reciprocation with respect to a circle may 
be conveniently classified under three heads. 


A. Proof of Projective Theorems. To establish a projective property 
of a conic it suffices to prove the dual property for a circle. Let it be 
required, for example, to show that four given tangents to an arbitrary 
nondegenerate conic cut an arbitrary fifth tangent in a constant cross 
ratio. Reciprocate the conic into a circle by the method of Th. 4. It 
suffices, then, to prove that a cross ratio of the four lines joining four 
points on the circle to an arbitrary fifth point is constant; see Ch. VI, 
§ 4, Ex. 8. 



Fig. 5 


B. Reciprocation of Properties Involving Angle. The applications 
under thiB head are based on the theorem pic¬ 
tured in Fig. 5, namely: The angle which two 
points subtend at 0 is equal to one of the angles 
under which their polars intersect. 

Example 1. Generalize by polar recipro¬ 
cation with respect to a circle: A tangent to 
a circle is perpendicular to the radius drawn to 
the point of contact. 

By Th. 3, the circle reciprocates into a conic with 0 as focus and c 
as the corresponding directrix. The tangent t and the corresponding 
point P of the circle reciprocate into a point 
T and the corresponding tangent p of the conic, 
and the line s joining P to C goes into the point 
S in which p meets c. Since t and s are perpen¬ 
dicular, the points T and S subtend a right 
angle at 0. Thus the required generalization 
ht: The segment of a tangent to a conic between 
the point of contact and a directrix subtends a 
right angle at the corresponding focus. 

Since Theorem 4 guarantees that every non¬ 
degenerate conic can be obtained from some 
circle by our special method of reciprocation, and since the given the¬ 
orem is true for all circles, the generalized theorem is established for all 
noqdegenerate conics. 

Example 2. Generalize: The locus of the point of intersection of 
two tangent^ to a circle which cut under a constant angle is a concentric 



Fig. 6 
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The figure tells the story. The generalized theorem is: The envelope 
of a chord of a nondegenerate conic which subtends a constant angle at 
a focus is a conic which has this focus and 
the corresponding directrix in common with 
the given conic. 

C. Reciprocation of Properties Involving 
Distances Measured from 0. Let it be re¬ 
quired to generalize the fact that the sum 
of the distances from a point within a circle 
to two parallel tangents is constant, when 
the point is taken as the center 0 of the 
circle of reciprocation. 

Since the tangents from 0 to the given circle are imaginary, the 
points at infinity on the reciprocal conic are imaginary and the conic 
is an ellipse (§ 2, Ex. 6). By hypothesis. 



The sum of the reciprocals of the segments of a focal chord of an ellipse 
is constant. 



EXERCISES 

Prove by polar reciprocation with respect to a circle: 

1. Steiner’s Theorem. 2. Theorem 1 6 of Ch. XV, § 1. 

Gener aliz e, by polar reciprocation with respect to a circle, the following 
propositions. 

3. An angle inscribed in a semicircle is a right angle. 

4. The envelope of a chord of a circle of constant length is a concentric 
circle. 

5. The polar of a point with respect to a circle is perpendicular to the line 
joining the point to the center of the circle. 

6. Two tangents to a circle make equal angles with their chord of contact 
and equal angles with the line joining the center to their common point. 

7. The envelope of the hypotenuse of a right triangle which is inscribed in 
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a circle and hats the vertex of the right angle at a fixed point on the circle is 
the center of the circle. In reciprocating take the fixed point as O. 

8. Discuss the problem taken up under C in the text when the point is 
taken (a) on the circle; (b) outside the circle. 

0. If a is the radius of the given circle in Fig. 4 and d is the distance from its 
center C to the center of reciprocation 0, show by means of Th. 1 that the dis¬ 
tance tn from the focus to the corresponding directrix of the conic is r*/d, and 
that the semi-latus rectum of the oonio is r*/o. Hence show that the eccentric¬ 
ity e of the conic is d/a. 

10. Using the data just deduced for the conic, namely 



show that a given circle can be reciprocated into a nondegenerate conic of any 
shape and sum. 

11. Generalise by polar reciprocation with respect to a circle: Two common 
tangents to two equal circles are parallel to one another and to the line of cen¬ 
ters. In reciprocating the fact that two circles are equal, employ the results 
of Ex. 9. 

12. If two perpendicular tangents be drawn to a circle, the locus of their 
point of intersection is a concentric circle and the envelope of their chord of 
contact is also a concentric circle. Observe that the radii of these two circles 
can be readily computed. Obtain a new theorem by reciprocating with respect 
to a circle whose center is on the first circle. 

4. Applications of Projections. Collineations are used, in much the 
same way as polar reciprocation, for two purposes; (a) to obtain from 
affine and metric theorems projective generalizations; (b) to establish 
projective theorems by reducing them to affine or metric theorems 
capable of simple proof. 

In discussing these applications, we shall speak of projections rather 
than of collineations, and employ the terminology of projection rather 
than that of general transformation theory. Whether we interpret 
.our statements in terms of the actual process of projection or as re¬ 
ferring to collineations of the plane into itself or into a second plane, 
is immaterial. 

In a projection, the fates of four lines, no three concurrent, are at 
our disposal. We ban, then, surely dispose of one at pleasure. Hence: 

ThEobkm 1. Any given line can be ‘projected into the line at infinity . 

In order to prove by projection the harmonic properties of a com¬ 
plete quadrilateral, it suffices to show that a complete quadrilateral 
eoanlways be projected into a parallelogram. How is this done? 
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Proofs of Projective Properties of Conics. Here we rely primarily on 
the following theorem. 

Theorem 2. A nondegenerate conic and a point within it can be 
projected into a circle and its center. 

Since the given point M is within the conic, its pole m meets the 
conic in two conjugate-imaginary points. Choose a real projection 
which carries these two points into I and J. The conic projects into a 
conic through I and J, that is, into a circle. Moreover, since M and m 
are pole and polar with respect to the conic, their projections are pole 
and polar with respect to the circle. The projection of m is the line 
at infinity. Hence M goes into the center of the circle. 

An equivalent to Theorem 2 is evidently: A nondegenerate conic and a 
line intersecting it in conjugate-imaginary points can be projected into a 
circle and the line at infinity. 

Example 1. Let it be required to prove Pascal’s Theorem by 
projection. 

Project the given conic into a circle and the line join¬ 
ing the points of intersection of two pairs of opposite 
sides of the inscribed hexagon into the line at infinity. 

The projected hexagon (Fig. 9) has, then, two pairs 
of opposite sides, say 1, 4 and 2, 5, parallel, and it 
remains to prove that the sides 3, 6 are parallel. 

Since Bides 1 and 4 are parallel, 

(1) arc 2 + arc 3 = arc 5 -f arc 6, 

where we mean, for example, by arc 2, the shorter arc of the circle 
subtended by the chord 2. Similarly, since sides 2 and 5 are parallel, 

(2) arc 1 + arc 6 = arc 3 + arc 4. 

Adding (1) and (2), we get 

arc 1 + arc 2 = arc 4 + arc 5. 

Hence the sides 3 and 6 are parallel.* 

Example 2. If a variable triangle is circumscribed about a conic 
and two of its vertices trace fixed straight lines, find the locus of the 
third vertex. 

We project the given conic and the point of intersection M of the 

* The details of the proof are slightly different if any of the sides of the 
hexagon intersect within the circle. 
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given straight lines, which we assume does not lie on the given conic, 
into a circle and its center. Our problem is thus reduced to finding the 

locus of a vertex of a triangle which iB cir¬ 
cumscribed about a circle and whose other 
two vertices move on fixed lines passing 
through the center of the circle. 

This locus is a circle concentric with the 
given circle. For, the angle at P' (Fig. 10) is 
readily shown to be constant. In A A'B'P', 
Z A’ = r — 2 a and Z B' = t — 2 b, bo 
that Z P' = 2(o + 6) — v. But a + b in 
10 A A'B'M' is the supplement of the constant 



angle at M’. 

A circle concentric with the given circle is a conic having double 
contact with it at I and J. Since I and J are the projections of the 
points in which the given conic is intersected by the polar of the point 
M, we obtain as the answer to our original problem: 

The locus of the third vertex of the triangle is a conic which has 
double contact with the given conic at the points in which the polar of 
the point common to the two given lines meets the given conic. 


Critique . Principle of Continuity of Analytic Proofs. According to 
Th. 2, we can project the given conic and the point M of Example 2 
into a circle and its center only if Af is a point within the given conic. 
Consequently, we have established the answer to our locus problem 
only in this case. It is reasonable to expect that the answer will be 
the same when M is outside the given conic. How shall .we prove that 
this is true? 

Again, in Example 1, we established Pascal’s Theorem only in the 
case when the pole of the line joining the points of intersection of the 
two chosen pairs of opposite sides of the inscribed hexagon is a point M 
inside the given conic. How can the proof be extended bo that it is 
valid also when M is outside the conic? 

Poncelet has provided us with an effective means of meeting this 
difficulty in his principle of continuity of analytic proofs. This prin¬ 
ciple, stated in a form adapted to our needs, maintains that, if a pro¬ 
jective theorem has been established in case a certain point AT lies 
inside a certain conic, the analytic proof which it would then be 
possible to give for this case would be valid also when M is outside 
the conic. 
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The justification of the principle is contained in the following Lem¬ 
ma, the proof of which belongs to a course in Analysis. 

Lemma. If a homogeneous algebraic function /(ft, r 2) rf) of the coordi¬ 
nates (ft, Tt, 7s) of a point M vanishes for all points M inside a certain 
conic, then it vanishes identically. 

Suppose that M is the point M of the proof of Pascal’s Theorem 
and that we have deduced the equation whose truth, when M : (n, r 2 , r s ) 
is inside the given conic, establishes Pascal’s Theorem analyti¬ 
cally in this case. This equation is of the form/(ri r 2 , r%) — 0, where 
/(ft, r 2 , r 8 ) is a homogeneous algebraic function of ft, r 2 , r*. Hence 
it follows, since fin, r 2 , r 3 ) = 0 is a true equation for all points M in¬ 
side the given conic, that /(ft, r 2 , r s ) = 0 and the theorem is always 
valid. 

The answer to the locus problem of Example 2 involves two parts, 
first that the locus is a conic and, secondly, that this conic has double 
contact with the given conic in two specific points. The fact that the 
locus is a conic is expressed analytically by the equation n — 2 = 0,* 
which says that the degree n of the equation of the locus is 2. The 
contention that the locus has double contact with the given conic 
in two fixed points is given analytically by four equations which 
are of the forms fi(n, r 2| r>) = 0, i = 1, 2, 3, 4, where the functions 
/,(n, r 2 , r») are homogeneous algebraic functions of n, r 2 , r 3 . Since the 
nature of the locus has been established when M : (ri, r 2 , r 3 ) is inside 
the given conic, we know that all five equations are valid when M is 
thus restricted. Hence, by our Lemma, they are valid also when M is 
outside the given conic. 

We must now qualify our general argument to cover certain con¬ 
tingencies which may arise. It is conceivable that the hypothesis of 
the proposition to be established may, by restrictions it places on M, 
limit the application of the Lemma or, indeed, exclude its use entirely. 
Suppose that the hypothesis restricts M by a condition which is 
equivalent to an inequality: r 2 , r») ^ 0. Then the validity of the 

analytic proof is necessarily subject to the condition <fr(ri, r 2 , r») ^ 0, 
and the proposition cannot possibly be guaranteed by the Lemma for 
points M for which </>(n, r 2 , r 2 ) = 0. For example, the answer to our 
locus problem is not validated by the Lemma for points M on the given 

* The expression n — 2 is a homogeneous polynomial in ft, r,, r e of de¬ 
gree 0. 
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conic. For, the very nature of the answer implies the tacit hypothesis 
that the polar of M meet the given conic in distinct points.* 

EXERCISE S 

Prove by projection; 

1. Hie triangle theorem of Desarguee. 

2. Steiner’s Theorem. 

3. The theorem of Ex. 1, End of Ch. XIV. 

4. Brianchon's Theorem. 

5. Theorem 2 of Ch. XVI, j 7. 

6. The involution theorem of Des&rguee, for a pencil of Type I. 

7. The pairs of points in which the lines of a pencil cut a conic form an 
involution. 

Generalize by projection: 

8 . A chord of a circle which is tangent to a concentric circle is bisected by 
the point of contact. 

9. If two circles are tangent at a finite point P and a line is drawn through 
P meeting the circles again in Pi and P s , the tangents to the circles at Pi and Pi 
are parallel. 

10. A variable triangle is inscribed in a fixed conic and two of its sides turn 
about fixed points. Find by projection the envelope of the third side. 

5. Continuation, Projection of Perpendicularity and Angle. We 
make use here of the projective interpretations of angle and perpen¬ 
dicularity due to Laguerre, Ch. VIII, § 6. From the interpretation of 
perpendicularity, we conclude that two perpendicular lines project into 

two lines which separate harmonically the 
lines joining their common point to the 
projections of the circular points at infinity. 

Example 1. Let it be required to gen¬ 
eralize by projection the theorem: The 
tangent to a circle is perpendicular to the 
radius drawn to the point of contact- 
The circle projects into a conic. The 
center M of the circle and the line at in¬ 
finity project into a point M' and a line m' 
which are pole and polar with respect to the conic, and/ and J project 
into the points V and J' in which m' meets the conic. A point P on 

* If Af lies on the given conic, the locus is a conic which has four-point 
contact with the given conic at M. 
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the circle project* into a point F on the conic, the tangent PT into 
the tangent F T', and the radius PM into the line P'M’. Finally, Bince 
(PMPT, PIPJ) =-l, we have 

(P'M' P'T', PT P'J') * - 1 or (S'7”, I'J') = - 1. 

If M is a paint and m is its polar with respect to a nondegenerate conic, 
the tangent at an arbitrary point P of the conic and the line MP intersect 




m in conjugate points. 

Since an arbitrary conic and a point within it can be projected into 
a circle and its center, the theorem is established is this case and hence, 
by the principle of continuity, in all cases.* 

Example 2. Generalize by projection: The envelope of a chord of 
constant length of a circle is a concentric circle. 

The circle, its center M and the line at infinity, and I and J project, 
as in the previous example, into a conic, a point M 1 and its polar m 
with respect to the conic, and the pointB /' 
and J 1 in which m' meets the conic. A chord 
AB of the circle goes into a chord A'B 1 of the 
conic. Since AB always subtends the same 
angle at the center M of the circle, it follows 
from Laguerre’s interpretation of angle in 
terms of cross ratio, that (MA MB, MI MJ) 
is constant. Consequently, A'B' moves so 
that the cross ratio (M'A 1 M'B', MT M’J') 
is constant. Since the envelope of A B is a 

circle having double contact with the first circle at I and J, the en¬ 
velope of A’B' is a conic which has 
double contact with the first conic at 
I' and J'. 

The envelope of a chord of a conic 
which moves so that the lines which join 
its extremities to a fixed point M', not 
on the conic, form a constant cross ratio 
with the tangents from M r , is a conic 
which has double contact with the given 
conic at the points in which it is met by 
the polar of M'. 

Example 3. Generalize by projection: The sum of the three angles 
of a finite triangle is two right angles. 

* The theorem is obvious but trivial if the point is on the conic. 
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Let B\, $•, 61 be tbe directed angles of the triangle, all measured in the 
same sense, as shown, for example, in Pig. 13. Then 

( 1 ) 6i + 0 * 4 - 6» == ± T. 

If Xi, X], X* are the cross ratios of the sets of four Ones at the vertices of 
the triangle: 

(2) Xi = ( 020 *, dipi), Xs — (o»Oi, d*p*), X* = (aio*, d«p*), 
then, by Laguerre’s interpretation of angle, 

Pi = 2 ^. log X*, P*=—.logXj, P» = —logXi, 

* 

and (1) becomes 


log Xi + logXs + log X* = ± 2 *• t 
or 

XiXtX, = e* M . 

Since 

e* = cob <f> + t sin d>, e* M = cos (dfc 2 x) + i sin (± 2 ir) 
Hence 

(3) X,X*X, = 1. 


1 . 


Thus, equivalent to the fact that the sum of the angles is two right 
angles is the fact that the product of the three cross ratios (2) is unity. 
A remarkable relationship! 

The desired generalization is now obvious: the equality (3) holds for 
any triangle and any pair of points neither of which lies on a side. We 
have thus established the direct theorem on which is based the theory 
of projective coordinates in the plane. The converse is readily proved 
from it. 


EXERCISES 

Generalize by projection: 

1. An angle inscribed in a semicircle is a right angle. 

2. The locus of a point from which the tangents to a circle form a constant 
angle is a concentric circle. 

3. The polar of a point with respect to a circle is perpendicular to the line 
joining the point to the center. 

4. The sum of tile directed angles of a quadrilateral is equal to ± 2 * 
radia ns . * 

* How must “ directed angle ” be defined in order that this remains true 
when the quadrilateral is reentrant? 



APPLICATIONS OF TRANSFORMATIONS 341 

5. The locus of the point of intersection of two perpendicular tangents to a 
central conic is a circle whose center is the center of the conic. 

EXERCISES ON CHAPTER XVII 

Generalize by polar reciprocation with respect to a circle the following propo¬ 
sitions. 

1. The angles under which two intersecting circles meet are equal. If the 
angles are right angles, the tangents at the points of intersection pass through 
the centers of the circles. 

2. The line joining the centers of two tangent circles goes through the 
point of contact and is perpendicular to the common tangent. 

3. If a secant is drawn from a fixed point F outside a circle meeting the 
circle in the points A and B, the product FA • FB is constant. Take the 
fixed point as O. 

4. If from a fixed point tangents are drawn to a set of concentric circles, 
their points of contact lie on a circle through the fixed point and the common 
center. Take the fixed point as 0. 

5. The sum of the distances from a focus to the points of contact of two 
parallel tangents to an ellipse is constant. Take the given focus as 0. 

6. The locus of the foot of the perpendicular dropped from a focus of a 
central conic on a variable tangent is the circle on the major axis as diameter. 
Take the given focus as O. 

7. The locus of the point of intersection of perpendicular tangents to a 
central conic is a circle concentric with the conic. Take 0 (a) as a point on the 
circle; (b) as a focus of the conic. 

8. The feet of the perpendiculars dropped from a point on a circle on the 
sides of a triangle inscribed in the circle are collinear. Take the point on the 
circle as 0. 

Am. The circle which circumscribes the triangle formed by three tangents 
to a parabola goes through the focus. 

Prove the following theorems by polar reciprocation with respect to a circle. 

9. Two parabolas with the same focus and distinct axes have just one real 
finite common tangent and the angle which its points of contact subtend at the 
focus is equal to the angle between the axes. 

10. A variable conic has a fixed focus and passes through two given points. 
Show that the locus of the point of intersection of the tangents at these points 
consists of two perpendicular lines through the focus. What can be said of 
the envelope of the directrix which corresponds to the given focus? 

11. If two tangents to a parabola move always so that their points of contact 
subtend a right angle at the focus, the locus of their point of intersection is a 
rectangular hyperbola. 

12. If the diagonals of a quadrilateral inscribed in a circle are perpendicular 
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and intersect in a fixed point, the four sides are tangent to a conic with the 
fixed point as a focus. 

13. Two circles having imaginary finite points of intersection can be reci¬ 
procated into two oosfocal conics by taking, as the center of the circle of 
reciprocation, the center of one of the two null circles of the pencil of circles 
determined by the two given circles. Establish this fact, and henoe prove that 
the contact points of a common tangent to the two circles subtend a right 
angle at the center of either of the null circles. 

Generalise by projection the following theorems. 

14. If two circles are tangent internally and the diameter of one is half that 
of the other, a chord of the larger drawn from the point of contact is bisected 
by the smaller. 

15. The theorem of Ex. 2. 

IS. The locus of the point of intersection of perpendicular tangents to a 
parabola is the directrix. 

17. The locus of the two points in which a chord of a circle is divided inter¬ 
nally in a given ratio when the chord moves so that it always remains parallel 
to a diameter is an ellipse which has double contact with the circle at the ex¬ 
tremities of the perpendicular diameter, 

18. Two circles intersect in A and B. Through A any secant is drawn, cut¬ 
ting the two circles in C and D. The locus of the mid-point of CD is a circle 
through A and B with its center midway between the centers of the given circles. 

19. The locus of the center of a variable circle which passes through a 
fixed point and is tangent to a fixed line is a parabola which has the fixed point 
as focus and the fixed line as directrix. 

20. The theorem of Ex. 10. 

Prove the following theorems by projection. 

21. The theorem of Ch. II, § 6, Ex. 6. 

22. An arbitrary tangent to one of three nondegenerate conics of a pencil of 
Type III, except a common tangent, is cut by the other two conics in four points 
whose cross ratio is constant. 

23. If two triangles with distinct sides are circumscribed about a conic, 
their six vertices lie on a conic. 

Suggestion. Reduce to the proposition which appears as the answer to Ex. 8. 

24. If two triangles with distinct vertices are both self-conjugate with re¬ 
spect to a conic, their six vertices lie on a conic. See Ch. XVI, i 16, Ex. 4. 

lat each of two distinct equal circles has the same reciprocal 
th respect to the other if and only if the square of the distance 
centers is equal to three times the square of their common 
at the common reciprocal polar curve is then a hyperbola with 
the timlee as foci and their common radius as major axis. 
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26. Prove that the three conics of the preceding exercise, the two circles 
and the hyperbola, have the property that each two are polar reciprocals with 
respect to the third. 

27. Show that the polar reciprocal, with respect to XatjX&i =» 0, of 
XbtjXiXj = 0 is S CfjXfXf = 0, where 

c,/ = 2 B uithiAi i. 
u 

28. Let A, B, C be three nondegenerate conics. Show that, if B and C are 
polar reciprocals with respect to A, and C and A are polar reciprocals with 
respect to B, then A and B are polar reciprocals with respect to C. 
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THE CIRCLE 


A. The Cabtesian Geometry of the Circle 


1. Introduction. We shall begin our study of the circle from the 
point of view of metric geometry considered as a subgeometry of 
projective geometry. We shall be interested only in real circles and 
their relationships to one another and to real points and real straight 
lines. 

A real circle is the locus of an equation of the form 
( 1 ) + xi) + 02 X 1 X 3 + OjXaXj -f a«x» = 0 , 


where x%, x 2 , x, are homogeneous Cartesian coordinates and a h ch, a 3 , a t 
are real constants, not all zero. 

If ai ^ 0 , ( 1 ) may be rewritten, in nonhomogeneous coordinates, as 


( 2 ) 

where 

(3) 




k «) , 

4 a\ 


(a, a) = a* + 0 * — 4 aieu. 


We shall say that the circle (1) is proper if ai(o, 0 ) ^ 0, and degenerate 
if ai(a, a) — 0 . 

If (1) is proper: «i ^ 0, (a, a) 0 , the square of the radius is 


r* = 


(o, a) 

TaT' 


Thus, a proper circle is either a circle with a real trace : (a, 0 ) > 0, or a 
circle without a real trace: (a, a) < 0 . 

We distinguish three types of degenerate circles: 

(а) Null Circles: Oi 0, (o, a) =■= 0 . A null circle has a real finite 
center, but its radius is zero. It consists of the two isotropic lines 
through the center. 

( б ) Finite Line Circles: a t = 0, (a, 0 ) 5 ^ 0. Here the circle consists 
of a j r eg t .finite line and the line at infinity. 

(w^nfinite Line Circle ; 01 = 0 , (a, a ) = 0. The line at infinity, 
counted . 1 twice. 
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Though we shell devote our attention primarily to proper circles, 
and more particularly to those with real traces, we shall find the circles 
without real traces and the degenerate circles very useful, not only in 
enabling us to treat as special cases of a theorem what would otherwise 
be troublesome exceptional cases, but also in illuminating aspects of 
the theory which would otherwise be obscure. 

It is readily proved analytically that two proper circles have in 
common, besides the circular points at infinity, two other points.* 
According as these two points are real and distinct, real and coincident, 
or conjugate-imaginary, we shall describe the circles as intersecting, 
tangent, or nonintersecting, inasmuch as they actually fit these descrip¬ 
tions in the domain of real points in which we are primarily interested. 

Straight lines and points, other than those which, as component 
parts of a circle, are necessarily imaginary or infinite, shall be under¬ 
stood to be real and finite, unless the contrary is explicitly stated. 

Exercise. Two proper circles, one or both of which are without real traces, 
are nonintersecting and, furthermore, can never be tangent at a finite point, 
real or imaginary. Why? 

2. Power of a Point with respect to a Circle. Let C be a circle 
with a real trace with center 0 and radius r, and let P be a point. 
Through P draw a line meeting C in the points Pi, Pi. The product of 
the directed distances from P to Pi and Pi is independent of the line 
chosen, and is known as the 'power, p, of the point P with respect to C: 

p = PPl'PPs. 

Evidently p is positive, zero, or negative, according as P lies outside, 
on, or inside C. 

Taking the line PiP 2 as the diameter through P, we find 
(1) p = 0P» - r*. 

Theorem 1. The power of a point with respect to a proper circle is 
equal to the square of the distance of the point from the center of the circle 
minus the square of the radius. 

The content of this statement is to be regarded as definition for a 
circle without a real trace. In this case, since r* < 0, p is always 
positive. 

* These two points are finite, unless the circles are concentric. In this case 
the points coincide respectively with the circular points, each of which is then 
considered as counting twice. 
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Let C now be any proper circle and T the point of contact, real or 
imaginary, of a tangent drawn to it from P. If the tangent is not an 
isotropio line, the radius OT is perpendicular to it and, since the 
Pythagorean Theorem holds, 

(2) p - PT*. 

If the tangent is an isotropic, P is at 0, T is at infinity and PT * does 
not exist. We agree to define PT* here as equal to — r*, in order 
that (2) be universally valid. 

Theorem 2. The power of a point with respect to a proper circle is 
equal to the square of the tangent distance from the point to the circle. 

Exercise. Show that the power of a point inside a circle with a real trace, 
with respect to the circle, is equal to minus the square of half of the chord 
winch is perpendicular at the point to the diameter through the point. 

3. Orthogonal Circles. Points Inverse in a Circle. Let C,, C* 
be two proper circles with centers Oi, 0» and squares of radii rf, r*. 
If Ci, Ci are not concentric, the relation 

(1) 001 - r? + ri 

expresses the condition that radii drawn to a finite, real or imaginary, 
point of intersection be mutually perpendicular, and hence that Ci, 
Ci be mutually orthogonal. If Ci, Cx are concentric, we agree to take 
(1) as the definition of orthogonality. 

In connection with (1), we note that OiO* — r* is the power of 0i 
with respect to Ci. Hence we obtain a theorem closely related to 
Theorem 2 of § 2. 

Theorem 1. A proper circle cuts a given proper circle orthogonally if 
and only if the square of its radius is equal to the power of its center with 
respect to the given circle. 

It follows that all the proper circles orthogonal to a circle without a 
real trace have real traces, whereas a proper circle orthogonal to a 
circle with a real trace may be of either type; Bee Ex. 3. 

Points Inverse in a Circle. Two distinct points Pi, Pi shall be said 
to be mutually inverse in a proper or finite line circle C if they are points 
of intersection of two proper circles Ci, Ci which are orthogonal to C. 
The points Pi, P* are, by agreement (§ 1), real finite points. The 
circleg Ci, Cs have, then, real traces. 

If C is a finite line circle, the centers of the two circles Ci, C t orthog- 
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onal to it lie on its finite line, and the points P u P, are symmetric in 
this line. 

Theorem 2. Two distinct points are mutually inverse in a finite line 
circle C if and only if they are reflec¬ 
tions of one another in the finite line of C. 

We proceed to show that, if C is a 
proper circle, the points Pi, P, are ool- 
line&r with its center 0. Let the line 
OPi intersect Ci and C 2 again in Pi 
and Pt respectively. Since C is or¬ 
thogonal to Ci and <?,, the square of its 
radius r* is equal to the powers of 
its center with respect to C\ and C t : 

r 3 = OPi-OPt = OPi-OPt. 

Consequently Pi, Pi'coincide, in Pt, and 0, Pi, P, are collinear. 

Theorem 3. Two distinct points are mutually inverse in a proper 
circle with center 0 and square of radius r* if and only if they are collinear 
with 0 and 

(2) OPi-OP, = r*. 

The necessity of the condition follows from the preceding argument. 
Conversely, equation (2), in connection with the fact that Pi, P, are 
collinear with 0, says that every proper circle through Pi, P, is orthog¬ 
onal to C. 

Theorem 4. Two distinct points are mutually inverse in a proper 
circle C if and only if they are collinear with the center of C and one, and 
hence every, proper circle through them is orthogonal to C. 

This theorem follows directly from the preceding developments. 

EXERCISES 

1. Show that two points are mutually inverse in a proper circle if and only if 
they lie on a line through the center and separate harmonically the points, real 
or imaginary, in which this line meets the circle. 

2. Prove directly that two circles without real traces can never be mutually 
orthogonal. Show that a circle without a real trace, with center 0 and square 
of radius r*, is orthogonal to the circle with a real trace, with center 0 and 
square of radius — r*. 

3. There is a unique proper circle with a given point as center which is 
orthogonal to a given proper circle, provided the point does not lie on the given 




348 HIGHER GEOMETRY 

circle. The circle always has a real trace,’ unless the given circle has a real 
trace and the given point lies within it. 

4. A necessary and sufficient condition that a proper circle be orthogonal to 
a circle without a real trace, with center 0 and square of radius r*, is that it 
intersect in diametrically opposite points the circle with a real trace with center 
O and square of radius — r*, or coincide with this circle. 

4. The Radical Axis of Two Circles. Coaxal Systems. If a point 
P moves so that it always has equal powers with respect to two proper 
circles, with centers Oi, O t and squares of radii rl, rl, we have, by 

§ 2, (1), _ 

OiP* - OT - r! - rl 

If M is the foot of the perpendicular from P on OiOz, an equivalent 
relation is 

OT* - OT’ « r\ - rl. 

But always _ _ 

JJiM - <OT = OTr 
Hence _ 

OT « 0l0 ’ tl? • 

2 OiO t 

Evidently, ChM is constant and M is a fixed point. Thus, the locus of 
P is the straight line through M perpendicular to OiOt* 

The argument breaks down when the given circles are concentric. 
But then the difference of the two powers of P has a constant value, 
not zero, and their ratio approaches unity when.P recedes indefinitely, 
so that it is natural to take, as the locus, the line at infinity. 

Theorem 1. The locus of a point which moves so that its powers with 
respect to two distinct proper circles are equal is a straight tine. 

The line is called the radical axis of the two circles. 

Theorem 2 a. The radical axis of two intersecting proper circles is 
their common chard, and that of two tangent proper circles, their common 
tangent. 

For, the radical axis is perpendicular to the line of centers and 
necessarily contains every finite point common to the two circles. 

The radical axis of two nonintersecting circles intersects neither 
circle, that is, of course, in the real domain. Why? 

* By retracing steps it can be proved that every point on the line actually 
tifelongs to the locus. 
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If two distinct points * Pi, P s are mutually inverse in each of two 
given proper circles, the circle on P t Pj as diameter cuts each of the 
given circles orthogonally {§ 3, Th. 4), By § 3, Th. 1, the center of 
this circle is the point M in which the 
radical axis of the given circles meets 
their line of centers, and the radius is 
the square root of the power of M. 

The power of M is, then, positive. 

According as two proper circles are 
intersecting, tangent, or concentric, 
the power of M is negative, zero, or undefined, and hence in these 
cases distinct points mutually inverse in the two circles fail to exist. 
On the other hand, if the two circles are nonintersecting with different 
centers, their radical axis intersects neither, the power of M is positive, 
and there are just two points Pi, P 2 mutually inverse in both circles. 

Theorem 3. There exist two distinct points mutually inverse in each 
of two proper circles if and only if the circles are nonintersecting and have 
distinct centers. 

Incidentally, we have also obtained the complement of Theorem 2 a. 

Theorem 2 h. The radical axis of two nonintersecting proper circles 
with distinct centers is the perpendicular bisector of the line-segment 
bounded by the two points which are mutually inverse in both circles, and 
the common power of the point M in which it meets the line of centers is 
equal to the square of the distance from M to either of these points. The 
radical axis of two concentric proper circles is the line at infinity. 

Coaxal Circles and Coaxal Systems. Of three proper circles C\, C s , C 3 , 
let Ci, C s and Ci, C s have the same radical axis L. If L is a finite line, 
every point of it has the same power with respect to all three circles; 
if L is the line at infinity, the three circles are concentric. In both 
cases, L is also the radical axis of C 2 , C>. 

Theorem 4. If, of the pairs of circles which may be formed from three 
proper circles, two pairs have the same line as radical axis, this line is 
also the radical axis of the third pair. 

The three circles are termed coaxal, and each is said to be coaxal with 
the other two. 

* The reader will recall that by “ points ” we always mean real finite points 
unless the contrary is explicitly stated. 
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Theorem 5. A necessary and sufficient condition that a proper circle 
be coaxed with two proper circles is that it go through their points of inter- 
section if they intersect, be tangent to them at their common point if they 
are tangent, share with them their common pair of inverse points if they 
are nonintersecting and have different centers, and be concentric with them 
if they are concentric. 

We give the proof in the only difficult case. Let C\, C% be two non¬ 
intersecting proper circles with distinct centers, and let Pi, P 2 be the 
two points mutually inverse in both. Suppose that C is an arbitrary 
proper circle in which Pi, P 2 are inverse. Then, since Pi, P 2 are 
mutually inverse in both C and Ci, C and Ci are nonintersecting circles 
with different centers, by Th. 3. Consequently, Theorem 2 b can be 
applied and guarantees the same radical axis for C and C\ as for C\ 
and Cj. Conversely, if C is coaxal with Ci and C t , C and C\ are non¬ 
intersecting circles with distinct centers, since otherwise C\ and C 2 
would not be. Moreover, by Th. 2 b, the line of centers of C and Ci is 
the line of centers of C\ and Ct, and the point M in which the common 
radical axis meets this line has the same positive power with respect to 
all three circles. But, again by Th. 2 b, the two points mutually in¬ 
verse in C and Ci lie on the line of centers at a common distance from 
M equal to the square root of the power of M, and hence must be the 
points Pi, Pt mutually inverse in Ci and Ct. 

The totality of all proper circles coaxal with two proper circles is 
called a coaxal system. From Theorem 5 we have: 

Theorem 6. There are coaxal systems of four descriptions: (.A) the 
circles through two points; (B) the circles tangent to a straight line at a 
given point; (C) the circles in which two points are mutually inverse; and 
(c) the circles with a given point as center. 

It is obvious that all the circles of a system of type (A) or (B) have 
real traces. It is equally evident that & system of type (c) contains 
cades ot both lands. This »true also oi a system oi type ^CT) *. 

Theohim 7. Each point collinear with two given points, other than the 
points themselves, is the center of a unique proper circle in which the given 
points are mutually inverse. The circle has, or has not, a real trace ac- 
corthng as its center is exterior or interior to the line-segment bounded by 
the gtoen points. 

The proof of the theorem we leave to the feeder. 
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EXERCISES 

1 . Give the proof of Theorem 5 in the first n eee. 

2. Establish Theorem 7. Plot accurately a large number of the circles with 
real traces which belong to a coaxal system of type (C), 

3. Prove that the mid-points of the four oommon tangents to two mutually 
external circles with real traces are collinear. 

5. Continuation. Analytic Treatment. The power of the point 
P : (a;, y) with respect to the proper circle 

(x — Xo) 5 -f (y — j/o ) 1 = r* 

is, by § 2 , ( 1 ), 

p = (x — ®o)* + (y — i/o ) 1 — r 5 . 

Theorem 1. The power of the point (x, y) with reaped to the proper 
circle 

a(x, y)sx* + l/* + o*E + a l y + a 4 = 0 

is a(x, y). 

The content of the theorem is to be taken as the definition of the 
power of an imaginary point. 

A complex point (x, y) has, then, the same power with respect to 

y) *» z* + y* + biX + hy + i« ■ 0 

ais it has with respect to a - 0 when and only when a(x, y) = 0 (x, y). 

Theorem 2 . The equation of the radical axis of the proper circlet 
a — 0 and 0 = 0 is a — 0 = 0 .* 

Coaxal Systems. Assume that, in conjunction with a = 0, 0 = 0, a 
third proper circle, 

7 (x, y) * x* + y 1 + c»x + c»y + c 4 = 0 , 

is given. The radical axis, a— 7 = 0 , ofa = 0 and 7 = 0 is the same 
as the radical axis, a - 0 = 0 , ofa =0 and 0 = 0 if and only if two 
constants m, n, neither zero, exist so that 

m(a - 0) + n(a - 7) as 0, 

* When the two circles are concentric, a, *■ 6 ,, a, = b,, and the equation 
a — 0 m 0 has a locus only after homogeneous coordinates have been intro¬ 
duced in it. 

In this connection, imagine a *> 0,0 - 0 themselves written in homogeneous 
coordinates. Then the equation 

« — 0 “ C(o» — 6»)*i + («i - &»)*» + (04 - bi)x*]xt - 0 

has as its locus the radical axis and the line at infinity. Hence, from the point 
of view of the projective geometry of conics (Ch. XVI, } 7), the radical axis is 
the common chord of At two drdes which is opposite to the line at infinity. 
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or 

n y a (m -f n) a — m 0. 

Thbobem 3. 4 necessary and sufficient condition that a proper circle 
be coaxal with two given proper circles is that it be linearly dependent on 
them. 

Thus the system of circles coaxal with a = 0, /J = 0, as defined in 
§ 4, consists of the proper circles in the totality of circles, 

k a + 10 — 0, 

linearly dependent on a = 0, /S = 0. We now extend the definition so 
that the coaxal system will include all the circles of this totality. In 
other words, we agree henceforth to think of a coaxal system as 
identical with the totality of circles, proper and degenerate, which are 
linearly dependent on two proper circles. 

One degenerate circle of the coaxal system consists of the radical 
axis a — 0=0 and the line at infinity.* This is evidently the only 
line circle in the system. 

If at — h and as = b 3 , the circles of the system, other than the line 
circle, are precisely the circles with the point (oj, a 8 , — 2) as center. 
Hence a system of type (c) contains one null circle. 

If a s bz or a, ^ the system is of type (d), ( B ), or (C). The 
centers of its circles, other than the line circle, are readily seen to be 
precisely the finite points of the range of points (k az + l h, k a 3 + l b it 
“ 2 (k + !))• Hence there are as many null circles in the system as 
there are finite points of this range which do not serve as centers of 
proper circles of the system. Inspection of the various cases shows 
that there are no* one, or two null circles according as the system is of 
type {A), ( B ), or (C). The centers of the null circles of a system (C) 
are the two points mutually inverse in the proper circles of the system, 
and the center of the null circle of a system ( B) is the point of contact 
of the circles of the system. 

Thbobem 4. Every coaxal system contains just one line circle, con¬ 
sisting oj the radical axis and the line at infinity. The centers of the 
remaining circles are the finite points of a line perpendicular to the radical 
axis, except in the case of a system (c), when they all coincide. 

The four types of coaxal systems are shown in Fig. 3. 

* See the preceding footnote. 


THE CIRCLE 


353 


Theorem 5. The locus of a point, real or imaginary, which moves so 
that the ratio of its powers with respect to two proper circles is constant is 
a circle * coaxal with the two circles, and conversely. 

This important criterion for coaxal circles ia a consequence of The¬ 
orems 1 and 3. 

Pencils of Circles. If 

a — ai(i! + zi) + <WiX» + a^cjx, + a<z2 = 0, 

P = &i(x! + z|) + btXiXi -j- fcjZtZt + bal = 0, 

are two distinct circles, the totality of circles 

ka + Ip = 0 

is known as a pencil of circles. 

. If o,i = 0 and 6i = 0, all the circles of the pencil are line circles, and 
conversely. The pencil consists of a pencil of lines with the line at 
infinity adjoined to each line to form a circle. Hence, it is of one of 
the types (a), ( b) schematically pictured in Fig. 3. 



Theorem 6. A pencil of circles is either a coaxal system or a pencil 
of line circles. 

In proving this theorem we shall make use of the following lemma 
(see Ch. XVI, § 4, Th. 1). 

Lemma. Any two distinct circles of a pencil can be taken as the base 
circles a = 0, P = 0. 

We have seen that if Oi = 0 and hi = 0, the pencil is a pencil of line 

* Strictly speaking, the locus consists of the finite points of the circle. 
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circles. If at, hi are not both zero, it can be shown that the pencil 
contains only a finite number of degenerate circles and hence an infi¬ 
nite number of proper circles. If two of the proper circles are taken as 
the base circles, the pencil becomes the totality of circles linearly de¬ 
pendent on two proper circles and so is a coaxal system. 

EXERCISES 

1. Show that a necessary and sufficient condition that the circle described 
on the line-segment bounded by two points collinear with the centers of two 
given proper circles as a diameter be coaxal with these circles is that the ratio 
of the powers of one point with respect to them be equal to the ratio of the 
powers of the other. 

2. Every circle in which two given points are mutually inverse is the locus 
of a point, real or imaginary, which moves so that the ratio of the squares of itB 
distances to the given points is constant, ^ 0, and conversely. 

3. Through a point common to all the circles of a coaxal system (A) two lines, 
other than the radical axis, are drawn. Show that the ranges of their second 
points of intersection with the circles are projective, in that corresponding 
distances have a fixed ratio. 

Suggestion. Use similar triangles. 

4. A straight line meets each of two circles with real traces in distinct points. 
Show that the tangents to the one circle at its points of intersection with the 
line meet the tangents to the other circle at its points of intersection with the 
line in four points which lie on a circle coaxal with the given circles. 

Suggestion. Employ Theorem 5, first applying the law of sines to an 
arbitrary triangle formed by the given line and two tangents, one to each circle. 

5. If the vertices of a complete quadrangle lie on a circle with a real trace, a 
line which forms with one pair of opposite sides an isosceles triangle forms with 
each pair of opposite sides an isosceles triangle, provided it does not contain a 
diagonal point. A circle can then be drawn tangent to any chosen pair of 
opposite sides at their points of intersection with the line. The three circles 
of this description and the given circle are coaxal. 

6 . The radical circle of two proper circles is the locus of a point, real or imagi¬ 
nary, which moves so that its powers with respect to the given circles are 
negatives of one another. Show that the radical oirole is coaxal with the given 
circles and has its center in the point halfway between their centers. When 
is it a circle with a real trace? A null circle? A circle without a real trace? 

7. Show that, if the radical circle has a real trace, it is the locus of the centers 
of circles which cut one of the two given circles orthogonally and are cut by the 
other in diametrically opposite points. 

8 . A coaxal system (A) consists of all the circles through two real finite 
points; show that a coaxal system (O consists of all the circles through two 
conjugate-imaginary finite points. The system (C) contains two real null 
cmdea; show that the system (A) contains two conjugate-imaginary null 
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circles. Prove that both systems are of Type I in the sense of Ch. XVI, § 4 
and that both contain three distinct, real or imaginary, degenerate circles, 
two of which are null circles and the third a line circle. 

Show that a coaxal system (S) is of Type II and that, of its three degenerate 
circles, the two null circles coincide. Of what type is a coaxal system (c)? 

6, Orthogonal Circles and Orthogonal Systems. We consider first 
the proper circles orthogonal to two proper circles. From § 3, Th. 1, 
we conclude at once: 

Theorem la. A proper circle is orthogonal to two nonconcenlrie 
proper circles if and only if its center is a point on their radical axis and 
the square of its radius is the common power of the point with respect 
to them. 

We add a second criterion of a different nature. 

Theorem 16. A necessary and sufficient condition that a proper 
circle be orthogonal to two nonconcenlrie proper circles is that it go through 
the two points mutually inverse in both if they are nonintersecting, cut them 
at right angles at their common point if they are tangent, and have their 
common points as inverse points if they intersect. 

The second part of the theorem follows from Theorem 1 a. The 
other two parts are direct consequences of the theory of orthogonal 
circles and inverse points. For example, according to § 3, Th. 4, a 
circle orthogonal to two nonintersecting proper circles with distinct 
centers must cut the line of centers in two points mutually inverse in 
both, and conversely. 

The two theorems tell us that the proper circles orthogonal to our 
two circles are the proper circles of a coaxal system. Hence we are led 
to announce 

Theorem 2. All the circles orthogonal to two given proper noncotv- 
centric circles constitute a coaxal system; they are orthogonal also to all the 
circles coaxal with the given circles. 

Theorem 3. Orthogonal to all the circles of a coaxal system of non- 
concentric circles are the circles of a second coaxal system. The two sys¬ 
tems either are of types (A) and (C) or both are of type (B), The line of 
centers of the one is always the radical axis of the other, and the centers of 
the null circles of the one, when they exist, are the points common to all the 
circles of the other. 

That these theorems are true for all the circles involved, degenerate 
as well as proper, will be evident once we have extended our criterion 
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for the orthogonality of proper circles bo that it ie applicable to all 
circles. 

The criterion for proper circles, to the effect that the square of the 
distance between the centers be equal to the sum of the squares of the 
radii, when expressed in terms of the coefficients in the equations, 

a es ai(x* + **) 4" (hXiXt + diXiXi + 04 X* — 0, 

P ws bi ( x \ + Xi ) + b&iXt 4- 6*xjZ| + = 0, 

becomes 

aJh + ajfcj — 2 Oi b 4 — 2 ajb\ ~ 0. 

We agree to extend the validity of the criterion in this form to all 
circles. 

Definition. The two circles, a : a = 0 and b : P = 0, are mutually 
orthogonal \f and only if 

(a, b) = 0, 

where 

(o, 6) s ajbi + Oib% — 2 a,b 4 — 2 a t bi. 

The geometrical significance of the definition in the various possible 
cases is readily established. 

Theorem 4. Only when the center of a null circle lies on a given circle 
is the null circle orthogonal to the given circle. A finite line circle is 
orthogonal to a proper or nidi circle only if it contains the center of this 
circle. Two finite line circles are orthogonal only when their finite lines 
are perpendicular. The infinite line circle is orthogonal to every line 
circle and to no other circle. 

Inspection now shows that Theorems 2, 3 are true in every detail. 
In fact, we may go further and generalize them. 

Theorem 5. Orthogonal to two distinct circles, and hence to all the 
circles of their pencil, are all the circles of a second pencil. 

For a circle « which is orthogonal to two given circles a and b, 
we have 

— 2 o*8i + oj** + a*s, - 2 ai«4 = 0, 

— 2 btSi 4* baft 4" b\S% — 2 b\S4 — 0. 

and b are distinct, the rank of this system of two linear homo- 
IgjlpouB equations in the four unknowns Si, «j, »j, s, is two. Consequently, 
■Psolutions of the system are linearly dependent on two nonpropor- 
pn pid solutions. Geometrically: the circles orthogonal to a and b are 
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linearly dependent on two distinct circles, that is, form a pencil. On 
the other hand, if (a, s) = 0 and (5, a) = 0, then k(a, a) + 1(6, «) = 0 
or (ka + lb,s) = 0, no matter what values k, l have. Hence each 
circle a orthogonal to a and 6 is orthogonal to every circle lb a +1 b of 
their pencil. 



(oc) 


Fig. 4 



Two pencils related as in Theorem 3 or 5 are said to be conjugate to 
one another and to form together an orthogonal system . The four 
different types of orthogonal systems are shown in Fig. 4. 

Circles Orthogonal to Three Circles. The basis of the geometrical 
discussion in this case is the following theorem. 

Theorem 6 . The radical axes of the pairs of circles formed from three 
noncoaxal proper circles go through a point, which is finite or at infinity 
according as the centers of the three circles are not, or are, collinear . 

Since the given circles are not coaxal, the three radical axes are dis¬ 
tinct (§ 4, Th, 4). If the oenters of the three circles are collinear, the 
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radical axes are parallel, or two are parallel and the third is the line at 
infinity. Conversely, if the radical axes concur in a point at infinity, 
the centers lie on a line perpendicular to the finite radical axes. Hence, 
if the centers are not collinear, the radical axes cannot concur in an 
infinite point. There is, therefore, a finite point which is common to 
two of the radical axes; but this point evidently has the same power 
with respect to all three circles and so lies on the third radioal axis. 

The point common to the radical axes is known as the radical center 
of the three circles. 

Corollary. If the radical center is finite, it has the same power with 
respect to all three circles and lies inside, on, or outside all three* 

The reader can now readily establish 

Theorem 7. There is a unique circle orthogonal to three noncoaxal 
proper circles. It is a finite line circle if the radical center is at infinity. 
If the radical center is finite, it is a circle with a real trace, a null circle, 
or a circle without a real trace according as the radical center is outside, on, 
or inside the given circles. 

We prove the generalization: 

Theorem 8. There is a unique circle orthogonal to three circles which 
do not belong to the same pencil. 

Let a, b, c be the given circles. Since they are linearly independent, 
by hypothesis, the rank of the matrix of the coefficients in their equa¬ 
tions is three. Hence the rank of the matrix of the three linear homo¬ 
geneous equations, 

(a, s) = 0, (b, s) = 0, (c, s) = 0, 

in the four unknowns 8i, s t , s», s«, is three. Therefore, «s 2 , s>, s 4 , not 
all zero, are determined to within a factor of proportionality, and the 
theorem is proved. 

Theorem 9. If there exists more than one circle orthogonal to three 
circles, the three circles belong to a pencil. 

EXERCISES 

Prove: 

1. Theorem 1 h, third part. 2. Theorem 4. 3. Theorem 7. 

4 . Give a construction, based on Theorem 6, for the radical axis of two 
noninterseeting circles with real traces and distinct centers. 

* A point is outside, cm, or inside a proper circle according as its power with 
respect to the circle is positive, zero, or negative. This theorem for circles 
with a real trace we take as definition for circles without a real trace; every 

S. 1 • ■ » t » it * JL 
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5. The three coaxal systems determined by the pairs of circles formed from 
three ncmcoaxal proper circles are all of type (C). Show that the centers of 
the six null circles in them lie on a circle. 

6. Show that there is a unique circle in a pencil which is orthogonal to a 
given circle not belonging to the conjugate pencil. 

7. Prove that, if there is a unique circle in a pencil orthogonal to all the 
circles of a second pencil, there is a unique circle in the second pencil orthogonal 
to all the circles of the first. 

8. Two circles are linearly dependent only if they coincide; three, only 
when they belong to the same pencil; and four, only when they admit a common 
orthogonal circle. Five circles are always linearly dependent. Prove these 
propositions. 

9. Prove that four distinct circles are linearly dependent if and only if, 
when they are paired, the pencils determined by the two pairs have a circle in 
common. 

10. The coaxal systems determined by two distinct pairs of proper circles 
Ci, ct and c«, Ct have a circle in common. Show that if Ci, c s , and also cj, c«, are 
intersecting circles, the four points of intersection are concyclic. 

7. Centers of Similitude of Two Circles. A homothetic trans¬ 
formation, 

(1) x' ** p x + o, y' = p y + b, p ^ 0, 

other than the identity, is t) a radial transformation of similarity 
(p > 0, 1), or ii ) a radial transformation of similarity (or the 

identity) followed by a reflection in a point (p < 0), or Hi) a trans¬ 
lation (p = 1). In cases i ) and ii), the finite fixed point, or center, 
has the homogeneous coordinates (a, b, 1 — p).* 

A transformation ii) may equally well be described as a radial trans¬ 
formation of similarity with negative ratio of similitude, and a transla¬ 
tion Hi) as a degenerate radial transformation with center at the 
point at infinity (a, b, 0) in the direction of translation and ratio of 
similitude unity. Accordingly, we agree to call the point (a, b, 1 — p) 
the center , and p the ratio of similitude, of an arbitrary transformation 
(1), other than the identity. 

If there is to be a (real) homothetic transformation which carries a 
given proper circle C into a prescribed proper circle C', both circles 

* All these facts are evident once we note that, if p 1, (1) can be re¬ 
written in the form 

x ’ — xt - p(x — *o), — Vo “ p(v - Vo ), 

where (z*, y«) is the point with homogeneous coordinates (a, 6, 1 — />). 
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must have real traces or both must be without real traces. We restrict 
ourselves to the former case as the one of greater interest. 

If C and C' are mutually external, it is geometrically evident (Fig. 5) 
that there are two bomothetic transformations which carry C into C. 
Their centers we respectively the points of intersection of the direct and 

transverse common tangents and their 
ratios of similitude are r'/r and — r'/r, 
where r and r' are the radii of C and C. 

In any case, a homothetic transfor¬ 
mation which carries C into C 1 neces- 
p IQ g sarily carries the center 0 of C into the 

center O' of C', and has as its ratio of 
similitude r'/r or — r'/r. Its center must then divide the line-segment 
00' in the .ratio r/r' or — r/r', if 0 and O' are distinct, and coincide 
with 0 and O' if they are identical. 

Theorem 1. There are always just two homothetic transformations 
which carry a given circle with a real trace into a second given circle with 
a real trace. 

The center of the transformation with positive ratio of similitude is 
called the external center of similitude, and that of the transformation 
with negative ratio, the internal center of similitude, of the two circles. 

Theorem 2. The external and internal centers of similitude of two 
noncencentric circles C, C' divide the centers 0, O' harmonically, in the 
ratios r/r 1 and — r/r 1 . Those of two concentric circles coincide in the 
common center. 

The centers of similitude constitute a pair of opposite {‘mints of inter¬ 
section of common tangents to C and C' (Ch. XVI, § 13); the external 
center is the point of intersection of the two common tangents which, 
when real, are the direct common tangents, and the internal center is 
the point of intersection of the two common tangents which, when real, 
are the transverse common tangents. When C and C" are concentric, 
these two pairs erf tangents coincide in the isotropic lines through the 
common center.* 

It is evident from these considerations that a center of similitude is 
outside, on, or inside both circles. 

Theorem 3. The centers of similitude of the pairs of circles formed 

* If C, C are tangent at a finite point P, the tangents of one pair coincide 
in the tangent at P and their point of intersection becomes the point P. 
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from three circles with real traces and noncoUinear centers are the vertices 
of a complete quadrilateral, whose diagonal triangle is the triangle 
determined by the centers of the circles. 

Let the circles be Ci, C 5 , C s , their centers 0\, O t , 0 8 , and their radii 
ri, r 2 , r*. Denote the external and internal centers of similitude of 
Ck and Ci by Eki and hi respectively. The three external centers of 
similitude Eu, En, En divide the line-segments 0i0 2 , 0 2 0 8 , 0 8 0i in 
ratios n/r*, r 2 /r s , r*/r 2 whose product is unity. Hence they are col- 
linear by the Theorem of Menelaus (Ch. VI, § 6). Similarly, the 
external center of similitude of each of the three pairs of circles is 
collinear with the internal centers of similitude of the other two pairs. 
Thus the six centers of similitude lie by threes on four lines. The 
diagonals of the complete quadrilateral formed by these lines are the 
sides of the triangle 0i0 2 0 8 . Why? 

The four sides of the quadrilateral are known as the axes of similitude 
of the three circles, that containing the external centers of similitude 
as the external axis, and the other three as the internal axes. 

Circle of Similitude of Two Circles. The centers of similitude, E and 
I, of two circles Ci, Ci with distinct centers 0\, Oi and unequal radii 
n, r 2 are distinct and finite. There exists, then, a circle described on 
El as diameter. This circle is known as the circle of similitude of 
C u C t . 

When Oi, 0 2 are the same point 0, the circle of similitude degener¬ 
ates into the null circle with center at 0. When ri — r 2 , it degenerates 
into the line at infinity and the line through I perpendicular to 0i0 2 . 

In each of these special cases, the circle of similitude evidently is 
coaxal with Ci, C 2 . To prove that this is true also in the general case, 
it suffices to show that the ratio of the powers of one of the centers of 
similitude with respect to Ci, C 2 is equal to the ratio of the powers of 
the other (§ 5, Ex. 1). If P is either center of similitude, we have, 
by Th. 2, 

OiP s _ OiP 3 


whence 


OiP 2 - r\ OiP 1 - ri 
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where pi, jn are the powers of P with respect to C x , C%. Thus, the 
proposition is proved. 

Inspection shows that (2) holds for the point 0 of the first of the 
special cases and for the point l of the second. Hence we have in all 
cases: 

Theobem 4. The circle of similitude of two circles with real traces is 

coaxal with them. It is the 
locus of a point which moves 
so that its powers with respect 
to the circles are as the squares 
of their radii. 

The condition that a point 
P lie on the circle of simili¬ 
tude, written in terms of the 
squares of the tangent dis- 


An equivalent condition, as is evident from Fig. 6, is 

cot* $i = cot* 0*. 

Thus we have obtained the property from which the circle of similitude 
derives its name. 

Theorem 5. The circle of similitude is the locus of points at which 
the two circles subtend the same angle.* 

EXERCISES 

1. Show that, if two circles are tangent to a third, one of their centers of 
similitude is colline&r with the points of contact. 

2. The six lines obtained by joining the center of each of three circles with 
real traces and noncollinear centers to the centers of similitude of the other two 
are the sides of a complete quadrangle, whose diagonal points are the centers 
of the circles. 

3. Prove that the circle of similitude of two circles with real traces is the 
locus of a point moving so that its distances to the centers of the two circles 
we as their radii. 

*. Show that, if the two circles of { 5, Ex. 4 cut equal segments from the 
straight line, the cirde on which the points of intersection of the tangents lie is 
the circle of similitude. 

* The theorem does not hold for the first of the special cases. Why not? 
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tances t\, t\ from P to C\, Ci, is 
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5. If two circles have four real distinct common tangents, the points of inter¬ 
section of these common tangents, other than the centers of s imili tude, lie on 
the circle constructed on the line-segment bounded by the centers of the given 
circles as diameter. 

Establish the following theorems concerning the three circles of similitude of 
the pairs of circles formed from three given circles with real traces and noncollinear 
centers. 

6. Every circle orthogonal to the three given circles is also orthogonal to the 
three circles of similitude. 

7. The circle which goes through the centers of the three given circles is 
orthogonal to the three circles of similitude. 

8. The three circles of similitude belong to the same pencil of circles. 

8. Inversion. This is the name given to the involutory transforma¬ 
tion carrying each of two arbitrary points which are mutually inverse 
in a circle into the other. The circle may be a proper circle, with or 
without a real trace, or a finite line circle. It is known as the circle of 
inversion, and its center, when existent, as the center of inversion. 

For the present, we shall apply the transformation only to points of 
the real domain. In particular, in discussing its effect on circles, we 
shall restrict ourselves to circles with real traces and finite line circles, 
as the only circles with continua of real finite points. 

Inversion in a Proper Circle. According to § 3, Th. 3, two points 
P, P' are mutually universe in a proper circle K, with center M and 
square of radius a 2 , if they are collinear with M and 

(1) MP-MP'= o*. 

If K has a real trace: a 2 > 0, then P and P' lie on the same side of M, 
each point on K is carried by the inversion into itself, and the points, 
other than M , which are inside K invert into the finite points outside K, 
and vice versa. 

When K is without a real trace: o a <0, P and P' lie on opposite 
sides of M. In this case the inversion in K may be thought of as the 
product of the reflection in the point M and the inversion in the circle 
K‘ with a real trace whose center is M and square of radius ja a j. The 
points of K' invert into the points of K' in that each goes into the point 
diametrically opposite to it, and the points inside K other than M, 
invert into the finite points outside K', and vice versa. 

In both cases, a circle with M as center inverts into a second circle 
with M as center. If one of these circles shrinks to the point M, the 
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radius of the other becomes infinite. Moreover, when one of the 
points P, P* recedes indefinitely, say, along a straight line through M , 
the other approaches M as a limit. Accordingly, we recognize each 
point at infinity as an inverse of M, and vice versa. 

Theorem 1. The real points of a proper circle are fixed points of the 
inversion in the circle. The remaining (real) finite points of the plane, 
with the exception of the center of inversion, are inverse in pairs. The 
inverse of a point at infinity is the center of inversion and inverse to the 
center of inversion is every point at infinity. 

What corresponds by our inversion 
to a circle? Consider first a circle 
C with a real trace which does not go 
through M. Let l be an arbitrary 
line through M, intersecting C in the 
points P, Q and the curve C' into 
which C is carried in the points P', Q' inverse to P, Q. Then 

MP-MP' = M-W = a*. 

MQ' = WF = 

MP Wq 

For the common value k of the two ratios, we have 

MP MPMQ V 

where p is the power of M with respect to C. Thus k is a constant, 

0, independent of the line l. Equations (2) then say that the homo- 
thetic transformation with M as center and k as ratio of similitude 
carries P into Q' and Q into P' for each line l, and hence carries C 
into C". But a homothetic transformation with M as center carries a 
circle with a real trace not containing M into a second circle with the 
same properties.* 

Theorem 2 o. A circle with a real trace which does not pass through 
the center of inversion inverts into a circle of the same description. 

Consider next a circle C with a real traee which goes through M. 
If P is an arbitrary point on C, other than M and the point A diametri- 

* Though the figures for this, and the following, proof are drawn for the 
case a* > 0, the proofs themselves are valid whether o’ > 0 or a* < 0. 


Hence 

( 2 ) 



Fig. 7 
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cally opposite to M, we have 

WP-MP' = MA-MA' = a*, 

whence 

~MP MA' 

Ml MP ' 

The triangles MPA and MA'P' are, 
then, similar; hence Z MA'P' is a right u 
angle. Thus, the locus of P\ as P takes 
on all positions on C, other than M, is 
the straight line perpendicular to the line MA at A'. On the other 
hand, the point M inverts into the line at infinity. 

Theorem 2 b. A circle C with a real trace which goes through the 
center of inversion inverts into a finite line circle C' not through the center 
of inversion, and conversely. The finite line of C' is parallel to the 
tangent to C at the center of inversion. 

The converse follows from the fact that inversion is involutory. 

Finally, we have: 

Theorem 2 c. A finite line circle through the center of inversion 
inverts into itself. 

To express in simple form the general facts embodied in these and 
later detailed results, let us agree, for the remainder of this section, to 
mean by a circle, except in the case of the circle of inversion, either a 
circle with a real trace or a finite line circle. 

Theorem 3. Every inversion carries a circle into a circle. 

The truth of the theorem in the case of an inversion in a finite line 
circle is apparent when we recall that, in this case, the inversion is 
Bimply a reflection in a finite line (§ 3, Th. 2). 

The Conformal Properties of Inversion. A point transformation of 
the plane is conformal if it preserves the magnitude of every angle; in 
particular, directly conformal if it also preserves the sense, and inversely 
conformal if it reverses the sense. 

It is intuitively evident that a rigid motion is directly conformal, and 
a reflection in a line, inversely conformal. 

The definition needs to be formulated more explicitly. Suppose 
that a point P and two curves Ci, C* through P are carried into a point 
P' and two curves Cl, Ci through P'. Then, to chosen directions of 
motion along Ci and C* will correspond definite directions of motion 
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along Ci and C$. Draw at P the tangents to Ci, Cj directed in tbs 
chosen directions and at P' the tangents to C[, C% directed in the cor" 
responding directions. Denote the angle from the directed tangent 
to Ci to the directed tangent to Ci by ^: — sr S <t> = r, and the 
angle from the directed tangent to Cl to the directed tangent to Cj by 
f ;-fSfStr. The transformation is, then, directly conformal 
if, always, =* <f>, and inversely conformal if, always, <j>' — — <f>. 

The reader should now apply the 
amplified definition to a rigid men¬ 
tion and a reflection in a line. 

Since reflection in a line is in¬ 
versely conformal, it is reasonable 
to expect that inversion in a proper 
circle is also. In this case, let us first 
think of CJ, as a line through M 
and of Ci asan arbitrary curve inter¬ 
secting C\ in a point P other than M (Fig. 9). Let Q be a point on C* 
in th e nei gh borh o od o f P and let Qf be the inverse point on Ci. From 
HP-MP 1 = MQ-MQ’ follows MP'/MQ = MQ'/MP. Hence A MP’Q' 



is similar to A MQP and Z MP'Q' = Z MQP. The limits of these 
angles, when Q approaches P as a limit, are respectively 1 4>'\ and 
| $ f. Therefore 1 4>'\ = [<f>\ and, since and 4> are clearly of oppo¬ 
site sign, f}>' = - 4>. 

The case in which Ci and Ci are both arbitrary curves through a 
point P other than M is readily treated by drawing the line MP and 
applying the result just obtained. 

Theohem 4. Every inversion is inversely conformal.* 

Corollaby. Tangent curves invert into tangent curves. 

Closely related to the fact that inversion is a conformal transforma¬ 
tion is our original definition of inverse points (§ 3). In the light of 
§ 3 , Th. 4, we may now restate this definition in a more general form. 


a. 


Definition. Two distinct points are mutually inverse in a given 
proper or^Jinite line circle if every circle through them is orthogonal to the 
given i 

tion and Theorem 4 enable us to prove with ease two im- 
perties of inversion. 

•■'Ihe center of a proper circle of inversion is an exceptional point. 
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Theorem 5. A necessary and sufficient condition that a circle, other 
than the circle of inversion, invert into itself is that it be orthogonal to the 
circle of inversion. 

The theorem is self-evident if the inversion is a reflection in a line. 
Suppose, then, that the circle of inversion is a proper circle K with 
center M. A circle with a real trace, other than K, inverts into itself 
only if each two points of it which are collinear with M are mutually 
inverse in K, and hence, by the definition, only if it is orthogonal to K, 
And a finite line circle inverts into itself, by Th. 2, only when it goes 
through M, that is, is orthogonal to K. 

Theorem 6. Every inversion carries two points which are mutually 
inverse in a circle into two points which are mutually inverse in the trans¬ 
formed circle.* 

A circle C and two points Pi, Pi are carried by an inversion into a 
circle C' and two points Pi, Pi. It is to be proved that, if Pi, Pi are 
mutually inverse in C , then P[, Pi are mutually inverse in C'. Since 
Pi, Pi are mutually inverse in C, two circles C x , Ct through P h P, 
cut C orthogonally, and so are carried into two circles Ci, C* through 
Pi, P'i cutting C" orthogonally (Th. 4). Hence Pi, Pi are mutually 
inverse points in C'. 

An interesting consequence of this theorem is that an inversion in a 
proper circle carries two points which are reflections in a line, not 
through the center of inversion, into two points which are mutually 
inverse in a proper circle. In other words, an inversion transforms a 
reflection in a line, in general, into an inversion in a proper circle. 


EXERCISES 


1. Show that the equations of the inversion in a proper circle with center M 
and square of radius o* axe 




a* x 

»* + ¥*’ 


V' 


a 1 y 

** + if' 


where (x, y) are rectangular coordinates referred to M as origin. 

2. Prove Theorem 2 analytically. 

3. Deduce Theorem 5 directly from Theorem 4 in the case that the circle of 
inversion has a real trace. 

4. Show that a pencil of circles inverts into a pencil of circles, and that it 
inverts into itself in case the circle of inversion belongs to it. 


* The reader will recall that by “ points " we always mean real finite points 
unless the contrary is explicitly stated. 
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5. A variable circle moves so that it always cute a given proper circle orthog¬ 
onally and remains tangent to a fixed circle. Show that it is alw&ya tangent 
to a second fixed circle, which is, in general, distinct from the first. 

<L A straight line L and a finite point P, not on L, are given. The isotropies 
through P intersect L in Pi, P\ and the second isotropies through Pi, P t meet 
in P'. Show that P' is the reflection of P in L. 

7. Prove that, if a proper circle is substituted for the line L in the preceding 
exercise, the point P' is the inverse of P in the circle. See Ch. VIII, § 4. 

9. Circles of Antisimilitude of Two Circles. In § 7, we determined 
the homothetic transformations which carry a given circle with a real 
trace into a second given circle with a real trace. We now seek the 
inversions which carry the one circle into the other. 

The proof of Theorem 2 a, § 8, tells us that, if M is the center of a 
proper circle K in which the given circles C, C are mutually inverse, 
there exists a homothetic transformation with M as center which car¬ 
ries C into C". Hence M is a center of similitude of C and C'. 

Except in two special cases which we shall discuss presently, the steps 
of the proof in question can be reversed. Thus, if M is a center of 
similitude of C, C, there exists a proper circle K with center at M in 
which C and C' are mutually inverse. The square of the radius, a 1 , of 
this circle is, by § 8, (3), 

(1) a* = kp, 

where k is the ratio of similitude of the homothetic transformation 
with M as center which carries C into C, and p is the power of M with 
respect to C. 

Theorem 1. There are , in general, two and only two proper circles in 
which two given circles with real traces are mutually inverse. Their 
centers lie respectively in the centers of similitude of the given circles. 

The two circles are known as the circles of antisimilitude of the given 
circles, that with its center in the external center of similitude as the 
external, and the other as the internal, circle of antisimilitude. 

There are two exceptions to Theorem 1, one of which is removable. 
If C, C' are tangent and M is the point of contact, p is zero and the 
circle K becomes the null circle with center at M ; there is, then, no 
inversion, in K. When C, C' have the same radius, and M is their 
infinjdprcenter of similitude, 1C is to be replaced by the finite line circle 
whjfi finite line is the radical axis of C, C"; this is evidently the only 
^pffn which C and C are reflections in a line. 
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We agree to look upon the null circle and finite line circle of these two 
cases as degenerate circles of antisimilitude. There are then always 
two distinct circles of antisimilitude. 

If M is the external center of similitude, k > 0 and hence (1) tells 
us that a* > 0 only when p > 0. On the other hand, if M is the 
internal center of similitude, k < 0 and hence a* > 0 only when p <0. 

Theorem 2. The external ( internal) circle of antisimilitude has a 
real trace if and only if the external ( internal ) center of similitude is out¬ 
side (inside) the given circles. 

In particular, both circles of antisimilitude of two intersecting circles 
have real traces; in the case of two tangent circles, one has a real trace 
and the other is a null circle; for two nonintersecting circles, the ex¬ 
ternal or the internal one has a real trace according as the given circles 
are mutually external or one surrounds the other. 

Theorem 3. There is always at least one circle with a real trace * in 
which two given circles with real traces are mutually inverse. 

In each of the special cases, the degenerate circle of antisimilitude is 
coaxal with the given circles. This is true also in the general case. 
For example, if the given circles are tangent, the circle in which they 
are mutually inverse must be tangent to them at their common point. 

Theorem 4. The two circles of antisimilitude are coaxal with the 
given circles. 

Let us now consider the six circles of antisimilitude of the pairs of 
circles formed from three given circles with noncollinear centers. The 
centers of these circles, since they are the centers of similitude of the 
pairs of given circles, lie by threes on the four axes of similitude of the 
given circles. Three circles with centers on the same axis, for example, 
the three external circles of antisimilitude, are coaxal. This is a 
consequence of § 6, Th. 9, inasmuch as we can exhibit two circles 
orthogonal to all three, namely, the finite line circle whose finite line is 
the line of centers and the circle orthogonal to the three given circles. 
The latter circle is, in fact, orthogonal to all six circles of antisimilitude, 
since it follows from Theorem 4 that every circle orthogonal to two 
circles is orthogonal to their two circles of antisimilitude. 

Theorem 5. The six circles of antisimilitude of the pairs of circles 
formed from three circles with real traces and noncollinear centers belong 

* We have included the finite line circle of the second special case among the 
circles with real traces, both here and in the preceding paragraph. 
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by threes to four coaxed systems. The lines of centers of the four systems 
are the axes of similitude of the given circles. 

EXERCISES 

1. Prove that each of the circles of antisimilitude of two intersecting circles 
makes equal angles with them. 

2. Show that the two circles of antisimilitude are always mutually orthog¬ 
onal. 

3. Slow that, if two circles C, C' with real traces, with centers 0, O' and radii 
r, r', are mutually inverse in a circle with center M and square of radius a’, then 



where p and p' are the powers of M with respect to C and C'. 

4. An inversion carries a circle of antisimilitude of two circles into a circle of 
antisimilitude of the transformed circles. 

5. Two circles with real traces are carried into two circles with equal radii 
by an inversion with center on a circle of antisimilitude, but not on the given 
circles. 

0. When can three circles with real traces be inverted into three circles with 
the same radius? 


10. Circles Cutting Two or Three Circles at the Same Angles. 

There are two angles 0, 0 S 0 = it, between two circles with real traces 
which intersect or are tangent. They are given by 


cos* 0 — 


(rf + rt — OiOt)* 
4 r\rl 


or in terms of the coefficients a h at, at, a, and hi, 6*, bt, b* in the equa¬ 
tions of the circles, by 


( 1 ) 


cos* 6 


(<*, W 

(a, a)(b, b)' 


where the symbols (a, a), (a, b) are those introduced in §§ 1, 6. The 
angles between any two circles a, b for which (a, a)(b, b) 0, we 
agree to define by the latter formula.* 

Theorem 1 . Two distinct circles make definite angles with one another 
provided neither is a null circle or the infinite line circle. 

Circles Cutting Two Circles at the Same Angles. We shall say that a 

* As often as not, the angles thus defined are imaginary, so that the re¬ 
striction 0 g $ 2 S r is inapplicable. In these cases we should think of (1) 
aiddefining the cosines of the angles rather than the angles themselves. We 
.shall however, for the sake of simplicity, always talk of the angles. 
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circle C cuts * two given circles Ci, C* with real traces at the «nm« angles, 
if it makes definite angles with Ci and Ct, and the two angles which it 
makes with Ci are equal to the two angles which it makes with Cu It 
is necessarily a proper or a finite line circle, by Th. 1. 

Circles which actually intersect the two given circles C u Ct at the 
same angles are readily obtained by considering the inversions which 
interchange Ci and Cu An inversion which carries C\ into Ci will carry 
a circle C which intersects Ci at certain angles into a circle which inter¬ 
sects Ct at the same angles. Accordingly, if C inverts into itself, it will 
intersect Ci and Ci at the same angles. But C is its own inverse if it is 
orthogonal to the circle of inversion, and the circle of inversion is a 
circle of antisimilitude of C\ t Ct. 

Of the circles orthogonal to a circle of antisimilitude, there are 
evidently °o 1 proper or finite line circles which intersect Ci and hence 
also intersect Ct. We have proved that these no* circles cut Ci, Ct at 
the same angles.t 

We now consider the problem analytically. Let a, b be the given 
circles. For an arbitrary proper or finite line circle s cutting them at 
the same angles, we have 

(«,«)« _ (M) 1 

(a, a)(s, s) (b, b) (*,«)’ 
or _____ __ 

VM> (a, s) T Vai o (6, s) = 0. 

Hence, a necessary and sufficient condition that s cut a, b at the same 
angles is that « be orthogonal to one or the other of the circles 

(2) V&, ba — Va, ab, ■>[bl~Sa + Va, ab. 

These circles are the circles of antisimilitude of a, b. For, we have 
already exhibited <*> s circles with the prescribed property which are 
orthogonal to a circle of antisimilitude of a and b, and circles cannot 
be orthogonal to two distinct circles. 

Theorem 2. The "proper and finite line circles which are orthogonal 
to one or the other of the two circles of antisimilitude of two given circles 
with real traces cut the given circles at the same angles and are the only 
circles with this property. 

* We use " cuts ” rather than “ intersects ” since “ intersects ” means for 
us “ intersects in real points." 

t The argument breaks down if Ci, Ct are tangent circles and the circle of 
antisimilitude is the null circle with center in the point of contact. It is, 
however, geometrically evident that the conclusion still remains valid. 
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Let us call these circles the circles JT, in particular, those orthogonal 
to the external circle of antisimilitude, the circles and those orthog¬ 
onal to the internal circle of antisimilitude, the circles K{. 

Corollary. The circles common to the two sets of circles K„ Kt are 
the circles which cut the given circles orthogonally. 

Thus far we have been interested merely in having the two angles 
at which K cuts Ci the same as those at which K cuts Cj. We shall 
now adopt a rule for singling out one of the two angles between two 
circles as the angle at which they cut. The circles K will then fall into 
two groups, those for which the angle at which K cuts C t is equal to 
the angle at which K cuts Ci, and those for which the angle at which K 
cuts C* is the supplement of the angle at which K cuts C x . These two 
groups will have in common the same circles as do the sets K„, K x and 
will, in fact, be identical with these sets. 

We define the angle between two circles for two intersecting or tangent 
circles with real traces. Let each of the two circles be thought of as 
traced in the positive, that is, counterclockwise, sense. Direct the 
tangents to them at a common point in the senses which at the point 
coincide with those on the circles. The angle tf>, 0 =1 <f> g ir, between 
the directed tangents is the same at each point common to the two 
circles and is defined as the angle at which the circles intersect. It is 
readily seen that 

r* + r\ — OiO\ 

cos d> — ---- 

2 T\Tt 


Hence, if s is a circle with a real trace intersecting the given circles 
a, b, the angle at which it intersects a is equal to the angle at which it 
intersects b if and only if 

(<h«) _ (b, s) ^ 

Va, a ^Is^ V&, b yfs^s 

provided that aJ>i > 0.* Extending the validity of this criterion in 
the usual way, we find that a proper or a finite line circle s cuts a, b 


• The condition appears first in the form 

(»,*)_1 ®iH«iI _ _&»)_IMjflL . 

Va, aV«, s ®i*i Vb, bV«, s 

Hence the necessity of the assumption: a»bi > 0. Since a x bi t* 0 and the 
a’e^and b’s are homogeneous parameters, the assumption can always be 
fulfilled. 
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at the same angle or at supplementary angles accor ding as 

(3) Vh, b (a, *) — Vo, a (b, s) = 0 or V&, b (a, s) + Vo, o (6, s) = 0, 

that is, according as it is orthogonal to the first or the second of the 
circles of antisimilitude (2). 

The first of the circles (2) is the external, and the second the internal, 
circle of antisimilitude. To establish this fact, it suffices to prove that 
it is true in one case. For, the general truth 
of it will then follow by continuity, inasmuch 
as the two circles of antisimilitude never coin¬ 
cide. In case a, b are intersecting circles, it is 
evident that the internal circle of antisimilitude 
intersects a, b at the same angle (§ 9, Ex. 1; 

Fig. 10). Thus the internal circle of antisi¬ 
militude is a circle orthogonal to the first of the circles (2). The first 
of the circles (2) must, therefore, be the external circle of antisimilitude. 

Theorem 3. The circles which cut the given circles at the same angle 
are the circles K, orthogonal to the external circle of antisimilitude. Those 
cutting them at supplementary angles are the circles K t orthogonal to the 
internal circle of antisimilitude. 

Circles Tangent to Two Circles. According to (1), two circles a, b, 
neither of which is a null circle or the infinite line circle, make with one 
another the angles 0 and ir if and only if 

(4) (a, a) (6, i>) — (a, i>) 2 = 0. 

This, then, is the condition that the two circles be mutually tangent. 

Two circles with real traces may be tangent internally or tangent 
externally. In the first case, the angle 4> at which they cut is 0; 
in the second case, = ir. Accordingly, we shall say that a proper or 
finite line circle which is tangent to our two given circles C i, Ci has the 
same or opposite types of contact with C\ and Cj according as it cuts 
Ci, Cz at the same angle or at supplementary angles. Hence: 

Theorem 4. Of the proper and finite line circles tangent to two given 
circles Ci, Ci with real traces, those which have contacts of the same type 
with Ci, Ci are orthogonal to the external circle of antisimilitude, and those 
which have contacts of opposite types with Ci, Cj are orthogonal to the 
internal circle of antisimilitude. 

If b is a null circle whose center lies on the circle a , then (6, b) = 0, 
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(a, b ) = 0, and (4) 5s satisfied: the two circles are tangent. We add, 
then, to the circles of Theorem 4 whatever null circles there may be 
whose centers are common to the given circles Ci, C 2 . The contacts 
of these null circles with Ci, C t are indeterminate in type inasmuch as 
both equations (3) are satisfied when (a, s) = 0 and (b, $) => 0.* 

Circles Cutting Three Circles at the Same Angles, Let C\, Ct, C» be 
three circles with real traces and noncollinear centers. The circles, 
each of whieh outs all three at the same angle, are, by Th. 3, the circles 
which are orthogonal to the three external circles of antisimilitude of 
the pairs of circles formed from Ci, Ct, C», These three circles of 
antisimilitude belong to a pencil (§9, Th. 5). The circles sought are 
therefore the circles of the conjugate pencil. The line of centers of 
this pencil is the perpendicular dropped from the radical center of 
Ci, C M C t on the external axis of similitude. For, the line circle with 
this axis as finite line and the circle which has the radical center as 
center and is orthogonal to Ci, Ct, C» are two circles which cut Ci, C*, C* 
at the same angle.f 

A similar argument applies to the circles each of which cuts two of 
the given circles at the same angle and the third at the supplementary 
angle. 

Theorem 5. The circles, each of which cuts three given circles C\, Ct, 
Ct with real traces and noncollinear centers at the same or supplementary 
angles , are the circles of the four coaxal systems which are conjugate respec¬ 
tively to the coaxal systems determined by the six circles of antisimilitude of 
the three given circles. Each of the circles of the coaxal system S a con¬ 
jugate to that determined by the external circles of antisimilitude cuts the 
given circles at the same angle. Each of the circles of the coaxal system Sj, 

* A null circle whose center lies on a given proper or line circle is not only 
tangent to the given circle, but also, by § 6, Th. 4, orthogonal to it. The 
explanation of this paradox is simple. The null circle consists of the two iso¬ 
tropic lines through its center 0. If we were considering it by itself, we should 
recognize as tangent lines to it at 0 only these isotropies. However, in finding 
it both tangent and orthogonal to the given circle through 0, we have recog¬ 
nized also as tangent to it at 0 the lines through 0 which are respectively 
coincident with, and perpendicular to, the tangent at O to the given circle. 
To be consistent, we should go further and recognize every line through O 
as tangent to it. It, makes then every angle with the given circle. 

Accordingly, we add the null circles whose centers are common to the given 
circles, not only to the circles of Theorem 4, but also to those of Theorems 2,3. 

t If Ci, Ct, C t have equal radii, the external axis of similitude is the line at 
infinity, ami the peneil in question consists of the circles with the radical center 
aa adntnr 
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conjugate to that determined by the external circle of anlisimilitude of 
C it Cj and the internal circles of antisimilitude of C it C k and C f , Ct cuts 
Ci and Cj at the same angle and C k at the supplementary angle. The 
lines of centers of the four coaxal systems are the perpendiculars dropped 
from the radical center on the four axes of similitude .* 

Circles Tangent to Three Circles. The circles of a coaxal system of 
Theorem 5 which are tangent to one of the given circles Ci, C 2 , C, are 
tangent to all three. 

Lemma. There are just two circles in a pencil of circles which are 
tangent to a given circle with a real trace not belonging to the pencil. They 
may be real and distinct, real and coincident, or conjugate-imaginary. 

By means of this Lemma, the proof of which we leave to the reader, 
we conclude 

Theorem 6. There are eight circles tangent to three given circles Ci, 
Ct, C» with real traces and noncollinear centers. They consist of a pair of 
circles from each of the coaxal systems described in Theorem 5. Each 
circle of the pair from the system So has contacts of the same type with the 
given circles, and each circle of the pair from the system Sk has contacts 
of the same type with Ci, Cj and contact of the opposite type with Ck. 
The two circles of a pair are real and distinct, real and coincident, or 
conjugate-imaginary. 

We return now to the Lemma. Let C denote the given circle, K h Ki 
the two circles of the pencil which are tangent to C, and K a circle of 
the pencil which is orthogonal to C (§ 6, Ex. 6). Apply the inversion 
in K, assuming that K is not a null circle. The circle C inverts into itself 
and, since the pencil inverts into itself (§ 8, Ex. 4), the circles Ki, Ki are 
carried into themselves. If each of these circles inverts into itself, 
they are both orthogonal to K and hence coincide. Otherwise they are 
distinct and each inverts into the other. In either case K\, Ki are 
mutually inverse in A.f 

To apply the result to the problem in hand, we note that the circle 
orthogonal to Ci, Ct, Ci plays the r61e of the circle K for each of the 
four coaxal systems. 

* A null circle of one of the systems S is to be included only when its center 
lies on all three circles, and the infini te line circle is never to be included. The 
subscripts i, j, k represent a cyclic.order of the numbers 1, 2, 3. 

t Since we have considered inversion only for the real domain, the proof 
applies only to the case when the circles Ki, K, are reed. 
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Corollary. The circles of each of the four pairs of circles are mutually 
inverse in the circle orthogonal to the three given circles, provided this 
circle is not a null circle. 

If this circle is a nidi circle, the given circles all go through its center. 
The null circle is tangent to each of the given circles and counts at 
least four times as a solution of our problem, inasmuch as it belongs to 
each of the four coaxal systems. This is the only case in which two or 
more of the four pairs of circles have a circle in common. Why? 

EXERCISES 

1. Prove that there are in general two circles K of Theorem 2 with a given 
point as center, a circle K, and a circle Kt. What are the exceptions? 

2. Prove that, if a proper circle intersects two circles at the same angles, the 
four points of intersection fall into two pairs collinear with one center of 
similitude. When is this the external, and when the internal, center of 
similitude? 

3. What is the analogous theorem concerning a circle tangent to two circles? 

4 . Show that, if a circle intersects two given circles with real traces orthog¬ 
onally, in four points no three of which are collinear, two of the diagonal points 
of the complete quadrangle with vertices in the four points are the centers of 
similitude of the given circles. Where is the third diagonal point? 

5. Two pairs of circles with real traces are so situated that the two circles of 
each pair cut those of the other pair at the same angle. Show that the external 
center of similitude of each pair lies on the radical axis of the other pair. 

6. Show directly that the circles of antisimilitude of the circles a, h are the 
circles (2). 

7. Prove that either all the circles of a pencil or at most two cut two given 
circles with real traces at the same angles. When does the first case occur? 
Why is the qualification "at most” necessary? 

8. Establish the Lemma. 


B. The Geometry of Inversion 

In Part A, we discussed the circle in the Cartesian plane from the 
point of view of the group of rigid motions. We shall now consider it 
in relation to a larger group in which the transformation of inversion 
plays the fundamental rdle. In the beginning we shall restrict our¬ 
selves exclusively to the real plane and shall understand by "inversion” 
an inversion in a circle'with a real trace. 

ll. The Real Plane of Inversion. In our preliminary study of 
inversion (f 8), we learned that to the oenter of inversion corresponds 
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every ideal point. Accordingly, if there are 1 ideal points, as in the 
Cartesian plane, inversion fails of being one-to-one. However, if there 
is created only one ideal point, this blemish is removed. 

Agreement 1 . A single ideal point is created, to be known as the 
point at infinity and to correspond tn every inversion to the center of 
inversion. 

In the real plane of inversion, that is, the real finite plane with the 
point at infinity adjoined, every inversion is one-to-one without ex¬ 
ception. 

By a point we shall now mean any point of the real plane of 
inversion. 

Circles. Since we are restricting ourselves to the real domain and 
have replaced the usual line at infinity by a single point at infinity, 
the circles of Part A become: 

(а) a proper circle: always a circle with a real trace; 

(б) a finite line circle: a straight line; * 

(c) a null circle or the infinite line circle: a point. 

For the present, it will be convenient to treat a null circle as the 
point that it actually is and to mean by a circle simply a proper circle 
or a straight line. 

The straight lines are now the inverses of the circles through the 
center of inversion (§ 8, Th. 2 b, c). Logical consistency demands, 
then, that every straight line contain the inverse of the center of 
inversion, that is, the ideal point. 

Agreement 2. The point at infinity lies on every straight line and 
on no other circle. 

The straight lines are thus the circles which pass through the point 
at infinity. Three distinct points determine a unique circle; if one is 
the point at infinity, the circle is the straight line which joins the other 
two. 

Let us recall the fundamental properties of inversion. 

Theorem 1. Every inversion (a) carries a circle into a circle, (b) is 
inversely conformal, and (c) carries two points which are mutually in¬ 
verse in a circle into two points which are mutually inverse in the trans¬ 
formed circle. 

* Since a finite line circle of Part A consists of a finite straight line and the 
line at infinity, it appears here first as a straight line and the point at infinity. 
The point at infinity is, however, absorbed by the straight line; see Agree¬ 
ment 2. 
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By S 8> Th. 2 b , two parallel lines invert into two circles which are 
mutually tangent at the center of inversion, and conversely. Ac¬ 
cordingly, we make 

Agreement 3. Two parallel lines are mutually tangent at the point at 
infinity. 

It is evident that in the real plane of inversion two distinct circles 
have no, one, or two points in common. We shall desoribe them in 
the respective cases as nonintersecting, tangent, or intersecting. 
In particular, two straight lines are tangent or intersecting. 

EXERCISES 

1. Show that the pencils of circles of types (a), ( b ), (c) of Fig. 3 are now 
special cases of the pencils of circles of types (A), (B), (C) respectively. 

2. Prove that, if A, B, C are distinct ccllinear points, there is a unique proper 
or line circle through C in which A and B are mutually inverse. Give a con¬ 
struction for this circle. 

3. The criterion to the effect that two distinct points are mutually inverse 
in a given circle if and only if every circle through them is orthogonal to the 
given circle was restricted, in Part A, by the demand that both points be 
finite. Show that it is also valid, now, when one of the points is the point at 
infinity. Hence prove that property (c) of Theorem 1, which has thus far 
been established only in the finite plane, actually holds in the (extended) 
plane of inversion. 

12. Possibilities and Applications of Inversion. 

Theorem 1. A proper circle may be inverted into a straight line. 

It suffices to take the center of inversion on the proper circle. 

Theorem 2. A circle and a point not on it may be inverted into a 
proper circle and its center. 

Let the inverse of the given point P, in the given circle C, be 0. 
Invert in a circle with 0 as center.* Since the points P and 0 are 
mutually inverse in C, the transformed points, P' and the point at 
infinity, are mutually inverse in the transformed circle C\ Hence C" 
is a proper circle with P t as its center. 

Theorem 3.. Two intersecting circles may be inverted into two inter- 

f traighi lines, two tangent circles into two parotid lines, and two 
setting circles into two concentric proper circles. 
roof is left to the reader. 

.y be the point at infinity. What then? 
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Applications. Inversion may be employed, in much the same way as 
polar reciprocation and projection, both to obtain generalizations of 
special theorems and to prove general propositions by reducing them 
to special cases, As an example of the latter application, we establish 
again the important fact: 

Theorem 4. There exist two distinct points mutually inverse in 
each of two circles if and only if the circles are nonintersecting* 

Since two circles can always be inverted into a proper circle and a 
straight line, it suffices to prove the theorem for this special case. 
Two points Pi, Pt which are to be mutually inverse in both a proper 
circle and a line must lie on the perpendicular to the line which 
passes through the center 0 of the circle, and have their directed 
distances X\, Xt from 0 connected by the relations 

xixt = a 1 , xi + xt = 2 d, 

where d is the directed distance from 0 to the line and a is the radius of 
the circle. These relations say that x\ % x t are the roots of the quad¬ 
ratic equation 

x 1 — 2 dx + a* — 0. 

But this equation has real, distinct roots if and only if cP > a*, that 
is, when and only when the circle and the line are nonintersecting. 

EXERCISES 

1. Establish Theorem 3. 

2. Show in detail how inversion may be employed to obtain from the special 
pencils of circles (a), (6), (c) of Fig. 3 the general pencils (A), {B), (C). 

3. The same in the case of the special and general orthogonal systems (a c), 
( b b) and {A C), (B B ) of Fig. 4. 

4. There is a unique circle through a chosen one of three distinct points in 
which the other two are mutually inverse. 

5. If Pi, Pi, Pi are distinct points, the circles C7, C», <7*, where C< is the circle 
through Pi in which P„ P* are mutually inverse, go through the same two 
points. These two points are mutually inverse in the circle through Pi, P», P», 
and each two of the circles are mutually inverse in the third. 

6. Two proper circles are tangent at a point 0. A variable secant is drawn 
through 0 meeting the circles again in Pi, Pi. Find the locus of the harmonic 
conjugate of 0 with respect to Pi, Pi. 

Generalize by inversion: 

7. The sum of the angles of a triangle is two right angles. 

* See $ 4, Th. 3. Why is it not necessary to demand here that, when the 
circles are proper, they have distinct centers? 
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8. The altitudes of & triangle are concurrent. 

9. A necessary and sufficient condition that a quadrilateral may be in¬ 
scribed in a proper circle is that two opposite angles be equal or supplementary. 
Take tire center of inversion in a vertex of the quadrilateral. 

10. The preceding exercise. Take the center of inversion in general position. 

11. Show that the problem of finding two points mutually inverse in each of 
two circles is identical with the problem of finding a pair of points which sepa¬ 
rates each of two given collinear pairs of points harmonically. Hence prove 
Theorem 4. 


13. Inversion of Regions. A proper circle separates the points of 
the plane, except for those on it, into two sets or regions: the interior, 
containing the center, and the exterior. Since by inversion in the 
circle the interior is carried into the exterior, the point at infinity must 
be considered an exterior point. 

Suppose that Ci and C* are two proper circles which are mutually 
inverse in a proper circle. The two regions bounded by C x must 
invert into the two regions bounded by Ci, for inversion is a continuous 
transformation. But which inverts into which? Surely the interior 
of Ci does not always invert into the interior of C*. 

It is evident that the fate of a single point in a region determines 
the fate of the region. For example, if a point outside Ci is carried 
into a point inside C 2 , then the exterior of Ci inverts into the interior 
of C*. 

Consider the center of inversion 0. Its inverse, the point at infinity, 
is outside both circles. Hence, if 0 is outside both circles, exterior 
inverts into exterior and interior into interior, and if 0 is inside both 
circles, the interior of each inverts into the exterior of the other.* 


Theorem 1 . If two 'proper circles are mutually inverse, the interior of 
one inverts into the interior or the exterior of the other according as the 
center of inversion is outside or inside the two circles. 


Theorem 2, If a straight line and a proper circle are mutually in¬ 
verse, that one of the half-planes bounded by the line which does not contain 
the center of inversion inverts into the interior of the circle. 

We leave the^proof of Theorem 2 to the reader, with a warning: the 
point at infinity lies in neither half-plane, but on the line. 

Al^an application of these considerations we prove the following 

> * ^ jt . 


Aumn t, 0 lie inirifo one drok outside the other? 
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Theorem 3. A necessary and sufficient condition that there exist a 
circle which is orthogonal to a given circle C and in which two given points 
Pi, Pi are mutually inverse is that Pi, P t be both on the same side of C or 
both on C. 

Of the points Pi, Pt, at least one is finite. Assume that P 3 is finite, 
and suppose, first, that it does not lie on C. An inversion with P 2 as 
center carries C into a proper circle C', Pi into a point Pi, and P 2 into 
the point at infinity. Moreover, it carries a circle in which Pi, P 2 are 
inverse into a circle in which Pi and the point at infinity are inverse, 
that is, into a proper circle with Pi as center. But there exists a 
proper circle with Pi as center orthogonal to C' only if Pi is outside C, 
that is, on the same side of C' as the point at infinity. Hence, there 
exists a circle orthogonal to C in which Pi, P 2 are mutually inverse 
only when Pi is on the same side of C as Pt. 

If Pt lies on C, the circle C" into which our inversion carries C is a 
straight line. In this case there exists a proper circle with Pi as 
center orthogonal to C' only when Pi is on C". Hence, there exists a 
circle orthogonal to C in which Pi, Pt are mutually inverse only if Pi, 
as well as Pt, lies on C. 

It is evident that our theorem is the generalization of the fact that 
there exists a proper circle with a given point Pi as center orthogonal 
to a given circle C' when and only when Pi lies outside C' if C' is a 
proper circle, or lies on C' if C' is a straight line. 

EXERCISES 

1. Prove Theorem 2. 

2. Show that two nonintersecting circles can be inverted into: (a) two proper 
circles which are external to one another; (6) two proper circles of which the 
first surrounds the second; (c) two proper circles of which the second surrounds 
the first. 

3. Prove that the type of tangency of two mutually tangent proper circles 
is preserved by inversion if the center of inversion is inside both or outside 
both, and that it is reversed if the center of inversion lies inside one and outside 
the other. 

4. Show that the facts stated in Ex. 3 are true also of any two tangent circles 
if we understand by the inside of a straight line that half-plane bounded by 
the line which does not contain the center of inversion, and call two tangent 
circles internally or externally tangent according as their interiors have or have 
not points in common. 

5. Prove that there exists a circle which is orthogonal to two given circles and 
in which two given points are mutually inverse if and only if the given points 
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lie on * circle linearly dependent on the given circles and are both on the same 
side af, or both on, one of these circles. 

A, (Main a condition, necessary and sufficient that there exist a circle 
orthogonal to three linearly independent circles, which is similar in nature to 
those of Theorem 3 and Ex. 5. 

14. Tangent Circles. Theorem 4 of § 10 may be restated in part 
as follows: 


Theorem 1 . There are two families of circles tangent to two proper 
circles. Each circle of the one family has contacts of the same type with 
the given circles, and each circle of the other family has contacts of opposite 
types with the given circles. 

The theorem may be established by inversion. Suppose, for 
example, that the given circles are nonintersecting. They may, then, 
be inverted into two concentric circles, and for two concentric circles 
the proposition is obvious. Hence, reversing the inversion completes 
the proof. The details of this process are left to the reader. He will 
find, if he uses the proper care in inverting contacts (§13, Ex. 3), 
that a family of circles tangent to two proper circles inverts always into 
a family of circles tangent to the two transformed circles, though not 
necessarily into the family of the same description. 


Theorem 2. There are four circles 
which are tangent to two nonintersecting 
proper circles and cut orthogonally a 
chosen circle orthogonal to the two. Of 
the four, only two are intersecting. 
These two belong to the same family 
of circles tangent to the given two, and 
the angles at which they intersect are 
independent of the orthogonal circle 
chosen. 

If the two circles are concentric, a 
circle orthogonal to them is a straight 
line through their common center. The proposition is clear, in this 
case, from Fig. 11. Its validity in all cases follows immediately. 
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Poristic Systems. Let two noninterseeting proper circles be given. 
Under what conditions will there be a closed series of circles all tangent 
tojthe given two and each tangent to its two neighbors in the series? 
.*■ It is evident that, in the case of two concentric circles C it C t (Fig, 12), 


THE CIRCLE 


383 


the series will close after one circuit if and only if the angle 6 which an 
arbitrary one of its members subtends at 0 goes into 2 t an integral 
number of times. This condition can be put into a form which is more 
readily generalized by inversion. If n, n 
are the radii of C\, C 2 {r\ >r 2 ), the common 
radius MA of the circles of the series is 
§(ri — Tt) and the common distance OM 
of their centers from 0 is |(ri + r 2 ), so 
that 


sin $ 9 ~ 


ft - r 8 
n + r 2 
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Consider, on the other hand, the circles 
K\, K 2 of Fig. 11. Their common radius 
NP is + r 2 ) and the common dis¬ 
tance ON of their centers from 0 is §(ri — r s ). Hence, if <f> is that 
one of the angles between them which is marked in the figure, 


Bin ^ 0 = 


n - r 2 ' 
n + r 2 


Thus, 6 = <f> and the original condition for closure after one circuit, 
or better, the condition which guarantees closure for the first time 
after m circuits, becomes 

. 2 WITT 

0 = ----- > 


where the integers m and n are relatively prime.* 

How the condition carries over to the general case is clear once we 
realize that Ki, K 2 constitute a special instance of the two circles empha¬ 
sized in Theorem 2. 

Theorem 3. A necessary and sufficient condition that there exist a 
closed series of circles all tangent to two nonintersecting proper circles 
Ci, Cs and each tangent to its neighbors in the series is that a certain one 
of the angles, formed by the two intersecting circles K i, K 2 which are tangent 
to Ci, Ci and orthogonal to a circle orthogonal to Ci, C 2 , be a rational 
multiple m/n of 2 ir. The series consists of circles belonging to that 
family of circles tangent to Ci, C 2 which does not contain Ki, K% and, if m/n 
is in its lowest terms, it closes for the first time after m circuits and con¬ 
tains, then, n circles. 

* If m and n had, Bay, the common factor 2, we should have closure in m/2 
circuits. 
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The simplest choice of the circle orthogonal to Ci, C, is the straight 
line containing their centers. Which of the angles between Ki, Kt is to 
be taken is readily determined by visualizing the inversion of Ci, C a 
into two concentric circles. 

EXERCISES 

1. Complete the proof of Theorem 1 by inversion when one of the given 
circles surrounds the other. Show that the circles of one of the two families are 
orthogonal to a circle of antisimilitude of the given circles. 

2. The same when the given circles are mutually external. 

3. By inversion, show that Theorem 1 is true for two intersecting circles, 
and that, in this case, the circles of each family are orthogonal to a circle of 
antisimilitude of the given circles. 

4. How many real distinct circles are there tangent to three mutually ex¬ 
ternal proper circles? Substantiate your answer. 

5. Let Ci and C, be circles tangent at P, and let Q be a point not on either Ci 
or Ci. If a circle is drawn through Q and P meeting Cj again in Pi and C s 
again in Pi, the circles through Q tangent respectively to Ci and C s at Pi and 
Pt are tangent to one another. 

6. A closed ring of four proper circles, each of which is tangent to its two 
neighbors, is given. Each two points of contact are assumed distinct. Show 
that, if the four contacts are all external, the four points of contact are concyclic. 

7. Prove that, in the preceding exercise, the four points of contact are con- 
cyclic if and only if an even number at the four contacts are external or an 
even number internal. 


IS. Circular Transformations. By these we shall mean the point 
transformations of the plane of inversion which are one-to-one and 
carry a circle always into a circle. Let us collect all those we know 
and try to form from them the largest possible group. 

We have, besides the inversions, of which that in the unit circle, 
, x . _ y 

* z* + y* ’ * x* + y* * 

is typical, the transformations of similarity, 

*' = r(;c cos <t> - y sin 4) +b ,, r > 0 

' ' y' = r(z sin + y cos 4>) + &i, 

The inversions do not in themselves form a group, for an inversion 
isHnversely conformal and the product Of two inversely conformal 
transformations is directly conformal. 

-""bn the other hand, the transformations of similarity (1) are all 
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directly conformal and do fora a group. There muBt, however, be a 
larger group of directly conformal circular transformations in which 
the process of inversion is represented. To obtain this group, we 
first replace the typical inversion, in the unit circle, by a directly con¬ 
formal circular transformation closely allied to it, namely by the 
transformation, 


( 2 ) 


x' = 


x 

x 1 + y* ’ 


y’ 


y 

& + y*’ 


obtained by forming the product of it and the reflection %’ — x, y'=* —y 
in the axis of x. 

We now have, in (1) and (2), directly conformal circular transforma¬ 
tions of different types. By forming products of them, we shall obtain 
more transformations with the same properties and eventually an 
entire group. 

To facilitate the process of forming the products in question, we 
note that the equations (1), since x, y, r, <j>, bi, b 2 are real, are equivalent 
to the single equation 


x' + in' = r(cos <p + i sin <£)(x + i y) + (bi + i b 2 ), 
and hence to 

(la) z' — a s + fl, a 0. 

where 

z' = x' + i y’, z= x + iy, 

and a = r (cos <f> + i sin <j>), /3 = bi + i b 2 . Similarly, the equations 
(2) are equivalent to 

(2 a) g> = -. 

z 


Finally, we remark that the product of transformations (1) and (2) 
may be obtained by the usual process applied to equations (1 a) and 
(2 a). 

Since (1 a) and (2 a) are linear transformations of z into z', the 
product of any finite number of them will be a linear transformation of 
z into z', that is, a transformation of the form 

(3) z > = °L1±1, aS-0y*O, 

7 z + 5 

where a, (3, y, S are complex numbers. 

Conversely, every transformation (3) is a transformation (la) or 
(2 a), or a product of transformations of these types. If y = 0, (3) is 
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of type (1 a). and we set 


(3) becomes 


»i 88 7 * + 4, 


a 0 7 — g i 

y " r Y 


1 

2 » 


and hence is the product of the three transformations 


s' 



07 — «6 

—-«i, 

Ai * 



Zi = y a + i. 


That these transformations are of types (1 a) and (2 a) is obvious. 

It follows that all the transformations (3) are directly conformal and 
circular. They evidently form a group and, since the complex con¬ 
stants a, 0, 7 , $ enter homogeneously, the group depends on Bix real 
parameters. 

Theorem 1. There extits a six-parameter group of directly conformal 
circular transformations, namely, the group of linear transformations, 
with complex coefficients, of z = x + iy into s' = x' + i y'. 

A particular inversely conformal circular transformation is the 
reflection in the i-axis, 

s' = z, 


where z = x — i y is the conjugate of z. The produot of it and the 
general transformation (3), namely 


(4) 


/ - 


a 2 + 0 
7 z + 5* 


tt S — 0 7 5* 0, 


is then also inversely conformal and ciroular. 

Theorem 2. There exists a six-parameter set of inversely conformal 
circular transformations, namely, the set of linear transformations, with 
complex coefficients, of z = x — iy into z / = x f + i yf. 

The inversely conformal transformations (4) do not form a group, 
for the product of two of them is a directly conformal transformation 
(3). The transformations (3) and (4) taken together do form a group, 
and this is the group of all circular transformations.* 

Theorem 3. The group of all circular transformations consists of 

* Per a proof of the fact that then are no other circular transformations, 
•ee CocUdge, A Treatise m the Circle and the Sphere, p. 300. 
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2* <** transformations,* the directly conformal transformations (3) and 
the inversely conformal transformations (4), 

For the sake of brevity we shall call the transformations (3) the 
direct, and the transformations (4) the indirect, circular transformations. 

We have noted that a transformation (4) is the product of a reflec¬ 
tion in a line and a transformation (3), and that a transformation (3) 
is of type (1 a) or (2 a), or a product of transformations of these types. 

Henceforth, we shall revert to our previous convention of considering 
reflection in a line as an inversion. The facts just noted may then be 
summarized as follows. 

Theorem 4. A circular transformation is an inversion, a transforma¬ 
tion of similarity, or the product of transformations of these two kinds. 

We recall that a transformation of similarity is a radial transforma¬ 
tion of similarity, a rotation, a translation, or the product of trans¬ 
formations of these three descriptions. But it is readily Bhown that 
each of these three transformations is the product of two inversions 
(Ex. 4). Hence: 

Theorem 5. Every circular transformation is the product of a number 
of inversions, an even number if it is directly conformal, and an odd num¬ 
ber if it is inversely conformal. 

The theorem brings out the importance of inversion and the sim¬ 
plicity of the structure of a circular transformation. 

Conformal CoUineations. The transformations (1) or 

(5) z' = az + 13, a ^ 0, 

are precisely the collineations of the plane which preserve directed angle 
(Ch. XI, § 5, Ex. 3). Accordingly, we call them henceforth the direct 
transformations of similarity or the directly conformal collineations. On 
the other hand, the transformations 

(6) f = «i+|3, a r* 0, 

are the collineations which preserve the magnitude of every angle 

* The group (3) is a continuous group: it is possible to .pass continuously 
from any given transformation (ai, fii, yi, ti) of (3) through transformations 
of (3) to any prescribed transformation (<*», fit, y t , It) of (3). Similarity, the 
set (4) is a continuous set. But it is impossible to pass continuously from a 
directly conformal transformation (3) to an inversely conformal transforma¬ 
tion (4) through transformations (3) and (4) alone. Hence, (3) and (4) 
present two unconnected continua of transformations, each dependent on six 
real parameters. It is this fact that we express in saying that the group which 
comprises both consists of 2 - «• transformations. 
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but reverse the sense. They are known as the indited transformations 
of similarity or as the inversely conformal coUineations. 

The 2 * « 4 transformations of similarity, (5) and ( 6 ), form a subgroup 
of the group of ail circular transformations, (3) and (4), and the direct 
transformations (5) form a subgroup of the group (3). 

Rigid Motions and Reflections. The rigid motions of the plane are 
the transformations ( 1 ) for which r = 1 , that is, the transformations 
(5) for which |aj = 1.* The transformations ( 6 ) for which |a| = I 
are those obtained by forming the product of the reflection in the axis 
of * with each rigid motion. They are generally known as the reflec¬ 
tions of the plane. 

Theorem 6. The 2- «* rigid motions and reflections of the plane 
constitute a subgroup of the group of aU circular transformations, and the 
rigid motions in themselves, a subgroup of the group of direct circular 
transformations. 


EXERCISES 


1. Show that 
x' 


x* + if — x 


(x-l)’ + y*’ V = (x - 1)> +V 
is a direct circular transformation. Determine the equivalent equation of the 
form (3). 

2. Find the equations in the usual form of the transformation (3). 


3. Show that every circular transformation carries two points mutually in¬ 
verse in a circle into two points mutually inverse in the transformed circle. 

4. Establish the following propositions. 

(а) A rotation about a point 0 through the angle 4 is the product of the 
regections in two lines through 0 bo chosen that the angle from the first to the 
second is 4/2. 

( б ) A translation is the product of the reflections in two suitably chosen 
parallel lines. 

(c) A homothetic transformation with finite center and positive ratio of 
similitude is the product of the inversions in two suitably chosen proper circles. 


MS* Inversive Geometry. A property which is invariant with 
respect to the group of direct circular transformations we shall call an 
inversive property, a theorem which involves only inversive properties an 
inversive theorem, and the geometry of inversive properties inversive 
geometry. 

*By definition* if ot - at + ia * |«| - V<* i* + «»*• In the present case, 
« — r (cos 4 +» an 4 ), so that |«| - r. 
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On the group of motions as a subgroup of the group of collineations, 
we based a subgeometry of projective geometry, whioh we called metric 
geometry. In precisely the same way, we now base on the group of 
motions, as a subgroup of the group of direct circular transformations, 
a subgeometry of inversive geometry which we shall call the metric 
geometry of the circle. 

It is important to note that the term “ metric property ” is a relative 
term and takes on a meaning with respect to inversive geometry 
different from that which it had with respect to projective geometry. 
From the projective standpoint, a metric property is one invariant 
with respect to the metric group, but not with respect to all collinea¬ 
tions.* From the inversive point of view, a metric property is one 
invariant with respect to the metric group, but not with respect to all 
direct circular transformations. 

The two metric geometries differ also. The "projective-metric” 
geometry deals with properties defined as metric relative to the pro¬ 
jective group, either alone or in conjunction with projective properties. 
The "inversive-metric” geometry has to do with properties defined as 
metric relative to the inverisve group, either by themselves, or in 
conjunction with inversive properties. 

From the projective point of view, the circle is a metric figure and 
all properties and theorems pertaining to it are metric. From the 
inversive standpoint, the properties of a circle are in part inversive and 
in part metric. In other words, properties which we have previously 
looked upon as metric now fall into two groups, those which are metric 
from the new standpoint and those which are inversive. For example, 
a circle is now an inversive figure, whereas the fact that a point is the 
center of a circle is metric. Again, distance is still metric, but angle 
is inversive. 

The content of Part A is half metric and half inversive. The 
essential results concerning orthogonal and tangent circles are inver¬ 
sive, whereas the concept of a power of a point is, for example, metric. 

In projective geometry we frequently obtained projective theorems 
by generalizing metric theorems. In the same way it is possible, here, 
to obtain inversive theorems by generalizing metric theorems by in¬ 
version. Theorem 3 and Exercise 5 of § 13 are typical inversive gen¬ 
eralizations of metric theorems of Part A. 

* Or all transformations, if we adopt the finer projective classification 
of Ch. XI, } 6. 
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But this is not the most important metric road to invereive results. 
Inversive theorems may be obtained directly by metric methods, and 
frequently more easily in this than in any other way. The results of 
Part A are to a large extent inversive, but the idea of a power of a 
point which was so useful in developing them is metric. 

Isotropic Coordinates. The equations 
(1) z = * + i y, z = x - iy 


represent a change from the Cartesian coordinates (x, y) to new co¬ 
ordinates (z, z), known as isotropic coordinates. 

Since for a real point z and z are conjugate-complex numbers, one of 
them suffices to determine the point. The standard choice for this 
purpose is z, as is evident from the preceding section. 

The equations of a direct circular transformation in isotropic co¬ 
ordinates are 


( 2 ) 


a Z + j 8 az + f) 

y z +fi yz-M 


a S - )3 7 0. 


Since we are in the real domain, the two equations are equivalent to one 
another and the first suffices to represent the transformation. 

It is readily found that the equation of a circle in isotropic coordi¬ 
nates is of the form 

(3) azz+zSz+jdiz + d^O, 

where a, d are real, and j9, 0 conjugate-complex, numbers. 

If, instead of the single isotropic coordinate z for a real finite point 
P , we introduce homogeneous coordinates (zi, zi) where zi/z 2 = z, 
we obtain in the usual way homogeneous coordinates for the point at 
infinity: (zi, 0), t x j* 0. More generally, the equations 


(4) 




z 


define a change from the coordinates (z, 5) of P to homogeneous iso¬ 
tropic coordinates (*i, Zi; zi, zj). If ztij ^ 0, the point P is finite. 
If xjk ** 0, then t* = 0, z* = 0 and we have coordinates (zi, 0; z h 0) 
for the point at infinity. 

In (zj, «t; h, h) we have homogeneous coordinates or parameters of 
the mixed type discussed in Ch. XI, 51. If (zi, Zt; z lf zi) is one set of 
coordinates for a point, all sets are given by (p h, p z*; p zi, p zi), pp 7* 0, 
Each of the equations (2) is replaced by two equations in the homo- 
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geneous isotropic coordinates. Equation (3) becomes 

( 5 ) a *1*1 + /9 *1*5 + d + d *2*2 — 0 . 

When a «= j9 = d = 0 and d 0, this equation reduces to **** = 0 
and represents the point at infinity, considered as a null circle. 

EXERCISES 

1. Classify the following figures as inversive or metric. 

(a) Two points mutually inverse in a circle. 

(b) Two proper circles and their radical axis. 

(c) An orthogonal system of circles. 

(d) Three proper circles and their radical center. 

(e) Two proper circles and their centers of similitude. 

(jf) Two circles and one of their circles of antisimilitude. 

2. The same for the following theorems. * 

(a) § 5, Ex. 4; § 6, Th. 1 o, 1 b, 7, 8. 

(b) g 7, Th. 3; § 9, Th. 4; § 10, Ths. 2, 4, 6. 

(c) $ 12, Ex. 5; § 13, Th. 1; g 14, Ths. 2, 3. 

3. Establish equation (3). 


17. Cross Ratio in Inversive Geometry. The cross ratio (PiPt, P»P 4 ) 
of four distinct finite points P* : «* = x* + t yt, k— 1,2, 3, 4, is de¬ 
fined as 

a) • <p,p„ pm - <»: ^: g • 

Four distinct points have 24 cross ratios, connected by the usual 
relations. Since a direct circular transformation is a linear transforma¬ 
tion of z into *', each cross ratio is an inversive invariant. 

Theorem 1. The cross ratios of four points are invariant with respect 
to the group of direct circular transformations. 

The cross ratio 

X = (PiP 2 , P»P 4 ), X * 0,1, 

is a complex number. We write it in the so-called polar form 
(2) X = r or X = r (cos 0 + i sin 6), 

in which the arc or argument $ admits an additive integral multiple of 
2 r, whereas the absolute value r is fixed. 

The absolute value of a product (quotient) of two complex numbers 
is the product (quotient) of their absolute values, and the arc of a 

* If a theorem falls into two parts, one of which is metric and the other 
inversive, the fact should be noted. 
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product (quotient) of two complex numbers is the sum (difference) of 
their arcs, provided the determinations of the three ares are suitably 
chosen. Thus 


*\ - Sal ■ \zi - ZaI 

«i — «j| • |zi — z 4 | 


0 


arc 



+ arc 


& — S4 

h — z< 


Since, for example, | Zi — | is the absolute distance P*Pi and 

arc (zi — St) is the directed angle from the positive direction of the x-axis 
to that of the directed line-segment PjPi, we have: 

Theorem 2. The absolute value and arc of the cross ratio (PiP«, P»P«) 
have respectively the values 

(3) r = . 8 = z PsPsPi + Z PiP 4 P s (mod. 2 x) * 

where z P*P*Pi, for example, is the directed angle from P*P* to P»Pj. 

It is at once evident that, if the four points Pt lie on a circle, NO 
(mod. x), and conversely. But 0=0 (mod. x) when and only when 
X is real and, if one of the cross ratios of four points is real, all are. 

Theorem 3. A necessary and sufficient condition that four points be 
concyclic is that an arbitrary one of their cross ratios be real. 

Theorem 4. If Pt, P< lie on a circle C B4 in which Pi, P 2 are'mutually 
inverse, then Pi, P 2 lie on a circle Cu in which Pi, Pi are mutually inverse. 

The two pairs of points are said to be orthocyclic: C S4 is orthogonal to 
every circle through Pi, Pi and C» is orthogonal to every circle through 
P t , Pi. The theorem is a consequence of § 5, Ex. 2. By hypothesis, 
P*Pi/PjP* = P«P l /P 4 P 2 ; hence PiPj/PiP 4 = PjP»/PsP 4 and the con¬ 
clusion follows. Incidentally, we see that the condition for orthocyclic 
position is that r *= 1. 

Theorem 5. The pairs of points Pi, Pt and Pt, P* are orthocyclic if 
and only if the absolute value of (PiPj, P B P 4 ) is unity. 

As in projective geometry, we say that Pi, Ps and P», P 4 are harmonic 
when (PiPt, P»P 4 ) — — 1. Hence: 

Theorem 6. A necessary and sufficient condition that two pairs of 
points be harmonic is that they be both concyclic and orthocyclic. 

* We mean by *.hy» notation that 0 is equal to the sum of the two angles in 
question to within an additive integral multiple of 2 t. In general, a » b 
(ipod. 2x): a is congruent to b, modulus 2x, if a»6-t-2fcir where k is an 
integer. 
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Theorem 7. Two points are harmonic with two given points if and 
only if they are the points of intersection of a circle on which the given 
points lie with a circle in which the given points are mutually inverse. 

We have restricted the definition of cross ratio and the proofs of the 
theorems to the case of four finite points. Both definition and proofs 
can, however, be readily extended to the case in which one of the four 
points is the point at infinity.* 

Direct Circular Transformations. A point transformation of the 
plane of inversion which is one-to-one and preserves cross ratio must, 
by Th. 3, carry concyclic points into concyclic points and is, therefore, 
a circular transformation. In fact, if it carries the points Pi, P 2 , P* 
into the points Pi, Pi, Pi and the arbitrary point P into P', it is 
represented geometrically by the equation 

(4) (PiPi, PiP') = (PiP* P,P), 
and hence analytically by an equation of the form 

(5) z' = at 8 — P y 9^ 0. 

y z + o 

It is thus not only circular, but directly conformal. 

Theorem 8. A necessary and sufficient condition that a one-to-one 
point transformation of the real plane of inversion be a direct circular 
transformation is that it preserve cross ratio. 

If all the points of (4), except P', are given, then P' is uniquely 
determined. Hence: 

Theorem 9. There is a unique direct circular transformation which 
carries three given distinct points into three prescribed distinct points. 

A direct circular transformation, other than the identity, has two 
real fixed points, as may be shown by applying the usual method to (5). 
If the two fixed points coincide, the transformation is said to be 
parabolic. 

We restrict ourselves to the case of a nonparabolic transformation as 
the one of principal interest. If Pi, Pt are the fixed points and P —» P' 

* The point at infinity is included if we employ homogeneous coordinates 
(*i, *j) instead of z. However, the extension of the proofs is simpler if we 
abide by the coordinates in the text and employ a limiting process. If Pi, 
for example, recedes without limit, (z< — zi)/(zt — zi) approaches unity. Then 

* _ SLZif, r - * P * P » P » ( mod * 2 *)• 

r. — *t P»Pt 



m 
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an arbitrary pair erf corresponding points, the cross ratio (PiP*, P P') 
k readily proved to be constant: v 

(6) {PiP it P P’) - X, X ^ 0,1. 

The constant X is known as the invariant of the transformation. 

We recognize three different types of nonparabolic transformations. 

The hyperbolic transformations: X real. By Th. 3, corresponding 
points are concyclic with the fixed points. Hence, each circle of the 
pencil Si of circles through the fixed points is carried into itself. 

The elliptic transformations: |X|= 1. Corresponding points are 
orthocyclic with the fixed points. Each circle of the pencil Si of circles 
in which the fixed points are mutually inverse remains fixed. 

The laxodromic transformations: X not real and |X| 1. It may be 

shown (Ex. 11) that corresponding points lie on a double spiral which 
curls about each of the fixed points and cuts every circle of the pencil 
Si (or St) at a fixed angle. Each of these °° 1 double spirals is carried 
into itself. 

A transformation for which X = — 1 is involutory. Two corre¬ 
sponding points are harmonic with the fixed points. As a matter of 
fact, the transformation is both hyperbolic and elliptic, every circle of 
the orthogonal system formed by the pencils Si and is carried into 
itself, and the mate of a point P is the second intersection P’ of the 
two circles of the system which pass through P. 

It is readily shown that the transformations of this type are the only 
direct circular transformations which are involutory. They are 
known as Moebius involutions. 

General Isotropic Coordinates. If P*, P 0 , Pi are three arbitrarily 
chosen fixed points and P an arbitrary point, the generalized isotropic 
coordinates of P consist of two complex numbers (z, z) where z is 
defined as the cross ratio 

z = (P.P* PiP) 

and £ is the conjugate of z. 

It may be proved, by means of the methods of Ch. IX, $ 2, that the 
original isotropic coordinates are a special case of the general isotropic 
coordinates, that the equations of a change from one system of isotropic 
Coordinates to a second are of the type (2) of { 16, and that real in¬ 
vasive geometry has the same analytic form in terms of the general 
isotropic coordinates as in terms of the original ones. 

la the general system of isotropic coordinates the point at infinity 
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loses its identity as the point without coordinates. Moreover, the 
point which U now lacking coordinates, the point P„, may be chosen 
arbitrarily. Thus, all points of the plane are on the footing; 
no point plays a special rdle. 

Theorem 10. The real inversive plane is a closed continuum without 
an exceptional point. 

It follows that in inversive geometry the straight lines, that is, the 
circles through the point at infinity, are just as much “proper” circles 
as the proper circles themselves. 

The Projective Equivalent of Real Inversive Geometry. It is evident 
from the foregoing developments that the real inversive geometry of 
the plane is analytically identical with the complex projective geometry 
of a line. There exists a perfect one-to-one correspondence between 
the two geometries. To the complex points z = x + i y of the line 
correspond the real points z = x + i y of the plane, and to the complex 
projective transformations of the line correspond the real direct circular 
transformations of the plane. 

The correspondence enables us to represent each geometry in terms 
of the other. It is especially useful in the study of the complex pro¬ 
jective geometry of the line in that it furnishes for this geometry a real 
representation, that is, an equivalent real geometry.* 


EXERCISES 


1. Show that, if an indirect circular transformation carries P lt Pi, Pi, P« 
into P[, Pi, Pi, Pi, the cross ratio X' = (PiPi, PiPi) is conjugate-complex to 
the cross ratio X = (P\Pi, PiPi) : X' = X; hence prove that |X'| = | X | and 
arc X' — arc X (mod. 2 «■). 

2. Prove geometrically that inversion preserves the absolute value of cross 
ratio and preserves the arc of cross ratio except for sign. 

3. Enlarge on the proof of Theorem 3. Show also that two concyclic 
pairs of points Pi, P> and Pi, Pi separate or do not separate one another ac¬ 
cording as (PiPi, PsPi) is negative or positive. 

4. What is the locus of a point which moves so that it and a given point are 
always orthocyclic to two given points? 

5. Prove Theorem 7. 

6. Find the fixed points and invariants of the transformations: 


(a) s' 


i * + 2(1 + i) 
«-!)• + 8 ’ 


( 6 ) s' «“ 4 z. 


* For a detailed discussion of the correspondence, see Coolidge, The Geometry 
of the Complex Domain, Ch. II. 
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7. Show that the transformation of S 15, Ex. 1st Moebius involution. 
What are the fixed points? 

8. Prove that a reflection in a finite point is a Moebius involution. Show 
that every Moebius involution is the product of the inversions in any two circles 
which past through the fixed points of the involution and are mutually orthog¬ 
onal. 

9. Show that, by a proper choice of isotropic coordinates, the equation of a 
nonparabolic direct circular transformation may be reduced to the canonical 
form 

s' = X z, X * 0,1, 

and that of a parabolic transformation to the canonical form 

s' = z + P, P * 0. 

10 . Show that a parabolic transformation carries into itself each of the 
circles of a pencil of circles mutually tangent at the fixed point of the trans¬ 
formation. 

11 . Prove the facts stated in the text concerning loxodromic transformations. 
Consider first the general loxodromic transformation with the origin and point 
at infinity as fixed points, and show that in this case two corresponding points 
lie on an ordinary equiangular spiral. 

12. Prove that the directly conformal collineations are precisely the direct 
circular transformations which leave fixed the point at infinity. Hence 
justify the statement: The real metric geometry of the circle is essentially the sub- 
geometry of real irwersive geometry in which a certain real point is held fast. 


18. The Complex Plane of Inversion. We recall the construction 
of the finite complex plane (Ch. VIII, § 2). Two ordered complex 
numbers (x, y) are given. When real, they are the rectangular co¬ 
ordinates of a real point. When not both are real, they are assigned as 
coordinates to a newly created, imaginary, point. The totality of 
points ( x, y), real and imaginary, constitute the finite complex plane. 

For the study of inversive geometry in the finite complex plane we 
employ, instead of (x, y), the isotropic coordinates («, v): 

« = x + i y, v = x — iy, 

( 1 ) 1 , , , 1 , , 

» = 2 ( w + v). V = 2i (“"*)■ 


ently, the point (u, v) is real when and only when u and v axe 
igate-complex, In fact, for real points the coordinates («, v) are 
Iy the coordinates (z, z) of § 18. 
is dear from (1) that the equations 

u *> k, v » l, 

where k and l are arbitrary complex constants, .represent respectively 
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the two families of isotropic lines. It is from this fact that the 
coordinates (u, v), and also («, I), take their name. 

The Complex Plane of Inversion. We replace (u, t>) by the homo¬ 
geneous coordinates (iti, u,; v h v t ) defined by the relations 


(3) 

Equations (2) become 



(4 a) kxUi + kzUi = 0, k x ?* 0, 


Vl 

Vs 


V. 


hvi + hvi — 0, Zi 0. 


Two quadruples (u l} u 2 ; »i, t? 5 ) whose corresponding number pairs are 
proportional we shall call related quadruples, provided no pair of either 
quadruple is the pair 0, 0. The quadruples, one or both of whose pairs 
is 0, 0, we discard once and for all. 

A quadruple (u x , ik; »i, » s ) for which tkv s ¥■ 0 and the related quad¬ 
ruples (piti, ffv x , ov 2 ), pc 9 * 0, are the sets of homogeneous 
coordinates of the finite point u = ui/tk, v = and the quadruples 
(p, 0; a, 0), pc 5 * 0, those of the real point at infinity. 

The remaining sets of related quadruples are those for which Ui = 0, 
vt ?* 0 or t> 2 = 0, ik ?* 0. Corresponding to these sets we create new 
points, which for obvious reasons we call the imaginary points at 
infinity and to which we assign the sets as coordinates. 

The points at infinity are evidently the points whose coordinates 
satisfy one or the other—or, in case of the real point at infinity, both— 
of the equations 

(4 b) u t =0, v 3 = 0. 


These equations are identical with the equations (4 o) for which k x = 0 
(k 2 t* 0) and h — 0 (It?* 0). Accordingly, we call their loci the 
isotropic lines at infinity or the infinite isotropic lines and adjoin them 
respectively to the two families of finite isotropies (4 a). 

The equations (4 a) are satisfied respectively by the coordinates 
(fcj, — k x -, 1,0), jfei 3 ^ 0 and (1,0; U, — h), h ?* 0. But these coordinates 
represent precisely the imaginary points on the lines v t = 0 and «j = 0 
respectively. Accordingly, we think of the imaginary points on an 
infinite isotropic of one family of isotropies as lying one each on the 
finite isotropies of the other family. 

Summary. Corresponding to each finite isotropic there is created an 
imaginary point at infinity. Each imaginary point at infinity lies on the 
corresponding finite isotropic and on no other finite line. The imaginary 
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■point* at infinity which lie on the finite isotropies of one family of isotropies 
form with the real point at infinity the infinite isotropic of the other family. 
Thus, the infinite domain consists of two conjugate-imaginary isotropies 
whose common point is the real point at infinity. 

Hie totality of complex points, finite and at infinity, constitutes the 
complex plane of inversion. 

An important property of this plane is obvious from our construction 
of it. 

Theorem 1. Through each point of the complex inversive plane there 
pass two isotropic lines, one of each kind. 

The Real Geometry of the Complex Inversive Plane. The equation of 
the real circle 

(5) 01 ( 1 * + y 1 ) + oji + a,y + a* = 0 
becomes, in homogeneous isotropic coordinates, 

(6) a itifli + 0 uiVi + 0u&i + d utv t = 0, 
where 

a — a lf 0 = J(o, - i a»), 0 = $(«* + i a*), d- a*. 

Hence 

(7) a* + ai — 4 Oi«« 53 4 (/3 0 — ad). 

The classification of circles in the inversive plane may be obtained, 
by use of (7), from the classification of circles in the Cartesian plane 
(§ 1 ), provided due account is taken of the change in the infinite do¬ 
main. 

"We note, first, that this change produces a radical effect on the con¬ 
cept of a degenerate circle. In the Cartesian plane, the circle (5) is 
degenerate if the left-hand side of (5), written in homogeneous 
Cartesian coordinates, is factorable into linear factors, that is, if 
oj(a, o) “ 0 ; it is, then, a null circle, a finite line circle, or the infinite 
line circle. In the inversive plane, the circle ( 6 ) is degenerate if the 
left-hand side of ( 6 ) is factorable into two factors linear respectively 
in Ut, ut and v h vt : , it consists, then, of two isotropic lines, and is 
always a mill circle. 

Of the degenerate circles of the Cartesian plane, the null circles and 
the infinite line circle: (a, a) = 0 , become null, that is, degenerate, 
circles in the inversive plane. In particular, the infinite line circle is 
replaced by the new infinite domain; uy>t = 0 , 
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On the other hand, the finite line circles of the Cartesian plane: 
ai - 0 , (a, a) y* 0, are replaced by the real straight lines: a = 0 , 
0 0 — o d ^ 0, of the plane of inversion. These are nondegenerate, 
or proper, circles and, since 00 — a d = 0 0 > 0 , they belong with 
the circles with real traces. 

It is evident from the discussion that 00 — ad = Ois the condition 
that the circle ( 6 ) be degenerate, and that a proper circle ( 6 ) has, or 
has not, a real trace according as 0 0 — a d > 0 or < 0 . 

Theorem 2. In the complex plane of inversion there are real circles of 
three types: the circles with real traces including the real straight lines, the 
null circles, and the circles without real traces. Equation (6) represents 
a circle of the first, second, or third type according o *00 — ad> 0 , = 0 , 
or < 0 . 

Theorem 3. The infinite domain of the complex inversive plane is a 
null circle. 

We turn to the real circular transformations, agreeing to apply them 
to imaginary as well as to real points. The equations of the group 
of direct transformations in our present coordinates are 

pu'i = a ui -f 0 m», <rt>i = a »i + 0 v u 

pu'j — y Ui + 5 Ut, <rv'i= y Vi + S v t , 

and those of the set of indirect transformations, 

pui ~ a vi -f 0 v t , ov'i = a ui -f 0 u*, 

pu\ - y vi + 5 v s , crt’s = y ui + S ut, 

where in each case aS — 0 y 0 and pa ^ 0 . 

The very forms of the transformations reveal important facts. 

Theorem 4. A real circular transformation is one-to-one without 
exception in the complex plane of inversion. 

Theorem 5. A real circular transformation carries an isotropic into 
an isotropic, in particular, into an isotropic of the same or opposite 
family according as it is directly or inversely conformal. 

Equations ( 8 ) may be interpreted as a change from the special 
isotropic coordinates (u t , th', n, vt) to general isotropic coordinates 
(ui, ui; t>i, ai). Thereby the infinite domain loses its identity and 
assumes the same aspect as any other null circle. 

A realisation of inversive geometry on the sphere and a new type of 
coordinates for the inversive plane will be found in Ch. XIX, ${ 12,13. 
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1. Stow that two isotropies of the same family never intersect, and that two 
isotropies of different families always intersect in a single point. 

2. Prove that two real circles always intersect in two points, real and distinct, 
real and coincident, or conjugate-imaginary. 

3. Prove directly that the bilinear form in equation (6) is degenerate if 
and only if/S0 -ad«O. 

4. Show that, if the circle (6) is a null circle, coordinates of its center are 
0, - a; 0, - a) or (d, - 0 ;d, - 0). 

5. The usual rectangular coordinates (x, y) of the real finite plane are re¬ 
placed by homogeneous coordinates (x t , x t ; y h y t ) defined by the relations 




Construct the real extended plane based on the coordinates (xi, x,; y h yi) and 


discuss in this plane the locus of the general equation with real coefficients 


which is bilinear in Xi, Xi and yi, y t . 


19. Inversion in the Complex Cartesian Plane. Inversion is one- 
to-one without exception in the complex inversive plane (§ 18, Th. 4). 
In the real Cartesian plane it fails of being one-to-one in that to the 
center of inversion corresponds every point at infinity (§ 8, Th. 1). 
In the complex Cartesian plane, in which we shall now consider it, it 
possesses a Btill different aspect. 

A quick and instructive way of arriving at the facts in this case is to 
start with the geometric definition of inversion suggested by § 3, 
Ex. 1: Two points are mutually inverse in a proper circle if and only if 
they are conjugate points with respect to the circle and are coUinear with its 
center. 


Let 0,1, J be respectively the center of inversion and the circular 
points at infinity (Fig. 13). Since 0 and each point conjugate to 0, 



that is, each point on 1J, are eollinear with 0, 
every point on the line at infinity is inverse to 
0. Again, since the points conjugate to I are 
the points of the isotropic 01, each point of 01 
is inverse to I. Similarly, each point on the 
isotropic OJ is inverse to J. 

The point, or points, P t inverse to a given 
point P are the pointB common to the polar of 


“P and the line OP. There is, then, just one point P' inverse to P 


unless the line OP is undefined or coincides with the polar of P. In 


the first ease P must be 0, and in the second case P is either 1 or J. 
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Thus a point P , other than 0, 7, J, has a unique inverse. In par¬ 
ticular, the inverse of a point at infinity, not 7 or J, is 0, and the 
inverse of a point on 01 ( 0J ), not 0 or I (0 or J), is 7 (/). 

The Projective Generalization of Inversion, 

This transformation is based on a nondegen¬ 
erate conic C and a point A* not on C. Two 
points correspond by it when they are conju¬ 
gate with respect to C and collinear with A». 

Here, the r61es of the point 0 and the points 7, 

J are played by th epoint A* and the points of con- Fia. 14 

ta ct A i, A s of the tangents toCfromAa (Fig. 14). 

Theobem 1. The points of the complex plane, other than those which 
lie on the sides of the triangle AjAjAi, correspond in pairs. To a vertex 
of the triangle correspond all the points on a side: to A> all the points on 
a», and to Ai(A 2 ) all the points on a 2 (ai); and to a point on a side, other 
than a vertex, corresponds a vertex: to a point on Oj, not Ai or A 2 , the vertex 
A 3 , and to a point on ai(a 2 ), not A a or A 2 (A S or A x ), the vertex A 2 (Ai). 

When we introduce projective coordinates referred to the triangle 
AjAjAj as triangle of reference and a point on C as unit point, the 
equation of C is 

(1) x x ij — x* = 0. 

The two points P : (x h x Xl x») and P' : (x x , xi, xi) are conjugate with 
respect to C and collinear with A* when 

Xtx'i + Xix’t — 2 Xsx'x = 0 , XiXi — XiXt = 0 . 

Thus, the equations of the correspondence are found to be 

(2 a) px i = XiXt, px'i = xjx,, px't — XiXt, 

ii ii it P ^ 0. 

(2 b) pxi = x x x», px 2 = xsx*, pxj = XiXi, 

If P is a vertex of the triangle, for example, the vertex As : (0, 0, 1), 
equations (2 o) reduce to x\ = x'j = xi = 0, as might have been ex¬ 
pected from the nature of the transformation. However, equations 
(2 b) become xix* = 0, xix* = 0, xWs = p and yield the proper in¬ 
formation. 

The transformation carries 

oiii + a*x* + OjXi = 0 

into 

t t * f r . ft n 

U\X\X% + (hx&i + a%xix» — U. 
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Theorem 2. The transformation carries a straight line into a conic 
through the vertices of the triangle. The conic is nondegenerate or de¬ 
generate according as the line does not , or does, contain a vertex of the tri¬ 
angle. In particular, if the line is a side of the triangle, the conic consists 
of two sides of the triangle. 

The fact that the conic goes through the vertices of the triangle may 
also be seen geometrically. Consider, for example, the general case in 
which the given line does not contain a vertex. The line then inter¬ 
sects the sides in three distinct points, and these points are carried into 
the three vertices. 

A nondegenerate conic intersects each side of the triangle in two 
points, distinct or coincident. Hence the curve of the fourth order 
into which it is carried has a double point or cusp in each of the vertices 
of the triangle. According as the conic contains no, one, two, or all 
three of the vertices of the triangle, no, one, two, or all three sides of 
the triangle are constituent parts of the curve of the fourth order, and 
conversely. It follows that this curve, in the four cases, is a non¬ 
degenerate biquadratic, a nondegenerate cubic and one side of the 
triangle, a nondegenerate conic and two sides, and a straight line and 
all three Bides. Consider, for example, the first case, and suppose that 
the biquadratic degenerated, say, into a nondegenerate cubic and a 
straight line. Since the biquadratic has singular points in all three 
vertices, the cubic would have to have its maximum of one singular 
point in a vertex of the triangle and the straight line would have to be 
the opposite side. Hence the given conic would contain a vertex of the 
triangle,—a contradiction. Again, if the biquadratic degenerated into 
two nondegenerate conics, these conics would pass through the ver¬ 
tices of the triangle and the given conic would be degenerate. 

Theorem 3. The transformation carries a nondegenerate conic into a 
curve of the fourth order with a double point or cusp at each vertex of the 
triangle. This curve is nondegenerate if the given conic does not contain 
a vertex of the triangle, and degenerates into a nondegenerate cubic, a 
nondegenerate conic, or a straight line, taken respectively with one, two, 
or all three sides of the triangle, according as the given conic contains one, 
two, or all three vertices of the triangle. 

Since inversion is a metric case of our transformation (2 a), Theorems 
2 and 3 may be readily interpreted for it. 

The transformation (2 a) is, in general, one-to-one, and x\, x't, x% 
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are proportional to three quadratic polynomials in xi, Xi, X) which have 
no linear factor in common. Any point transformation of the pro¬ 
jective or Cartesian plane which has these properties is known as a 
quadratic transformation. 


EXERCISES 

1. Making use of Theorems 2, 3, discuss the effect of inversion on straight 
lines and proper circles, Consider all cases. 

2. Prove geometrically and analytically, in the case of the transformation 
(2 a), that when the point P approaches A t along a given line through Ai, 
the corresponding point P' approaches a definite point on a». 

3. When does the curve of the fourth order of Theorem 3 have a cusp at a 
given vertex of the triangle? 

4. Generalize Pascal’s Theorem by means of the transformation (2 a). 

5. Discuss the quadratic transformation 

pxl ~ XzXi, pxl = XsXt, pX a = X1X3, p 0 . 

6. Show that the transformation of a point into its isogonal conjugate with 
respect to a triangle (Ch. Ill, § 10, Ex. 5) is a quadratic transformation and 
find its equations in terms of trilinear coordinates (Ch. X, § 7). 

7. Prove that the transformation of a point into its conjugate with respect to 
the conics of a pencil of point conics of Type I is a quadratic transformation. 
What light does this throw on the content of Ch. XVI, § 16? 

8. Generalize the transformation of inversion by polar reciprocation. 
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SPACE GEOMETRY 


We shall be concerned primarily in this chapter with the develop¬ 
ment of projective geometry and its subgeometries in three-dimen¬ 
sional space. The subject matter will be analogous to that in the 
plane. The methods of treatment, however, we shall seek to vary as 
much as possible. 

1. Extended Space. Homogeneous Cartesian Coordinates. The 

extension Of the finite domain to a closed continuum has already been 
discussed in Ch. II, § 3. If (x, y, z) are rectangular Cartesian co¬ 
ordinates of a finite point P, homogeneous coordinates (ii, x 2 , x>, x,) 
of P are defined by the relations 


( 1 ) 




Xt 

X 4 


z. 


If L is any line in the direction with components l, m, n and (x 0 , y 0 , z 0 ) 
is a fixed point on L, an arbitrary finite point P on L has the nonhomo- 
geneous coordinates (x» + It, ya + mt, z» + n t), and hence the 
homogeneous coordinates (x 0 /t + l, y^t + m, z 0 /< + n, 1/0- When P 
recedes indefinitely on L, the parameter ( becomes infinite, and the 
latter coordinates approach (l, m, n, 0) as limits. 

Agreement. The point at infinity in the direction with components 
Xt, Xt, Xt shall have the homogeneous coordinates (xi, x 2 , x», 0). 

It follows that the equation of the plane at infinity is 

( 2 ) Xi = 0 . 

It is now true that every linear homogeneous equation in Xi, Xt, x», x t , 
not all of whose coefficients are zero, represents a plane, and conversely. 

Homogeneous Cartesian coordinates of a plane shall be defined as the 
ordered coefficients in an equation of the plane. Thus, homogeneous 
coordinates of the plane 

aizi + ajXj -)- a*xt + <14X4 = 0 


are (oi f at, a., a 4 ) or (pa lt pat, pa», pa*), P ^ 0. 

404 
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Theorem 1 . The point x : (xi, xt, x», *4) lies in the plane 
u : (wi, ut, ut, u 4 ) if and only if 

(3) (u|x) = 0, 

where 

(m(x) = «iXj + UjXs -f UjXg + 1X4X4. 

The equation 

(a | u) *s O 1 U 1 + &iu 2 ■+■ <hUa + atiu = 0, 

where the a’s are constants, not all zero, is satisfied by the coordinates 
(wi, Mj, m 4 ) of those and only those planes which pass through the 
point a : ( 01 , a*, a», as). It is, then, the equation in plane coordinates 
of the point a. 

Theorem 2 . Every linear homogeneous equation in plane coordinates, 
not all of whose coefficients are zero, represents a point, and conversely. 

2. Points, Planes, and Lines. Duality. Let there be given a 
number of distinct points and the same number of distinct planes, 
for example: 

Points Planes 

Coordinates Equations Coordinates Equations 

a : (a t , a 2 , a 3 , a 4 ) (a|u) = 0 a : (a 2 , a 2 , a 3 , a 4 ) (a|x) = 0 

b : (b t , b 2 , b h 64) (6ju) = 0 b : (61, 6 2 , b 3 , & 4 ) (6[x) = 0. 


The following theorems are readily proved. 


Theorem 1 a. Two distinct 
points determine a line. Equa¬ 
tions in plane coordinates of the 
line determined by the points a, b 
are 

(la) (aju) = 0, (6|u) = 0. 


Theorem 1 b. Two distinct 
planes determine a line. Equa¬ 
tions in point coordinates of the 
line determined by the planes a, b 
are 

(16) (a|x) = 0, (61 x) = 0. 


In equations (16), we have a system of two linear homogeneous 
equations in four unknowns, which is of rank two. The simultaneous 
solutions of the equations are, then, the linear combinations of two 
nonproportional particular solutions (ci, c 2 , c s , c 4 ), (di, d 2 , ds, d 4 ). Hence 
the points of a line are the linear combinations of two distinct points 
on the line. 

The same considerations applied to equations (1 a) tell us that the 
planes through a line are the linear combinations of two distinct 
planes through the line. This totality of planes is known as a pencil 
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of planes. The hne is called the axis of the pencil and three or more 
planes of the pencil are said to be coaxal. 


Theorem 2 a. The equation 
&(o|u) + 1(61 u) = 0, 

where k, l are parameters not van¬ 
ishing simultaneously, represents 
the range of points determined by 
the points a, b. The coordinates of 
an arbitrary point of the range are 
k a + lb. 


Theorem 2 b. The equation 
k(a| x) + 1(61 x) — 0, 

where k, l are parameters not van¬ 
ishing simultaneously, represents 
the pencil of planes determined by 
the planes a, b. The coordinates of 
an arbitrary plane of the pencil are 
ka + lb. 


A finite number of points (planes) are said to be linearly dependent 
if their sets of homogeneous coordinates are linearly dependent. By 
Theorem 2: 

Theorem 3 a. Three points Theorem 3 b. Three planes 
are linearly dependent if and only if are linearly dependent if and only if 
they are collinear. they are coaxal. 

If the three points a, b, c are not collinear, the system of equations 
(ajw) = 0, (6|«) = 0, (c j u) = 0 

is of rank three and every solution of it is a multiple of the particular 
solution 

(2) jni6jC«|, —Ifli&sC*!, | Oi 62C.1I, — [ cti &2 03 1 . 

Hence, there is a unique plane containing the three points, and its 
equation is 

| a* 6* C\ | x\ — | Oi 6g C\ | Xt 4" | cii 6j Ct | Xj — | Oj 62 Cj j = 0, 

or 

| ai 62 ci xt [ = 0. 


Theorem 4 a. Three non- 
collinear points a, b, c determine a 
plane. The plane has the coordi¬ 
nates (2) and the equation 

| o 6 c a: | = 0. 

following theorems may now 
Ikheorem 5 a. The points 


Theorem 4 6. Three non- 
coaxal planes a, b, c determine a 
point. The point has the coordi¬ 
nates (2) and the equation 

(3 6) | a 6 c u\ = 0. 

be readily established. 

Theorem 5 6. The planes 


ka + lb + me 


k a + 16 + m c 
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linearly dependent on the three non* linearly dependent on the three non- 
collinear points a, b, c are the points coaxal planes a, b, c are the planes 
of the plane determined by the three through the point determined by the 
points. three planes. 

The totality of planes through a point is known as a sheaf of planes. 

Theorem 6 a. The four points Theorem 6 6. The four planes 

a, b, c, d are coplanar, that is, lie in a, b, c, d are copunctual, that is, go 
a plane, if and only if through a point, if and only if 

|a&cd|=0. |o6cd|=0. 

Theorem 7 a. Four points are Theorem 7 b. Four planes are 

linearly dependent if and only if linearly dependent if and only if 
they are coplanar. they are copunctual. 

Five sets of four numbers each are always linearly dependent. 
Hence: 

Theorem 8 a. Five points are Theorem 8 b. Five planes are 

always linearly dependent. always linearly dependent. 

Theorem 9 a. The points Theorem 9 b. The planes 

ka+lb + mc + nd ka + lb + mc + nd 

linearly dependent on four nonco- linearly dependent on four nonco- 
planar points a, b, c, d are all the punctual planes a, b, c, d are all the 
points of space. planes of space. 

It is evident from these developments that, in space, point and plane 
are dual and the straight line is self-dual. 

We recognize in space three fundamental forms of points, three of 
planes, and four of lines: 


Dimensionality 

Points 

Planes 

Lines 

One 

Range 

Pencil 

Pencil 

Two 

Plane 

Sheaf 

(Plane 

[Sheaf 

Three 

Space 

Space 


Four 



Space 


The point, the plane, or the line may be taken as the fundamental 
element in the study of the geometry of space. We shall be interested 
primarily in the point and plane geometries and shall develop them 
simultaneously. Both of these geometries are three-dimensional and 
each is the dual of the other. In both, the straight line, that is, a 
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range of points or a pencil of planes, is one-dimensional. In plane 
geometry, the two-dimensional form iB the point: the sheaf of planes; 
and, in point geometry 1 , it is the plane: the plane of points. 

We shall, on occasion, for the sake of unification and conciseness, 
make use of the relation between two elements known as united posi¬ 
tion. A point and a plane are said to have united position if the point 
lies in the plane, a line and a point if the line contains the point, a line 
and a plane if the line lies in the plane, two points or two planes if they 
are identical, and two lines if they intersect. 

EXERCISES 

1. Show that a straight line and a plane not through the line have a unique 
point in common. State and prove the dual. 

2. Two distinct straight lines are determined respectively by the pairs of 
planes a, b and c, d. Establish a condition necessary and sufficient that the 
lines intersect. State the dual. 

3. Establish the following theorems: 

(a) Theorem 5; (b) Theorem 6; (c) Theorem 9. 

4. In the following equations k, l, or k, l, m, are parameters which do not 
vanish simultaneously. Determine what each pair of simultaneous equations 
represents. 

(a) A(a|u) + Z(6|u) = 0, (e|u) = 0; 

(b) k(a\x) + l(b\x) = 0, (c|x) = 0; 

(c) fc(«[x) + Z(Z>|x) + m(c\x) = 0, (d|x) = 0; 

( d) k{a\u) + l(b | u) + m(c|w) = 0, (d\u) = 0. 

3. Cross Ratio. One-Dimensional Coordinate Systems. The theory 
of cross ratio may be extended to space by carrying over from tho 
plane the geometric definitions of cross ratio for points and lines 
(Ch. VI) and introducing a similar definition for planes. We prefer, 
however, to develop the whole subject anew from a purely analytic 
point of view, based on the consideration of coordinate systems in one¬ 
dimensional fundamental forms. 

One-Dimensional Coordinate Systems. Denote by Em, En, En three 
distinct elements of a one-dimensional fundamental form, which we 
assume, to bepn with, is a range of points or a pencil of planes. Let 
a ; fci, a*, a», a*) and b : (b it 6 S , b», b t ) be homogeneous (point or plane) 
coordinates for Eio and Eoi, so chosen that En has the coordinates 
.i| + b , and let 

;if: ka + lb 

be an arbitrary element of the form. 
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The ordered numbers {k, Z) constitute homogeneous coordinates for 
the elements of the form. We shall refer to them as ■projective co¬ 
ordinates. The following table showB in detail their relationship to the 


space coordinates. 

Eu 

Em 

En 

E 

Space Coordinates 

a 

b 

a + b 

ka + lb 

Coordinates ( k, l) 

(1,0) 

(0, 1) 

(1, 1) 

(k, l). 


The elements Eu>, Em are called the zero elements, and En the unit 
element, of the coordinate system. 

Suppose that we set 

a = A a', b = Bb', 

where A and B are constants, 5^ 0 , and denote the coordinates in the 
form which are based on a', b' as the space coordinates of Eu>, E 0 i by 
(k\ V). We then have: 

Em Em Eu E 

Space Coordinates a' b' Aa' + Bb' (Ak)a' + (Bl)b' 

Coordinates (k',V) ( 1 , 0 ) ( 0 , 1 ) (A, B) (Ak, Bl). 

The two tables show that the coordinate systems (k, l ) and ( kl'}, 
even though they have the same zero elements, are not in general 
identical. They are identical only if A = B, that is, only if they also 
have the same unit element. 

Theorem 1 . If E\„, Em, and Eu are three distinct elements of a one¬ 
dimensional fundamental form, there exists a unique system of projective 
coordinates for the form in which Ei 0 , Em are the zero elements (1, 0), 
(0, 1) and Eu is the unit element (1, 1). 

It is well to note that the coordinate system, though not completely 
determined by the zero elements themselves, is completely determined 
by definitely chosen space coordinates a, b for the zero elements. 

Theorem 2. The change from one coordinate system in a one- 
dimensional form to a second is represented by a linear transformation, 
and conversely. 

Let an arbitrary element E of the form, which we still assume is a 
range of points or a pencil of planes, have the coordinates (k, l) and 
(k', l’) in the two given coordinate systems, and let the corresponding 
space coordinates of E be k a + l b and k'a' -f l'b'. Substituting the 
expressions for a and b as linear combinations of o', b\ namely 

a — Aia' + Bib f , b — A*g' 4- Bjb 1 , A1B1 — A3B1 ^ 0, 
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into the symbolic equation 

p(k'a' + I'V) - k a + l b, p^O, 

we find immediately that 
... P k’ = A\k + Ad, 

' ' P V = Rife + BJL 

Conversely, every linear transformation (1) represents a change of 
coordinates in the form, as is readily proved by retracing steps. 

Theorem 3. If the basic points (1, 0), (0, 1), (1, 1) of a coordinate 
system in a range of points lie respectively in the basic planes (1, 0), 
(0, 1), (1, 1) of a coordinate system in a pencil of planes, the point (k, l) of 
the range lies in the plane ( k , l) of the pencil. 

Let x, y, x + y be the space coordinates of the basic points of the 
range and «,!>,« + v, those of the basic planes of the pencil. By 
hypothesis, 

(z|«) = 0, (y|») = 0, (x + y\u + v) = 0, 

or 

(z|u) = o, (y|») = 0, (x|») 4- (y|«) = 0. 

Hence 

(k x + l y\k v + Z v) m + kl [(a;|t>) + (y|w)] + P(y|i>) = 0. 

Consider now a pencil of lines. Choose arbitrarily a range of points 
whose points lie respectively on the lines of the pencil, and a pencil of 

planes whose planes contain respec¬ 
tively the lines of the pencil (Fig. 1). 
Let Li#, Loi, Ln be three distinct 
fixed lines and L an arbitrary line 
of the pencil, Pio, P«, Pn, and P the 
points of the range which lie on 
these lines, and M\n, M 0l , Mu, and 
M the planes of the pencil of planes 
which contain them. Construct 
the system of coordinates in the 
range of points based on P l0 , Pm, 
Pn and that in the pencil of planes 
based on Afio, Mm, Mu- The point 
P of the range and the plane M of 
tW pencil have then, by Th. 3, the same coordinates (lb, I). These 
coordinates we assign to the line L, We thus obtain a coordinate 
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system in the pencil of lines in which Lu>, L« are the zero lines 
(1, 0), (0, 1) and L n is the unit line (1, 1). 

That this coordinate system is independent of the particular range 
of points and the particular pencil of planes originally chosen is readily 
proved by applying Theorem 3 to two positions of the range and one 
position of the pencil, or to two positions of the pencil and one position 
of the range. Hence, Theorem 1 holds for a pencil of lines. 

A pencil of lines may be thought of as consisting of the lines 
which join a point (c|u) = 0 to the points of a range of points 
(k a + l 61 it) = 0 not containing the point c, or as consisting of the 
lines of intersection of a plane (c'\x) = 0 with the planes of a pencil 
of planes ( k'a' + l'b' \ x) = 0 not containing the plane c'. Thus, it is 
represented analytically by either of the pairs of equations 

(2) (ka + lb\u) = 0, (c|u) = 0; (k'a' + rb'\x) = 0, (c'|x) = 0. 

The coordinates (k, l ) in the range of points and the coordinates (k\ l r ) 
in the pencil of planes are then coordinates in the pencil of lineB and, 
in fact, the same coordinates if the basic points of the range of points 
lie in the basic planes of the pencil of planes. 

The manner of construction of the coordinate systems in a pencil of 
lines guarantees the truth of Theorem 2 for a pencil of lines and shows 
that Theorem 3 is valid also for a range of points and a pencil of lines 
and for a pencil of lines and a pencil of planes. The extension of 
Theorem 3 we state in terms of the concept of united position. 

Theorem 4. If the basic elements of a coordinate system in a one¬ 
dimensional form have respectively united position with the corresponding 
basic elements of a coordinate system in a one-dimensional form of a 
different type, the element ( k, l) of the first form has united position with 
the element ( k, l) of the second form. 

If (k, l ) are homogeneous coordinates in a one-dimensional form, 


k 



is defined as the corresponding nonhomogeneous coordinate. Every 
element of the form, except En, has a unique coordinate w. In par¬ 
ticular, w becomes infinite for Eio, w = 0 for Em, and w = 1 for Eu. 

Cross Ratio. If, of four distinct elements in a one-dimensional form, 
three are chosen as the basic elements of a coordinate system in the 
form, the fourth takes on a definite nonhomogeneous coordinate (Th. 1). 
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Thus, there are associated with the four elements certain numbers. 
We call these numbers the cross ratios of the four elements. 

Definition. If Ex, E t , E», E* are four distinct elements of a oner- 
dimensional fundamental form, the cross ratio (ExEt, E t E t ) is the non- 
homogeneous coordinate w of Et in the coordinate system in which Ex, Et, 
Et are respectively the basic elements Ext, E ai , Exx : 

(3) (ExEt, EtEt) ~ w. 

It is clear from the definition that w ^ 0, 1, and that, when the first 
three elements and the value of tc(^ 0,1) are given, the fourth element 
is uniquely determined. 

Theorem 5. If four distinct elements of a one-dimensional form are 
respectively in united position with four distinct elements of a one-dimen¬ 
sional form of different type, a cross ratio of the four dements of the first 
form is equal to the corresponding cross ratio of the four elements of the 
second form. 

The theorem is essentially a restatement of Theorem 4 in terms of 
cross ratio. 

Theorem 6. If Ex, Et, E t , Ex have the homogeneous coordinates 
(hi, l,), i = 1, 2, 3, 4, in an arbitrarily chosen, but fixed, coordinate 
system in the form, 

(4) (ExEt, ExEx) = 

It suffices to prove the proposition for the case of a range of points or 
a pencil of planes. Let the space coordinates of Ex, Et r E t , Ex which 
give rise respectively to the cfiordinates w and (k, l) in the form be 

a b a + b 10 a + b, 

kx a' -f fib', kta' + W kia' + U> r k t a' + l t b'. 

Then 

kxa! + Ixb' = pio, ha' + W = Pi(a + b), 

kta' + kb' = pib, k*a' + Ixb' — p t (w a + b). 

Solving the two equations on the left for a', b' in terms of a, b, we obtain 

|1* 1» pika — pJxb, |&ifs|b' = - pxkta + pjtxb. 

Substituting these expressions for a', b' in the two equations on the 
right, we arrive at the following relations 

= P»|*lfl|r Pj|&4&| =“ wpx\k\U\, 

— pj|A*'fij « ptjfcif*|, — psj&ifil'® px\k\k\- 


\k,h\\k t k\ 

| kx k I | kx lx j 
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Hence 

_ Pi _ kt li [ pi k 4 li 

Pi ^*41* Ps hh V>> 

and * 


(5) 



The formulas for cross ratio given in Ch. VI, § 4 are valid for points 
of a range (planes of a pencil) provided the symbols a, b are thought of 
as representing space coordinates of points (planes). The same for¬ 
mulas hold also for lines of a pencil in space when the symbols 
are interpreted as the a, b or the o', b' of the first or second pair of 
equations (2). 

Projective correspondences between two one-dimensional forms in 
space may now be treated in precisely the same way as they were in 
the plane. In fact, the definition, theorems, and proofs of Ch. IX, 
§ 4 are equally valid here. The only difference is that we now have 
three kinds of forms instead of two. 


An Analytic Foundation for Projective Geometry. From the point 
of view of pure projective geometry, the foregoing theory of cross ratio 
has the advantage that it is not directly dependent on the metric 
concept of distance. But, like the rest of our present development of 
projective geometry, it does depend indirectly on metric concepts in 
that it is based on Cartesian point and plane coordinates. 

We digress for a moment to outline a method by means of which it is 
possible to free our present treatment completely from metric elements 
and at the same time to establish it on a firmer foundation. 

We assume two classes of objects which we call points and planes 
and lay down for them the following postulates. 

Postulate 1 a. To each point Postulate 1 b. To each plane 
corresponds a set of ordered num- corresponds a set of ordered num¬ 
ber quadruples (j>x i, px%, px it px 4 ) her quadruples (p«i, pu 2 , pu», pu 4 ) 
where x it x>, x», x 4 are fixed, not all where U\, uj, u s , u 4 are fixed, not all 
zero, and p is arbitrary, not zero, and zero, and p is arbitrary, not zero, and 
conversely. conversely. 

* The proof amounts to showing that the expression on the right-hand side 
of (4) or (5) is an absolute invariant of four distinct elements of the form 
with respect to the linear transformations which represent the changes of 
coordinates (see Th. 2). If we had cared to make use of our previous knowl¬ 
edge of this fact, reference to it would have been sufficient proof of our theorem. 
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Definition 1 a. A number 
quadruple (xi, xa, x«, x«) shall be 
called a set of homogeneous co¬ 
ordinates for the corresponding 
point. 


Definition 16. A number 
quadruple («i, ut, u%, u t ) shall be 
called a set of homogeneous co¬ 
ordinates for the corresponding 
plane. 


We next define the fundamental relationship between point and 
plane. 

Definition 2. If coordinates (ii, x*, x>, x<) of a point and coordinates 
(ui, Ut, Ut, Ut) of a plane satisfy the condition 


* UjXi -}- UtXj + U » X » + U4X4 — 0 , 

the point shall be said to lie in the plane and the plane to contain the point. 

The reader may now prove 

Theorem 1. There exist configurations each consisting of a subclass 
(A) of 00 1 points and a subclass ( B) of planes, which are so related 
that the points of (A) lie in every plane of (B) and are all the points lying 
in every plane of (B), and the planes of ( B ) contain every point of (A) and 
are all the planes containing every point of (A). 

Definition 3. These configurations shall be called straight lines. 

This completes the essentials of an analytic foundation on which our 
present development of projective geometry, beginning with § 2, may 
be based. 

EXERCISES 

1. Two projective pencils of planes are said to be perspective if the lines of 
intersection of corresponding planes are coplanar. Prove that a necessary and 
sufficient condition that two projective pencils of planes be perspective is that 
their axes be coplanar and their common plane self-corresponding, and show 
that the lines of intersection of corresponding planes form, then, a pencil of 
lines. State the duals of the definition and theorem. 

2. The axes of two projective, nonperspective pencils of planes are coplanar. 
Discuss in full the locus of the lines of intersection of corresponding planes of 
the two pencils. 

3. Define and develop two-dimensional coordinate systems, first for a plane 
of points and a sheaf of planes, and then for a sheaf of lines and a plane of lines. 

4. Show that the coordinate systems for a plane of points and a plane of lines 
are identical with those of Ch. X. 

5. Define and discuss projective correspondences between two-dimensional 
fundamental forms. 

6. Two projective planes of points are «ud to be perspective if the lines joining 
corresponding points are concurrent. Show that a necessary and sufficient 



SPACE GEOMETRY 


415 

condition that two projective planes of points be perspective is that each point 
common to the two planes be self-corresponding. 

7. State the duals of the definition and theorem of the previous exercise and 
prove the new theorem. 

8. Prove Theorem 1 of the abstract development of projective geometry. 

4. Projective Geometry at a Point Quadric Cones. The pro¬ 
jective geometry at a point P is the projective geometry of the sheaf of 
lines and the sheaf of planes which have P as vertex. It is the com¬ 
posite of a line geometry at P, in which the plane appears as a pencil of 
lines, and a plane geometry at P, in which the line appears as a pencil 
of planes. 

The two geometries may be developed simultaneously in standard 
analytic forms by choosing projective coordinates (£i, £ 2 , £ a ) in the 
sheaf of lines and projective coordinates (iji, i? 2 , Vs) in the sheaf of planes 
(§3, Ex. 3) so that the line £ lies in the plane jj when and only when 
(£|jj) = 0. The equation (a|£) = 0 is, then, the equation in line 
coordinates of the plane a, and the equation (o|i j) = 0 is the equation 
in plane coordinates of the line a. 

The quadratic equation in line The quadratic equation in plane 
coordinates coordinates 

l-a l-a 

(la) ” b, Uij = dj,, (1^) ~ 0, 6^ “ &/i, 

V V 

is said to represent a quadric cone is said to represent a quadric cone 
of lines, nondegenerate or degen- of planes, nondegenerate or degen¬ 
erate according as |ay| ^ 0 or erate according as | ^ 0 or 

I a 'i I = d. | [ = 0. 

A degenerate cone of lines con- A degenerate cone of planes 
sists of two planes (pencils of consists of two lines (pencils of 
lines), distinct or coincident. planes), distinct or coincident. 

The configurations obtained by adjoining to the nondegenerate cones 
of lines their “tangent planes” and those obtained by adjoining to the 
nondegenerate cones of planes their “contact lines” are identical. 
We call them nondegenerate cones. 

In justification of these statements, think of the coordinates £ and ij 
of an arbitrary line L and an arbitrary plane p as assigned also to the 
point and line in which L and p meet a fixed plane not containing P. 
Equations (1 a) and (1 b) then represent not only the cone of lines and 
the cone of planes under investigation, but also the point conic and 
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line conic in which these cones intersect the fixed plane. Hence the 
analytic theories of the cones are identical with those of the conics and 
the geometric results differ only in terminology. 

EXERCISES 

1. Develop the theory of contact lines of a nondegenerate cone of planes. 

2. Discuss in detail the envelope of the planes determined by corresponding 
lines of two projective pencils of lines which have the same vertex, but lie in 
different planes. 

3. Find the locus of a line which always contains a fixed point P and varies 
so that the cross ratio of the four planes determined by it and four fixed lines 
through P is constant. 

4. Show that there is a unique cone of planes, determined by five copunctual 
planes, no three coaxal, and that the cone is nondegenerate. State the dual. 

5. Develop the polar system associated with a nondegenerate cone. 

6. Prove that the degenerate point conics and the degenerate cones of planes 
are essentially identical. 

7. What is the space dual of a line conic? 

8. Show that the cone of lines, considered in space, has «* points and hence 
may be represented by a single equation in the point coordinates of space. 
State the space dual. 

9. Can a point conic ever be represented by a single equation in the plane 
coordinates of space? By a single equation in the point coordinates of space? 

5. Three-Dimensional Coordinate Systems. In a three-dimen¬ 
sional fundamental form, a space of points or a space of planes, let 
Ei, Ei, Ei, Ei be four linearly independent elements and let E be an 
arbitrary element. If a, b, c, d, and z represent homogeneous coordi¬ 
nates of Ei, Et, Ei, Ei, and E, homogeneous constants zi, z'i, zi, z't, and 
p exist so that 

(1) pz = z\ a + zi b + z« c + zi d, p ^ 0. 

Definition. The ordered number set (z'i, zi, z'i, z'i) shall constitute 
new homogeneous coordinates of the arbitrary element E. 

The elements Ei, E t , Ex, Et have the new coordinates (1, 0, 0, 0), 
(0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1). They are called the zero elements, 
and the tetrahedron which they determine, the tetrahedron of reference, 
of the new coordinate system. 

Since the original coordinates a, b, c, d of the zero elements admit 
factors of proportionality which affect (z'i, zi, z't, z'i), the zero elements 
do not completely determine the new coordinate system. To render 



SPACE GEOMETRY 


417 


the new coordinates unique it is necessary, and sufficient, to choose a 
fifth element E „ linearly independent of each three of the zero elements , 
and to prescribe for it definite new coordinates, linearly independent of 
those of each three of the zero elements. In particular, we prescribe 
(1, 1, 1) 1) as coordinates for E u , and accordingly call E u the unit 
element. 

Theohem 1. If Ei, Ei, E s , E t , and E u are Jive elements of a three- 
dimensional fundamental form, no four of which are linearly dependent, 
there exists a unique system of new homogeneous coordinates in the form in 
which Ei, E it E», E t are the zero elements (1,0,0,0), (0,1,0,0), (0,0,1,0), 
(0, 0, 0,1), and E u is the unit element (1,1,1,1). 

The proof of this and the following theorem we leave to the reader. 

Theorem 2. Homogeneous Cartesian coordinates are a special case 
of the new coordinates. 

Equations (1), 

pzi — a,z[ + b,z't + c,zl + d t z\, (i = 1, 2, 3, 4), 
represent the transformation from the new coordinates z' to the original 
coordinates z. The transformation is linear and, since |a b c d| ^ 0, 
the inverse is linear, of the form 

(2) az'i = £ a ti z it (» = 1, 2, 3, 4), | o,, | ^ 0. 

j-i 

Hence we readily prove 

Theorem 3. The change from one system of homogeneous coordinates 
in a three-dimensional fundamental form to a second is represented by a 
(nonsingular) linear transformation, and conversely. 

As a consequence of this theorem, we have: 

Theorem 4. The projective geometry thus far developed for a space of 
points ( planes ) has the same analytical form in terms of the new point 
(plane) coordinates as in terms of the original point (plane) coordinates. 

In § 3 we introduced in a one- (two-)dimensional form one- (two-) 
dimensional coordinate systems based on the original space coordinates. 
We may now introduce in the form similarly constructed coordinate 
systems based on the new space coordinates. How will these new 
coordinate systems be related to the original ones? 

Consider the question, say, for a range of points. Let Pio, Pn, Pn 
be the basic points and P an arbitrary point of the range, and let (k, l) 
be the coordinates in the range based on t.he original space coordinates 
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< t,b,a + b , »nd ka + lb for Pm, Pm, P\\, and P. New space coord 
nates for the four points, obtained from a, b, a + b, k a 4-1 b by mean 
of (2), are o', b', aid' + cr 2 fo', k <ria' + l cr s 6', where a h «r s are the value 
of <r for a -» o', 6 —> b'. In order that Pa be the unit point for th 
new coordinates (k d, l cr 2 ) in the range, a' and b' must be so chosei 
that ai = ctj. The new coordinates in the range are then identics 
with the original coordinates (k, 1). 

Theorem 5. The one- (two-) dimensional coordinate systems in a one 
(two-) dimensional form are independent of the space coordinates, that ii 
are invariant with respect to a change of space coordinates. 

This result is most fortunate in that it guarantees that our definitioi 
of cross ratio (§ 3) is independent of a change of space coordinates. 


Point and Plane Coordinates in the Same Space. Let x' and u' b 
new point and plane coordinates in space, defined in terms of th 
original point and plane coordinates x and u by the equations 


(3) 

Then 


or 


4 4 

pXi = E a v Xi , aui = E b ik u k , (i = 1, 2, 3, 4) 

Jml t -1 

4 4 1-4 f t 1 - 4/4 \ , 

po E XiUi = E E OifiitxWk = E ( E Oijbik ) Xfu't, 

t-1 1-1 ),t \l-l / 

1-4 4 

pa(x\u) = E CjtXju’k, where c,k = E^* 

f, i i-i 


Lemma. If i 7 and u' are new point and plane coordinates related to th 
original ones by equations (3), the condition necessary and sufficient tha 
the point x' lie in the plane u' is 

1-4 4 

(4) E Cjkx'jUk = o, where c# = E 

This condition reduces to the standard form: (x f | u') = 0 if and onb 
if 

(5) Cfk “ 0, = ca 9* 0, (j 7 * k, j, k = 1,2, 3, 4) 

The twelve equations c# = 0 may be arranged in four sets of threi 
each, corresponding to the four values of k. The typical set is 

aijjbu + OijJbu 4" 4* Oiphu = 0, 

Oi«hi* + <hjbu + a tq bi, + <uj>u = 0, 

-f Otfbu 4* Qtrbtt 4" a <rf>4* — 0, 
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where p, q, r, s is a cyclic order of 1, 2, 3, 4. Hence 

h, : b u : b 3 ,: b u — A u : A u : A lt : A 4 „ (s = 1, 2,3,4), 
or 

bij = X,A,,', (i, j = 1, 2, 3, 4), 

where An is the cofactor of an in the determinant |a,,| and the X/s 
are factors of proportionality. Now 

4 4 

= “ X,^La»;Ai, — | flt/| X,’, 

so that Cjj = Ckk, j, k — 1, 2, 3, 4, if and only if X t = X 2 = X» = X«. 
Consequently, equivalent to equations (5) are the relations 

(6 a) - bn = X A,„ X ^ 0, (t, j = 1, 2, 3, 4), 

or, since equations (5) are symmetric in the a’ s and b ’ s, the relations 
(6 6) a,,- = M Bn, M ^ 0, (f, j = 1, 2, 3, 4). 

Theorem 6. A necessary and sufficient condition that the transforma¬ 
tions (3) from the original coordinates x, u to the new coordinates x', u' 
preserve the standard form of the condition that a point lie in a plane is 
that 

(6) bn — X A,/, or o-ij = p B t j, \p 5^ 0, (t,j = 1,2,3,4). 


Point and plane coordinates for which the condition that a point lie 
in a plane is in standard form we shall call associated point and plane 
coordinates. It is clear from Theorem 6 that, associated with a given 
system of point coordinates, is a unique system of plane coordinates, 
and vice versa. 

The transformations 


(7 a) 
or thi 
(7 b) 


4 * 

pXi = ~ HAijUj, ( i = 1, 2, 3, 4), 

;-i j-i 


or the inverse transformations 

4 4 

p'x'i = ^A,iXj, oVt = L 0 ;*^). = !> 2, 3, 4), 

j-i 


represent changes from associated point and plane coordinates x, w to 
new associated point and plane coordinates x', u'. 


Geometrical Interpretations. Let Ai: (1, 0, 0, 0), A 2 : (0, 1, 0, 0), 
A a : (0, 0, 1, 0), Ai : (0, 0, 0, 1) be the vertices of the tetrahedron of 
reference and D : (1, 1, 1, 1) the unit point of a system of point co¬ 
ordinates. Denote by a< the face of the tetrahedron opposite to A* 
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by Eg the edge of the tetrahedron common to the faces a\, oy, and b; 
dii and pg the planes determined by the edge Eg and the points D an< 
P, where P is an arbitrary point. 

Theorem 7. If (xi, x Jf x t , x t ) are coordinates of P, the ratio Xj/xt i 
equal to the cross ratio in which the faces ay, a/ are separated by th 
planes da, pa: 

X 4 

- = ha, where A*• = (a,ay, dgpg), (i ^ j, i, j = 1, 2, 3, 4) 

Xi 

and conversely. 

The proof is left to the reader (Ex. 4). Let him show, also, that i 
P is restricted to the face o< : x< = 0, then (xy, x k , xi) are the poin 
coordinates for the face a,- which are based on the triangle AjA k A t a 
triangle of reference and the point Z>y in which the line AiD meeti 
a< as unit point. The points D< are known as the unit points of th< 
faces ay. 

The projective interpretation of plane coordinates is the dual o 
that of point coordinates. Here, it is the faces a, of a tetrahedron anc 
a plane d which are respectively the zero elements and the unit element 
If, in particular, the variable plane p : {u u uj, u z , u t ) is restricted tc 
pass through the vertex A : «< = 0, then (it,, it*, n t ) are the lin« 
coordinates for the lines of the plane a» which are based on the tri 
angle A,A k Ai as triangle of reference and the line d< in which d meeti 
Of as unit line. The lines d,- are called the unit lines in the faces a,-. 

Theorem 8. A necessary and sufficient condition that point and plaru 
coordinates in the same space be associated is that the zero points A ,- am 
the zero planes a< be respectively the vertices and opposite faces of a tetra¬ 
hedron, and that the unit point and unit line in each face bear the same re¬ 
lationship to one another with respect to the triangle in the face as in Uu 
case of associated point and line coordinates in a plane. 

Our point and plane coordinates, thus interpreted, are known at 
projective coordinates. They are also capable of metrical interpreta¬ 
tions whereby they appear as the generalizations of trilinear coordi¬ 
nates in the plane. They are then called tetrahedral coordinates. 

EXERCISES 

1. Prove Theorem 1. Why is it necessary that E u be linearly independent 
of each three of the aero dements? 

2. Establish Theorem 2. Describe accurately the common tetrahedron oi 
reference for associated Cartesian point and plane coordinate*. 
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3. Prove Theorem 3 in the case of a sheaf of planes. 

4. Prove Theorem 7. Show also that 

B 1, (fj i 88 4), 

XaiXuXaj — 1, “ 1, 

XllXljXj, = 1, XjlXjlXlJ 881 1. 

5. Establish conditions necessary and sufficient that six planes, which pass 
one through each edge of a tetrahedron and are distinct from the faces, be 
copunctual. 

6. Discuss in detail the projective interpretation of plane coordinates. 
State the dual of the theorem established in the previous exercise. 

7. Prove Theorem 8. 

8. Extension of Desarguea' Triangle Theorem to Tetrahedra. If the lines 
joining corresponding vertices of two tetrahedra are concurrent, the four lines 
of intersection of corresponding faces are coplanar and corresponding edges 
intersect in the vertices of the complete quadrilateral determined by these 
four lines. 

9. State and prove the dual theorem. 

10. Corresponding edges of two tetrahedra intersect. What follows? 

11. Show that the lines joining corresponding vertices of the common tetra¬ 
hedron of reference A i A 1 A*A, for associated point and plane coordinates and 
the tetrahedron D,D,DJ) t are concurrent in the unit point D and the lines of 
intersection of corresponding faces lie in the unit plane d. State the dual. 

12 . Show that, if six distinct points, one on each edge of a tetrahedron, are 
coplanar, the six planes determined by their harmonic conjugates, with respect 
to the vertices, and the opposite edges are copunctual. 

13. Show that the six planes determined by the edges of a tetrahedron and 
the raid-points of the opposite edges are copunctual. 

14. Discuss in detail tetrahedral point coordinates. 

6. Three-Dimensional Projective Transformations. Two spaces of 
points are projective or in projective correspondence if (a) to a point 
of the one corresponds a point of the other, ( b ) to the points of a plane 
in the one correspond the points of a plane in the other, ( c) to the points 
of a line in the one correspond the points of a line in the other, and (d) 

cross ratio is preserved. . 

Only one of the requirements (6), ( c ) is necessary, since, if either is 

satisfied, so is the other. If to a range of points corresponds ft range 
of points, then to the points of a plane correspond the points of a plane, 
inasmuch as a plane of points may be thought of as generated by the 
range of points determined by a point tracing a fixed range and a fixed 
point not contained in this range. Conversely, if to a plane corre¬ 
sponds a plane, then to a line corresponds a line. 
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Analogous remarks apply to the case of two spaces of planes or to 
that of a space of points and a space of planes. We may, then, form¬ 
ulate our general definition as follows. 

Definition. Two three-dimensional fundamental forms whose ele¬ 
ments are in one-to-one correspondence so that to the elements of a two- 
(one-) dimensional form of the one correspond the elements of a two- (one-) 
dimensional form of the other and cross ratio is preserved, are projective 
or in projective correspondence. 

Theorem 1 . There is a unique projective correspondence between two 
three-dimensional forms which orders respectively to five given elements of 
the one form five prescribed elements of the other, provided only that no 
four elements of either set of five are linearly dependent. 

Take the five given elements as the basic elements for a coordinate 
system in the first form and the five prescribed elements as the cor¬ 
responding basic elements of a coordinate system in the second 
form. If there exists a projective correspondence determined by the 
five pairs of elements, corresponding elements must have the same 
coordinates. But the correspondence 

(1) pz'i = z it (i = 1, 2, 3, 4), 

is surely projective. 

The transformations determined by projective correspondences we 
call, as usual, projective transformations. 

Theorem 2. Every projective transformation of one three-dimensional 
form into a second, expressed in terms of arbitrarily chosen coordinates in 
the two forms, is a linear transformation, and conversely. 

For, on the one hand, (I) is linear and a change of coordinates is 
linear, and on the other hand, every linear transformation of one space 
into a second has the properties characteristic of a projective trans¬ 
formation. 

Collineations and Correlations. These terms are employed as in the 
plane. The collineations of space are the projective transformations of 
space into itself which carry points into points and hence planes into 
planes and lines into lines, or the projective transformations which 
carry planes into planeB and hence points into points and lines into 
lines. If a collineation and its inverse have as their equations in 
point coordinates 

4 4 

(2 a) px'i = Y,aifli, <rxi = £ A*c4 (i ~ 1, 2, 3,4), | a<,-| ^ 0, 
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then their equations in the associated plane coordinates are 

( 2 b ) = TAifUj, nm = Yjijiu'i, (i = 1, 2, 3, 4). 

Theorem 3. The collineations of space constitute a fifteen-parameter 
group. 

The correlations of space are the projective transformations of space 
into itself which carry points into planes and hence planes into points 
and lines into lines, or the projective* transformations which carry 
planes into points and hence points into planes and lines into lines. 

Theorem 4. The 2 • 18 collineations and correlations constitute the 

group of all projective transformations of space. 

It is to be noted that both a collineation and a correlation carry a 
line into a line. 

EXERCISES 

1. Enlarge on the proofs of Theorems 1 and 2. 

2. Deduce equations (2 b) from equations (2 a), first directly, and then by 
applying § 5, Th. 6. 

3. Homologies. A point transformation of space leaves fixed a point A and 
each point of a plane a, not containing A, and carries every other point P into 
the point P' on the line AP for which (A P 0 , P P') — k, where P 0 is the point 
in which AP meets a, and his a. constant, ^ 0,1. Show that the transforma¬ 
tion is a collineation and discuss its effect on the planes and lines of space. 
Find a canonical form for its equations. 

The transformation is known as a homology, the point A as its center, the plane 
a as its central plane, and k as its invariant. 

Prove that a homology is involutory if and only if its invariant is equal 
to — 1. 

4. Skew Involutions. A point transformation of space leaves every point on 
each of two skew lines L\, Lt fixed and carries every other point P into its 
harmonic conjugate with respect to the two points on Li and Lt which are 
collinear with P. Show that the transformation is an involutory collineation, 
and discuss its effect on planes and lines. Find a canonical form for its equa¬ 
tions. 

The transformation is called a skew involution, and the lines In, Lt, its axes. 

5. Show that a reflection in a point and a reflection in a plane are metric 
examples of involutory homologies, and that reflection in a line is a metric 
example of a skew involution. Prove that, if a point lies in a plane, the product 
of the reflection in the point and the reflection in the plane is a reflection in a 
line. 

<5. The center of each of two involutory homologies lies in the central plane of 
the other. Prove that their product, in either order, is the same skew involu¬ 
tion. 
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7. Show that an involutory oollineation is either an involutory homology or 
a skew involution. 

8 . If 

4 

out - T,aqxt, \a it ] * 0, (t =» 1,2,3,4), 

are the equations of a correlation as a transformation of points into planes, 
show that 

4 

pxl = 2 AWi, (» ” 1,2, 3,4), 

are the equations of the same con-elation as a transformation of planes into 
points. Prove that the correlation may be equally well represented by either 
of the bilinear equations 

1-4 1-4 

2 aqxlxj - 0 , 2 A-tfuiuj = 0 . 

O i,/ 

7. Metric Geometry. We return to the extended Cartesian space 
of § 1, which we now assume to be a complex Bpace,* and discuss its 
metric or Euclidean geometry. 

Isotropic Directions and Lines . The square of the distance between 
two finite points on the line represented parametrically by the equa¬ 
tions 

x = xq + 11, y = Vo + mt, z — z 0 4- nt 

is 

!>*=(<,- tJ'VP + m* + n 1 ), 
where ti, h are the values of t for the two points. 

Definition. A finite line, or direction, with direction components 
l, to, n is isotropic if 

P + m* + n 3 = 0. 

Theorem I. A finite line is on isotropic line if and only if the distance 
between each two finite points on it is zero. 

The point at infinity in the direction with components x\, xt, x* has 
the coordinates (x t , xi, x t , 0). Hence; 

Theorem 2. The locus of the points at infinity in the isotropic direc¬ 
tions is the conic represented by the equations 

(1) x\ + x\ + x\ - 0, Xi = 0. 

* Up to this point there has been need to commit ourselves definitely to 
either the real or the complex domain only in the study of quadric cones. 
With this exception, the fundamentals of projective geometry treated in the 
previous paragraphs are the same in both domains and may be thought of as 
having been developed in either domain. 
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This conic is known as the circle at infinity, or as the absolute conic, 
or simply as the absolute. 

Theorem 3. A necessary and sufficient condition that a quadric be a 
sphere is that it intersect the plane at infinity in the circle at infinity. 

The proof of the theorem we leave to the reader. We note & special 
case of interest, that of a null sphere. If the center of the sphere is, 
say, at the origin, the equation of the sphere is 

x* + y 2 + z 1 = 0 , or x? + x» + x\ = 0 . 

But this is the equation of a quadric cone, namely, the cone whose 
rulings are the isotropic lines through the origin. Accordingly, a null 
sphere is frequently called an isotropic cone. 

Theorem 4. The isotropic lines through a finite point constitute a 
quadric cone. 

An isotropic direction has no direction cosines. Direction com¬ 
ponents are, in particular, direction cosines only when the sum of their 
squares is equal to unity, whereas the sum of the squares of direction 
components of an isotropic direction is always zero.* 

Isotropic Planes. A finite plane which is tangent to the absolute, 
that is, which meets the plane at infinity in a line tangent to the abso¬ 
lute, iB known as an isotropic or minimal plane. 

Theorem 5. A necessary and sufficient condition that the finite plane 

(2) aiXj + OjXj + 03X3 *f a * x * — 0, Oi, Oi, ch not all zero, 
be an isotropic plane is that 

(3) of -(- a* -f- a| = 0. 

Its point of contact with the absolute is then (at, oj, a%, 0). 

For, the line at infinity in the plane ( 2 ), namely 
OiXi + CI 3 Z 2 + a 3 x> = 0 , Xi = 0, 

is tangent to the absolute ( 1 ) if and only if its pole (oi, a*, ag, 0 ) with 
respect to the absolute lies on the absolute. 

* Direction cosines of an oriented or directed line may be defined either as 
the cosines of the angles which the oriented line makes with the positive axes 
or as the projections on the axes of a segment on the line which is of unit 
length and directed in the same sense as the line. For an isotropic line both 
definitions fail, the first because the angles in question do not exist, and the 
second for lack of line-segments of lengths other than zero. On the other 
hand, direction components, defined as the projections on the axes of a directed 
line-segment on the line, exist as well for isotropic as for nonisotropic lines. 
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The line at infinity in an isotropic plane contains juBt one point of 
the circle at infinity. In other words: 

Theorem 6. An isotropic plane contains only one pencil of isotropic 
lines. 

The isotropic planes through a finite point are the planes determined 
by the point and the tangents to the absolute, and therefore are the 
tangent planes of the cone formed by the lines joining the point to the 
points of the absolute. 

Theorem 7. The isotropic planes through a finite point are the tangent 
planes to the isotropic cone whose vertex is the point. 

The lines normal to the finite plane (2) have the direction compo¬ 
nents Oi, at, a*. If (2) is an isotropic plane, these lines are the isotropic 
lines through the circular point at infinity in the isotropic plane, and 
therefore are actually parallel to or lie in the isotropic plane. Strictly 
Bpeaking, then, there are no lines normal to an isotropic plane. 

The Projective Interpretations of Perpendicularity and Angle. The 
reader will find no difficulty in establishing the following facts. 

Theorem 8. Two finite nonisotropic lines ( planes) are mutually 
perpendicular if and only if their points {lines) at infinity are conjugate 
with reaped to the absolute. A necessary and sufficient condition that a 
finite nonisotropic line and a finite nonisotropic plane be perpendicular is 
that the point at infinity on the line and the line at infinity in the plane be 
pole and polar with resped to the absolute. Three finite nonisotropic 
lines {planes) are mutually perpendicular if and only if their points {lines) 
at infinity are the vertices {sides) of a triangle which is self-conjugate with 
respect to the absolute. 

Laguerre’s projective interpretation of angle (Ch. VIII, § 6) is valid 
in space as well as in the plane (Ex. 3). 

Redangvlar Trihedrals. If a : a h a«, a,; b : b,, b 2 , b 3 ; c : Ci, c 2 , c 3 
are sets of direction components of three ordered real lines through a 
finite point P, the relations 

(4) (oja) *= (6|6) = {c | c) ~ I, (o|J>) * (6|c) = (c|o) = 0, 

constitute necessary and sufficient conditions that the lines be oriented 
and mutually perpendicular. The three lines shall then be said to 
form a rectangular trihedral. 

There are two types of rectangular trihedrals, the right-handed 



SPACE GEOMETRY 


427 


(Fig. 2 a), and the left-handed (Fig. 2 b). Two trihedrals of the same 
type are equivalent with respect to the group of rigid motions, whereas 
a reflection in a point, or a plane, must be 
adjoined to a rigid motion in order to carry 
one of two trihedrals of different types 
into the other. 

A direct consequence of conditions (4), 
obtained by multiplying the determinant 
| a b c | by itself, is the relation 

(5) | a b c | = ± 1. 


A 


Fig. 2 a 


Fig. 2 b 


One of these possible values of | a b c | is characteristic of the right- 
handed trihedrals, and the other of the left-handed trihedrals, as is 
readily proved by considerations of continuity. Hence: 


Theorem 9. Two rectangular trihedrals are of the same type or of 
opposite types according as the determinants of the direction cosines of 
their edges have the same sign or opposite signs. 

For the trihedral whose edges are the positive axes of x, y, z, with the 
direction cosines 1, 0, 0; 0, 1, 0; 0, 0, 1, the determinant |obc| has 
the value + 1. 

Corollary. A rectangular trihedral whose edges have the oriented 
directions a, b, c is of the same type as that of the axes if and only if 


| a b cj = 1. 


Rigid Motions. It is intuitively * evident that there is a unique real 
rigid motion of space which carries the three oriented edges of a given 
rectangular trihedral into the three corresponding oriented edges of a 
prescribed rectangular trihedral of the same type. The rigid motion is 
a translation, if corresponding edges of the two trihedrals are parallel 
and similarly oriented, and a rotation, if the two trihedrals have the 
same vertex. 

A given rigid motion may be thought of as determined by any two 

* We .offer no apologies for the appeal to intuition. We are basing our 
treatment of metric geometry on the student’s previous training in Solid 
Geometry and this is founded to a large extent, and rightly so, on mtuition. 
An abstract development of metric geometry on a postulational basis is beyond 
the scope of the present book, and a logical treatment of metric geometry as a 
subgeometry of projective geometry (Th. 12) before the aspects of metric 
geometry in extended Bpace are known is as inexpedient as the proverbial 
cart before the horse. 
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rectangular trihedrals, the first of which is carried by it into the second. 
In particular, the first trihedral may always be taken as that of the 
coordinate axes. Let a, b, c be the oriented directions of the edges, 
and ( di, dt, da) the nonhomogeneous coordinates of the vertex, of the 
second trihedral. The rigid motion is, then, the product of the rota¬ 
tion R carrying the trihedral of the axes into the trihedral whose 
vertex is at the origin and whose edges have the oriented directions 
a, b, c, and the translation T which carries the origin into the point 
(di, ds, d»). Of course, either R or T may reduce to the identical trans¬ 
formation. 

Theorem 10. A rigid motion of space is the product of a rotation 
which leaves the origin fixed and a translation, or either alone. 

The equations of the rotation R and the translation T are 

x‘ = aiX + biy + CiZ, x' = x + di, 

R: y" — a& + biy c*z, T: y' = y + da, 

z' = a& + biy + c»z, z' = z + d 8 , 

as is readily shown by applying the methods by means of which the 
corresponding transformations of Cartesian coordinates are regularly 
obtained. Hence, the equations of the general rigid motion are 

x' = aa + biy + ciz + d h 

(6) y' = an + biy + c & + d 2 , 

z! — aix b,y -f c,z + d„, 

where the (real) coefficients are restricted only by the relations 

(7) (a|a) *= (616) = (cJc) «= 1, (o|6) = (6(c) = (c|a) =0, |o6c| = l. 

It is evident from our discussion that there is a one-to-one corre¬ 
spondence between the rigid motions and the rectangular trihedrals of 
the same type as that of the axeB. Hence: 

Theorem 11. The group of rigid motions depends on six parameters. 
The transformations (6) for which |o 6 cj = — 1 and the remaining 
relations of (7) remain as before are known as the reflections of space. 
They, too, depend on Bix parameters, but do not in themselves form a 
group. 

The Transformations of Similarity and the Affine Transformations. 
The 2-oo 7 transformations 

= p(<i\X + biy -f Ciz ■+> dj), 

(8) y' ■= p(atx + % + c*z + da), 

= p(atx + bty + c»z + dt), 
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where 

(o|a) - (ft16) - (c|c) - 1, (aj6) = (61c) = (c|a) = 0, p > 0, 

are the real transformations of similarity of space; in particular, those 
for which | a b c| = 1 are the direct, and those for which ) a b cj = — 1 
are the indirect, transformations of similarity. 

The « 11 transformations 

x' = aix ■+■ biy + C\z + d\, 

^ V' = <hX + b t y + Cjz + di, \ab c\i£ 0, 

z> ~ a » x + b s y + c,z + di, 
are the affine transformations of space. 

It is evident that the group (6) is contained in the group (8), the 
group (8) in the group (9), and the group (9) in the group of collinea- 
tions of extended Cartesian space. 

Projective, Affine, and Metric Geometries. These are the geometries 
associated respectively with the groups of collineations, affine trans¬ 
formations, and rigid motions. Their precise definitions are the same 
as in the plane (Ch. XI, § 6). 

The relationships of the groups (6), (8), (9) to the group of collinea¬ 
tions and to one another is readily established. 

Theorem 12. The affine transformations are the collineations of 
extended Cartesian space which leave the plane at infinity fixed; the trans¬ 
formations of similarity are the affine transformations which leave the 
absolute fixed; and the rigid motions and reflections are the transformations 
of similarity for which distance is an absolute, instead of a relative, in¬ 
variant. 

We may, then, say that metric geometry is essentially the subgeom¬ 
etry of projective geometry in which a given real plane and a given 
conic without a real trace lying in thiB plane are held fast. 

EXERCISES 

1. Prove Theorem 3. 2. Prove Theorem 8. 

3. Establish Laguerre’s projective interpretation of angle for two (inter¬ 
secting) nonisotropic lines in space. Pay special attention to the case in which 
the two lines lie in an isotropic plane. 

4. An angle between two nonisotropic planes is zero if and only if the planes 
are parallel. Criticize this statement. 

5. An imaginary plane is given. How many real points and how many real 
lines does it contain? 
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6. An imaginary line is given. How many real points are there on it and 
how many Teal planes pass through it? 

7 . Write a single equation in plane coordinates representing the absolute; 
see 14, Ex. 8. 

8 . Establish relation (5). 

9 . Count the number of rectangular trihedrals of the same type as that of 
the axes and hence prove Theorem 11. 

10 . Prove analytically that the square of the distance between two finite 
points is an absolute invariant with respect to the group of rigid motions and 
reflections. 

11 . Establish Theorem 12. 

12 . What affine properties come to mind? * 

13 . Show that, ifa,b,c are the oriented directions of the edges of a rectangu¬ 
lar trihedral of the same type as that of the axes, the relations 

Ci =* |a*fc,|, Ci =* |a!&i|> c* = |oi6*| 
hold; also, the relations obtained from them by cyclic advancement of the 
letters a, b, c. 

14 . Show that the rotation R is actually a rotation about a fixed line through 
the origin. 

Suggestion. Find the finite fixed points of R. 

15. Prove that the rigid motion 

x' = x cos ^ — y sin 0, y' = x sin ^ + y cos <t>, z" = z + d, 
is a screw motion about the z-axis, that is, the product of a rotation about the 
z-axis and a translation in the direction of the z-axis. 

16. Show that every rigid, motion is the ■product of a rotation about a line and a 
translation itt the direction of the line, or either alone. 


8. Quadric Surfaces. Point Quadrics. The totality of points 
whose coordinates satisfy an equation of the form 


( 1 ) 


1-4 

'EdijXiXj = 0 , 

u 


°»y ~ oy<. 


where the a’s are complex numbers, not all zero, is known as a point 
quadric. The determinant ja*,-] is called the discriminant, and the 
rank of the matrix j|a#|| the rank, of the point quadric. When the 
a'a are real or are proportional to a set of real numbers, not all zero, 
the point quaajp is said to be real. 

TwF,oRi ^lfg ! A straight line either intersects a point quadric in two 
points , MmS * or coincident, or lies in the quadric. 

I^lilphe line is thought of as determined by two points r, s, 
tUflK which it has in common with the quadric are the points 



SPACE GEOMETRY 


431 


x *= \r + fit ior which X, p satisfy the equation 

X s YL a iftffi + 2 \p Y. ai,T x 8j -f- ulY' a,',SlSi = 0. 

Theorem 2. A plane either intersects a point quadric in a point conic 
or is entirely contained in the quadric. 

If r, s, t are three fixed noncollinear points of the plane, an arbitrary 
point of the plane has coordinates x = x[ r + x'i s + x» t. The result of 
substituting these coordinates in ( 1 ) is a homogeneous quadratic equa¬ 
tion in Xi, Xi, Xi. Since (x[, x' 2 , is) are projective point coordinates in 
the plane, this equation represents a point conic or all the points of the 
plane, according as its coefficients are not, or are, all zero. 

If each line through a point either intersects a point quadric only in 
the point, or lies in the quadric, the point is called a singular point of the 
quadric. 

Theorem 3. The point r is a singular point of the point quadric (1) 
if and only if — 0 for aU points y. 

The proof is left to the reader. We note that the identity is equiv¬ 
alent to the four equations 

4 

Yl a i{ r j — 0, (i — If 2, 3, 4). 

j-i 

Therefore, a point quadric has no singular points, one singular point, a 
range of singular points, or a plane of singular points, according as its 
rank is four, three, two, or one. 

A point quadric which possesses one or more singular points we Bhall 
call a singular point quadric. 

Theorem 4. A necessary and sufficient condition that a point quadric 
be singular is that its discriminant vanish. 

Theorem 5. A singular point quadric consists of the points of a cone 
of lines. The cone is a nondegenerate cone, a pair of distinct planes, or a 
single doubly counting plane, according as the rank of the quadric is 
three, two , or one. 

It follows from the definition of a singular point that, if S is a singu¬ 
lar point and p is a plane not containing S, the quadric consists of the 
lines which join <S to those points of p which lie on it. Hence, accord¬ 
ing as p intersects the quadric in a nondegenerate conic, two distinct 
lines, or a doubly counting line, the quadric is a nondegenerate cone, 
two distinct planes, or a doubly counting plane.* It is evident geo- 

* Not all the points of p belong to the quadric. Why? 
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metrically that in these three cases the quadric has respectively one 
singular point, a line of singular points, and a plane of singular points, 
so that the corresponding values of its rank are respectively three, 
two, and one. 

Nonsingular Point Quadrics. A tangent line is defined as & line which 
meets the quadric in a single (doubly counting) point or lies in the 
quadric. It is said to be tangent to the quadric at each point which it 
has in common with the quadric. 

Theorem 6. The tangent lines to a nonsingular point quadric at a 
given point form a pencil of lines. 

The plane of the pencil is known as the tangent plane at the given 
point. The theorem is established by showing that the locus of the 
point y which moves so that the line joining it to the given point r is 
always tangent to the quadric at r is the plane Ha,,T t -y, = 0. 

Theorem 7. The equation of the tangent plane to the nonsingvlar 
point quadric (1) at the point r is 

(2) Ha ifaj = 0. 

Coordinates u of the tangent plane are u, = J^aqr/ > (* = 1» 2, 3, 4). 

i-i 

Since | aq\ ^ 0, these four equations determine, for given u’s not all 
aero, a unique point r. Hence: 

Theorem 8. The tangent planes to a nonsingvlar quadric at two 
distinct points are distinct. 

The following proposition may be proved in the same way as the 
corresponding theorem for nondegenerate point conics. 

Theorem 9. A necessary and sufficient condition that the plane u be 
tangent to the nonsingvlar point quadric (1) is that 

(3) ~ 0. 

Here, Aq is the cofactor of aq in |a#|. Since aq = aq and 
| aq\ 0, Aq ** Aq and ) Aq\ ^ 0; see Ch. I, f 0, Exs. 2, 3. 

Plane Quadrics. The totality of planes whose coordinates satisfy an 
equation of the form 

1—4 

( 4 ) “0, bq = bq, 

t *•* 

where the b’s axe complex numbers, not all zero, is called a plane quadric. 
Tlje determinant | 6^1 is known as its discriminant, and the rank of 
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IIMI ft® ran k' It is real if the fc's are proportional to a set of 
real numbers, not all zero. 

Since in the geometry of planes, a line is a pencil of planes and a 
point is a sheaf of planes, we agree to mean, by saying that a line or a 
point lies in, or is contained in, a plane quadric, that all of the planes 
through it belong to the quadric. The duals of Theorems 1, 2 may 
then be stated as follows. 

Theorem 10. A straight line either has two planes in common with a 
plane quadric or lies in the quadric. 

Theobem 11. A point either has the planes of a cone of planes in 
common with a plane quadric or is contained in the quadric. 

The definitions and discussions of singular planes of a plane quadric 
and of singular plane quadrics we leave to the reader. He will find: 

Theorem 12. A necessary and sufficient condition that a plane 
quadric be singular is that its discriminant vanish. It consists then of the 
planes of a line conic; the conic is a nondegenerate conic, a pair of distinct 
points, or a doubly counting point, according as the rank of the quadric is 
three, two, or one. 

A tangent line to a nonsingular plane quadric is a line which has in 
common with the plane quadric a single (doubly counting) plane or 
lies in the quadric. It is said to be tangent to the quadric in each plane 
which it has in common with the quadric. 

Theorem 13. The tangent lines to a nonsingular plane quadric in a 
given plane of the quadric form a pencil of lines. 

The vertex of the pencil is known as the contact point in the given 
plane. 

Theorem 14. The equation of the contact point in the plane r of the 
nonsingular plane quadric (4) is 

( 5 ) T.Oifrtu.j = 0 . 

Theorem 15. A necessary and sufficient condition that the point x be 
a contact point of the nonsingular plane quadric (4) is that 

( 6 ) = 0 , Bij = B#, \Bij\*6 0 . 

Nonsingular Quadrics. From Theorems 9 and 15 we conclude 

Theorem 16. The nonsingular point quadrics and the nonsingular 
plane quadrics correspond in pairs. If Q is the point quadric and Q' the 
plane quadric of a pair, the tangent planes of Q are the planes of Qf and 
the contact points of Q' are the points of Q. 
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Thus, the configurations obtained by adjoining to the nonsinguiar 
point quadrics their tangent planes and those obtained by adjoining 
to the nonsingular plane quadrics their contact points are identical. 
We shall call them nonsinguiar quadrics. 

If (1) is the equation satisfied by the coordinates of the points of a 
nonsingular quadric, then (3) is the equation satisfied by the coordi¬ 
nates of the planes of the quadric. Or, if (4) is the equation of the 
quadric in plane coordinates, (6) is its equation in point coordinates. 


The Rulings of a Nonsingular Quadric. Prom the definition of a 
tangent line to a point (plane) quadric, it is evident that, if two distinct 
points (planes) of a tangent line to a nonsingular quadric belong to the 
quadric, all the points (planes) of the line belong to the quadric. But, 
if two distinct points of a tangent line lie on a quadric, the tangent 
planes at these points are two distinct planes (Th. 8) passing through 
the line and belonging to the quadric, and vice versa. Hence: 

Theorem 17. If all the points of a line lie on a nonsinguiar quadric, 
all the planes through the line belong to the quadric, and conversely. 

A line all of whose points or all of whose planes belong to the quadric 
is known as a ruling of the quadric. 

Theorem 18. Two distinct rulings lie in each plane, and two distinct 
rulings pass through each point , of a nonsinguiar quadric. 

It suffices to demonstrate the second of the two contentions. Let r 
be a point of the quadric and L a line not through r lying in the tangent 
plane at r. The rulings through r are the lines joining r to the points 
in which L intersects the quadric. These are the points x = X s + p t 
for which 

X* + 2 Xp Y.aijSiti + p * £ aytjt ,- = 0, 


where s and t are two distinct points on L. 

We may assume that s is a point of intersection 
of L with the quadric: =* 0- Then the 

expression is not zero; for, if it were 

zero, the tangent plane at s would contain the 
point t and hence coincide with the tangent 
plane at r, since in any case it contains the ruling 
joining r to s (Fig. 3). 

Inasmuch as £a#«««/ = 0 and 0 ,L 

intersects the quadric in two distinct points and there are two distinct 
rulings through r. Thus the theorem is proved. 
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Denote by La, Mg the two rulings which pass through a given point 
Pe and hence lie in the tangent plane p 0 at Pa, and consider the rulings 
M which meet L 0 and the rulings L which meet M„ (Fig. 4). These 
two families of rulings exhaust all the 
rulings; for, an arbitrary ruling, other than 
La and Mo, must intersect po in a point of 
the quadric, that is, in a point on L 0 or M 0 . 

The two families of rulings are mutually 
exclusive, since, if they had a line in common, 
there would be three rulings in p 0 or three 
rulings through P 0 . 

Two rulings of the same family are skew lines. For, if Afi, Mi, for 
example, intersected, the tangent planes at P,, P 2 would be identical. 

Two rulings of opposite families always intersect. The rulings 
Mi, Li lie respectively in the tangent planes at Pi, Qi and intersect on 
the line common to these planes, since otherwise this line would con¬ 
tain three distinct points of the quadric. 

It follows that each family consists of all the rulings which intersect a 
ruling of the other family. Thus, our definition of the two families is 
independent of the particular rulings La, M 0 originally chosen. 

The families of rulings are known as the reguli of the quadric, and 
each regulus is said to be conjugate to the other. 

Theorem 19. There is one ruling of each regulus in each plane, and 
one ruling of each regulus through each point, of the quadric. Two rulings 
are skew or intersecting lines according as (hey do, or do not, belong to the 
same regulus. 

The points and planes of the rulings of either regulus exhaust just 
once the points and planes of the quadric. 

EXERCISES 

1. Show that a plane always intersects a nonsingular point quadric in a 
point conic and that the conic is nondegenerate or consists of two rulings ac¬ 
cording as the plane is not, or is, a tangent plane. 

2. State and prove the dual of the previous exercise. 

3. Prove the following theorems: 

(a) Theorem 3; (6) Theorem 12; (c) Theorem 13. 

4. A skew quadrilateral may be defined as the configuration obtained by 
suppressing two opposite edges of a tetrahedron. Show that there exist 001 
skew quadrilaterals which lie on a given nonsingular quadric, that is, whose 
edges, vertices, and faces are respectively rulings, points, and planes of the 
quadric. 
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S. Prove that each di a g onal of a skew quadrilateral on a nongingular quadric 
contains (be contact points of the faces through the other riin gnmti and lies in 
the tangent planes at the vertices on the other diagonal. 

<5. Show that there is a unique skew quadrilateral on a given nonsingular 
quadric which has a given line not tangent to the quadric as a diagonal. 

7. Prove that two points, one on each diagonal of a skew quadrilateral on a 
nonsingular quadric, are separated harmonically by the points in which their 
line meets the quadric, provided that neither point is a vertex of the quadri¬ 
lateral. 

8 . Two point conics lying in different planes are tangent to the line of 
intersection of the two planes at the same point. How many point quadrics are 
there which contain both conics? 

9. The previous exercise, when the two conics meet the line of intersection 
of the two planes in the same points. 

10. The bilinear forms 

, ZaifXiyi, tUj =» an, SbtfXif/f, bij = bp, 

are known as the polar forms of the quadratic forms 

XaifXiXj, Oij =* Oft, XbtfXiXj, bn = 6j». 

Show that if the quadratic forms, set equal to zero, represent the same non¬ 
singular quadric, the polar forms, equated to zero, represent the same involu- 
tory correlation. 

9. The Polar System of a Quadric. In Ch. XIV we developed, 
on its own merits, the relation of pole and polar with respect to a non¬ 
degenerate conic, only to find afterwards that we were dealing simply 
with an involutory correlation. Let us here reverse the process and 
define, as the polar system of a given nonsingular quadric, the involu¬ 
tory correlation which is associated with the quadric, in the sense of 
$ 8, Ex. 10. 

General Properties. In an involutory correlation, the points and 
planes of space, and also the lines of space, correspond in pairs. For, 
any correlation carries a point into a plane, a plane into a point, and a 
line into a line, and an involutory correlation, since it is its own inverse, 
interchanges the elements of space in pairs. 

Two elements paired by the polar system of the given quadric are 
known as polar elements with respect to the quadric. A point and a 
plane which correspond are referred to as pole and polar, and two cor¬ 
responding lines are called polar lines, 

Theohxm 1. If the first of two dements is in united position with the 
polar dement of the second, the second dement is in united position with 
the polar dement of the first. 
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Let the two elements be E\, Et and their polar elements, Ei, Eft. 
We are to show that, if E t and Eft have united position, E t and E[ also 
have united position. We remark, to begin with, that every correla¬ 
tion preserves united position. Hence, since E t and Eft have united 
position, Eft and the polar element of Eft have united position. But the 
polar element of Eft is E it since our correlation is involutory. There¬ 
fore, Ef and Et have united position, and the theorem is proved. 

Definition. Two elements each of which has united position with 
the polar element of the other are said to be conjugate elements with respect 
to the quadric. 

We paraphrase the definition in two important cases. 

Two points each of which lies Two planes each of which con- 
in the polar plane of the other are tains the pole of the other are 
conjugate points. conjugate planes. 

As an immediate consequence of these definitions, we have 

Theorem 2 a. The points con- Theorem 2 b. The planes con¬ 

jugate to a given point are the points jugate to a given plane are the planes 
of the polar plane of the given point, through the pole of the given plane. 

The polar of a line is the line of intersection of the polar planes of 
two points on the line, or the line joining the poles of two planes 
through the line. Hence: 

Theorem 3 a. The points con- Theorem 3 b. The planes con¬ 
jugate to two given points and hence jugate to two given planes and hence 

to all the points of their line are the to all the planes through their line 

points of the polar line. are the planes through the polar line. 

Specific Description. The foregoing general properties of a polar 
system may well be called the involutory properties of the system, for 
they depend only on the fact that the polar system is its own inverse. 
We shall now write the actual equations of the system and deduce from 
them its geometric relations to the quadric. 

If the equations in associated point and plane coordinates of the 
given nonsingular quadric are respectively* 

( 1 ) Jj.OqXiXj = 0 , ag = a#, 'E,bijU{u s = 0 , bg = 6 #, 

the bilinear equations in point and plane coordinates of the polar 

* A ccor ding as the first or second of the equations (1) is thought of as the 
one originally given, bg » hAtf, X ^ 0 or ag = nBg, 0. 
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system are (§ 8, Ex. 10) 

( 2 ) = 0 , •* 0 . 

Theorem 4 a. The polar of the Theorem 4 h. The pole of the 
point r with respect to (l) is the plane r with respect to (1) is the 
plane point 

(3 a) £ai,T,z,- = 0. (3 6) ^fcj/r.-uy = 0. 

It follows that a point on the quadric and the tangent plane at the 
point are pole and polar. 

Theorem 5 a. The two points Theorem 5 b. The two planes 
r, s are conjugate with respect to (1) r, s are conjugate with respect to (1) 
if and only if if and only if 

** 0. 'Lbqnsf = 0. 

In particular, a point or a plane is self-conjugate when and only 
when it belongs to the quadric. 

Theorem 6 a. Two points, Theorem 6 6. Two planes, 

neither of which is on the quadric, neither of which belongs to the quad- 
care conjugate if and only if they ric, are conjugate if and only if they 
separate harmonically the points separate harmonically the planes 
which their line has in common which their line has in common 
with the quadric. Two points, the with the quadric. Two planes, the 
first of which is on the quadric, are first of which belongs to the quadric, 
conjugate when and only when the are conjugate when and only when 
second lies in the tangent plane at the second, contains the contact 
the first. point of the first. 

Consider, now, a point P and a plane p which are pole and polar and 
do not belong to the quadric. The plane p has in common with the 
quadric a nondegenerate conic c and the point P has in common with 
the quadric a nondegenerate cone C( $ 8, Bxs. 1,2). A tangent plane 
to the quadric at a point of the conic c is conjugate to p (Th. 6 b), and 
therefore goes through P and is a plane of the cone C. Dually, the 
point of oontact with the quadric of a plane of the cone C is conjugate 
to P (Th. 6 a), and so lies in p and is a point of the conic c. Hence, the 
points of contact with the quadric of the planes of C are the points of c 
and the tangent planes to the quadrie at the points of c are the planes 
of a 4 
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We shall call e the conic of contact of the cone C, and shall describe 
C as the cone enveloping the quadric along the conic c. 


Theorem 7 a. The polar of a 
point not on the quadric is the plane 
of the conic of contact of the cone 
which the quadric subtends at the 
point. The polar of a point on the 
quadric is the tangent plane at the 
point. 


Theorem 7 b. The pole of a 
plane not belonging to the quadric is 
the vertex of the cone enveloping the 
quadric along the conic in which the 
plane intersects the quadric. The 
pole of a plane belonging to the 
quadric is the contact point of the 
plane. 


We leave it to the reader to establish the following facts concerning 
polar lines. 

Theorem 8. A ruling of the quadric is self-polar, two tangent lines 
(neither a ruling) which have the same point of contact and separate 
harmonically the rulings through the point are polars of one another, and 
two nontangent lines which are the diagonals of a skew quadrilateral on 
the quadric are mutually polar. 


According to the definition of conjugate elements, two lines each of 
which intersects the polar of the other are conjugate lines. In par¬ 
ticular, a line is self-conjugate when it intersects its own polar and 
hence, by Th. 8, when it is a tangent line. 

Theorem 9. The self-conjugate points, the self-conjugate planes, and 
the self-conjugate lines are the points, the planes, and the tangent lines of 
the quadric. 

It is worth while noting that two polar lines constitute a special 
case of two conjugate lines, and that a self-polar line, that is, a ruling, 
is a special case of a self-conjugate line. 

Self-Conjugate Tetrahedra. A tetrahedron is self-conjugate if each 
vertex and the opposite face are pole and polar. 

Theorem 10. There are »' tetrahedra which are self-conjugate with 
respect to the given quadric. 

The proof is similar to that for the corresponding theorem for conics. 

Theorem 11. A necessary and sufficient condition that a tetrahedron 
be self-conjugate is that each two vertices, or each two faces, or each two 
edges, be conjugate , or that each two opposite edges be polar lines. 

We leave the proof to the reader. 
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Projective ClaseifieaHon of Noneingular Quadric*. By introducing 
new associated point and plane coordinates referred to a self-conjugate 
tetrahedron as tetrahedron of reference, and to a properly chosen point 
and plane as unit point and unit plane, equations (1) of our quadric 
may be reduced simultaneously to the forms 

(4) xl + x\ + xl + x\ *= 0, u* + lit + uj + «* - 0. 

Theorem 12. Each two nonsingular quadrics are equivalent with 
respect to the group of complex collineations. 

Thus, in complex projective geometry, all nonsingular quadrics are 
of the same type. On the other hand, in real projective geometry 
there are three types of nonsingular quadrics, corresponding to the 
three canonical point equations 

xl + x\ + £* + xl * 0, 

(5) a;! + x\ + x\ - x« = 0, 
xl + x\ — xl — x* = 0. 

A quadric of the first type is without a real trace and hence has im¬ 
aginary rulings, one of the second type has a real trace but imaginary 
rulings, and one of the third type has both a real trace and real rulings. 

EXERCISES 

1. Show that the cross ratios of four points on a ruling are equal to the cross 
ratios of the tangent planes at the four points. 

2. Prove Theorem 8. Show that, if a ruling intersects one of two polar lines, 
it interaecta the other. 

3. Two lines are polar if and only if there exist at least two points on the 
one whose polar planes contain the other. Show that two lines are conjugate 
if and only if there exists at least one point on the one whose polar plane con¬ 
tains the other. State the corresponding properties for a self-conjugate line 
and a self-polar line. 

4 . How many lines are there conjugate to a given line? Show that the lines 
of a pencil of lines whose vertex and plane do not belong to the quadric are 
conjugate ip pairs, and that the pairs form an involution. 

5. Show that, if a point and a plane are conjugate, they are pole and polar. 

6. The fines conjugate to a given point are the lines in its polar plane, the 
fines conjugate to a given plane are the lines through its pole, and the points and 
planes conjugate to a given line are the points and planes of its polar line. 
Establish these propositions. 

7. Show that the planes and fines through a point are conjugate in pairs, 
provided the point is not on the quadric. State the dual. 
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8 . Prove that the polar system with respect to the quadric establishes in a 
plane the polar system with respect to the conic in which the plane intersects 
the quadric. State the dual. 

Note that, if a point and a line are conjugate with respect to a nondegen¬ 
erate conic, they are pole and polar; see Ex. 5. 

9. Establish directly the theorem: The elements conjugate to a given 
element are the elements in united position with its polar element. 

10. Prove Theorem 11. 

11. Show that a triangle which is self-conjugate with respect to the conic in 
which its plane meets the quadric determines with the pole of the piano a self¬ 
conjugate tetrahedron, provided the plane does not belong to the quadric. 

12. Verify the classification of real quadrics with respect to real collineations. 

13. A nonsingular quadric is referred to a tetrahedron consisting of a skew 
quadrilateral on the quadric and its diagonals, as tetrahedron of reference, and 
to a point on the quadric as unit point. Show that, if the Hi» e nn«la 0 f the 
quadrilateral are the edges AjA,, AjA< of the tetrahedron, the equation in point 
coordinates of the quadric is 

XiXt — X1X4. 

What is its equation in the associated plane coordinates? 

10. Affine and Metric Properties of Quadrics. The affine properties 
of a nonsingular quadric bear on the relationship of the quadric to the 
fixed plane, the plane at infinity, of affine geometry. 

According as the quadric is, or is not, tangent to the plane at infin¬ 
ity, it is known as a paraboloid or a central quadric. 

Characteristic of a center, that is, a point of symmetry, of a quadric 
is that it be a finite point conjugate to every point at infinity. Hence: 

Theobem 1. A central quadric has one and only one center, the pole 
of the plane at infinity. A paraboloid has no center. 

The finite planes which are tangent to a quadric at its points at 
i nfi nity form a cone of planes, which is called the asymptotic cone. In 
the case of a central quadric, the asymptotic cone is the nondegenerate 
cone which the quadric subtends at its center. The asymptotic cone 
of a paraboloid is degenerate. 

The finite lines and planes which pass through the pole of the plane 
at infinity are known respectively as the diameters and diametral planes 
of the quadric. The discussion of their properties we leave to the 
reader (Exs. 3-5). 

Affine Classification. In affine geometry, we are restricted to tetra- 
hedra of reference which have the plane at infinity as their common 
fourth face, *4 * 0. The corresponding coordinates are called affine 
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coordinate*. la particular, affine point coordinates are simply oblique 
Cartesian coordinates; Bee Ch, XI, § 4. 

A permissible tetrahedron of reference which is self-conjugate with 
respect to a given central quadric is determined by the center of 
the quadrie and a triangle AiAtAi at infinity which is self-conjugate 
with respect to the conic at infinity on the quadric. The equation in 
point coordinates of the quadric, referred to this tetrahedron, is re¬ 
ducible to the form 

(1) I* + x\ + £* + 2* = 0 

by a suitable choice of the unit point. 

There is uo permissible tetrahedron of reference which is self¬ 
conjugate with respect to a paraboloid. However, a tetrahedron 
well suited to our purpose is obtained by taking as the vertices Ai, A t 
two conjugate points at infinity (neither self-conjugate), as A t the 
contact point of the plane at infinity, and as At the contact point of 
the finite tangent plane through the line AiA t . The vertices A,, A t 
of this tetrahedron are on the paraboloid and each two vertices, except 
At, At, are conjugate. Hence, in our equation of the paraboloid in 
point coordinates, all the coefficients are zero except an, cm and a 3i , 
a«. By a proper choice of the unit point, it is possible to reduce the 
equation to the form 

(2) xl + xi= 2 x s xt. 

Theorem 2. In complex affine geometry there is just one type of 
central quadric and one type of paraboloid . 

The classification of real nonsingular quadrics with respect to real 
affine transformations yields four types of central quadrics and two 
types of paraboloids. The central quadrics fall immediately into the 
ellipsoids and the hyperboloids, according as their conics at infinity have 
not, or have, real traces, and it turns out that there are two types of 
ellipsoids and two types of hyperboloids. Canonical point equations, 
written in nonhomogeneous affine coordinates, are 

** + V* + «* + 1 “ 0: ellipsoid without a real trace; 
z* + y 3 -f z* — 1 = 0: ellipsoid with, a real trace; 

** + I/ 1 — s* + 1 — 0: hyperboloid without real rulings; 

hyperboloid with real ruling. 

A paraboloid is either elliptic or hyperbolic, according as its rulings at 
mfety are conjugate-imaginary or real. There is only one type of 

) 4 > 
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elliptic paraboloid and one type of hyperbolic paraboloid: 

£ 4 ) ** + V* — 2 2 : paraboloid without real rulings; 

^ x* — y i = 2 *: paraboloid with real rulings. 

Metric Properties and Classification. We have to do here with the 
relationship of the quadric to the absolute conic. We Bhall restrict 
ourselves to real quadrics and be content with the diacuBBion of the 
general case of a real central quadric whose cordc at infinity intersects 
the absolute in four distinct points. In this case there is a unique 
triangle AiAjA» in the plane at infinity which is self-conjugate with 
respect to both the absolute and the conic at infinity on the quadric. 
This triangle and the center A* of the quadric determine a real tetra¬ 
hedron AiA 2 AiA t which is self-conjugate with respect to the quadric. 
Furthermore, the finite edges (faces) of the tetrahedron are mutually 
perpendicular (§ 7, Th. 8). The tetrahedron may, then, be employed 
as the tetrahedron of reference for a system of rectangular Cartesian 
point coordinates. The equation of the quadric in these coordinates 
is of the form 

(5) ax* + by * +• = 1, 

where a, b, c are real numbers, no two equal and no one zero. 

The finite edges and the finite faceB of the tetrahedron AiAjAjA,, 
since they are mutually perpendicular and conjugate in pairs, are 
respectively axes , that is, lines of symmetry, and principal planes, that 
is, planes of symmetry, of the quadric. Moreover, because of the 
Uniqueness of the triangle AiAjAj, they are the only axes and principal 
planes. 

Theorem 3. A real central quadric has, in general, three axes and 
three principal planes. They are the edges and the faces of a rectangular 
trihedral whose vertex is the center of the quadric. 

We conclude with a discussion of the circles on the general quadric. 
A section of the quadric by a plane is a circle only when its points at 
infinity are points of the absolute. But these points are in any case 
points of the conic at infinity on the quadric. Hence a (finite) plane 
cuts the quadric in a circle if and only if its line at infinity is a common 
chord of the absolute conic and the conic at infinity on the quadnc. 
Since, by hypothesis, these two conics have four distinct points of 
intersection which are conjugate-imaginary in pairs, they have six 
distinct common chords, two of which are real. Thus: 
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Thkorem 4 There exist in general six distinct pencils of parallel 
planes which intersect a real quadric in circles. The circular sections by 
the planes of two of the pencils are real. 

The relationship of the six pencils of planes to the three principal 
planes follows readily from the relationship of the common chords of 
the two conics to their common self-con jugate triangle. 


EXERCISES 


1. Show that every section of a central quadric by a plane not parallel to, 
or coincident with, a plane of the asymptotic cone is a central conio. What is 
the section by a plane parallel to a plane of the asymptotic cone? The section 
by a plane of the asymptotic cone? 

2. Discuss the plane sections of a paraboloid. 

3. Prove that there is a unique diametral plane of a central quadric which 
is conjugate to a given diameter, and that the line at infinity in the plane and 
the point at infinity on the diameter are polar and pole with respect to the conic 
at infinity on the quadric. Discuss conjugate diametral planes and conjugate 
diameters. 

4 . The locus of the mid-points of the chords of a central quadric which are 
parallel to a given diameter is the conjugate diametral plane, and the locus of 
the centers of the sections of the quadric by planes parallel to a given diametral 
plane is the conjugate diameter. Show that these theorems are true in general, 
and determine the exceptions. 


5. State and prove the theorems for a paraboloid which are analogous to 
those of Ex. 4 for a central quadric. 

4 A cylinder is defined as a cone whose vertex is a point at infinity. When 
will the cone which envelopes a quadric along a given conic be a cylinder? 

7. Verify the fact that in real affine geometry there are six types of real 
nonsingular quadrics. 


8. Prove that a line is an axis of a nonsingular quadric if and only if it is a 
diameter and is perpendicular to a plane conjugate to it. State and prove 
similar conditions that a plane be a principal plane. 

9. Give a complete classification of real central quadrics with respect to 
teal rigid motions. Determine in each case the number of axes and principal 
planes and the number of circles on the quadric, including circles in isotropic 
planes; see &m. 13,14 


IQ^Ae preceding exercise for paraboloids. 

JBSMSB reel affine geometry, there are three general types of cylinders, the 
SBBSm, perabolic, and hyperbolic. Are there not, that, three general types of 

iPk By the methods of the text find the vertex, axis, and principal planes of 
jpa hyperbolic paraboloid 

of — if — if + 2ys + 2* — y + 3« -f 4 ■■ 0. 
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W. A circle m an aotropic plane is defined as a point conic in the plane 
which i« tangent to the lrne at infinity at the circular point at infinity. Show 
that the action of a sphere by an isotropic plane is a circle. Prove that there 

T "*K P ^ eS , hr0 'i g f 1 u a glVen Cif0le “ “ isotro P ic Pl“e (see §8, Ex. 8), and 
show that the loci of their centers is a straight line. How is this line related 
to the isotropic plane? 


14 . Locate the center of a nondegenerate circle in an isotropic plane, if the 
center is defined as the point of intersection of the plane and the line joining the 
pole of the plane, with respect to a nondegenerate sphere containing the circle 
with the center of the sphere. ’ 


11. Projective Generation of Quadrics. Projective Geometry on a 
Quadric. We return to the projective geometry of a complex non- 
singular quadric and take, as the equation in point coordinates of the 
quadric, 

(1) a*E| = 31*4. 

This is the form assumed by the point equation when the opposite 
edges AtAi, AtA* and AiAj, AtA t of the tetrahedron of reference are 
arbitrarily chosen rulings of the quadric, two from each regulus, and 
the unit point lies on the quadric ($ 9, Ex. 19). 

Theorem 1 . The equations of the reguli of the quadric (1) ore 
ft: * , *®*‘* R t: = 

U X, — Xi, v Xj = Xi, 

where u and v are parameters. 

The proof is left to the reader. In particular, the rulings AtAt, A 3 A t 
are the lines u — °° , u = 0 of the regulus Ri, and AiAj, A t Ai are the 
lines v = <x> f v = 0 of the regulus R t . 

The two planes 

( 2 ) ^ = u x 4 , xi = u x», 

which intersect in the general line L of Ri, pass respectively through 
the rulings AiA s , A 2 A* of R t . As L traces Ri, the planes generate the 
two pencils of planes with AvAs, A»A 4 as axes. Since corresponding 
planes ( 2 ) have the Bame projective coordinate u in their respective 
pencils, the two pencils are projective. Recalling that AiA s , A 2 A 4 
were arbitrarily chosen rulings of Ri, we conclude 
Theobem 2. The lines of a regulus determine unth two lines of the 
conjugate regulus projective pencils of planes. 

Theobem 3. Corresponding planes of two projective pencils of planes 
with skew axes intersect in the lines of a regulus. The axes of the pencils 
belong to the conjugate regulus. 
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The latter theorem is true inasmuch as coordinates in space and in 
the pencila may be so chosen that the projective correspondence be¬ 
tween the two pencils is represented by equations (2). 

The pencil of plans p through AiAt cuts AiAt in a range of points Q, 

and the pencil of plans q through AtAt 
cuts A\A t in a range of points P {Fig. 5). 
Since the pencils p and q are projective, 
the rangs Q and P which are respec¬ 
tively perspective to them are projec¬ 
tive. But the lins PQ are the lins L 
of R\. Thus: 

Theorem 4. The lines of a regulus 
cut two lines of the conjugate regvlus in 
projective ranges of points. 

We give also the analytic proof. 
The rangs of points P, Q in which the 
lins L of Ri meet A,Ai, A%A\ are 

(3) <«, 0, 1,0), (0, *, 0, 1). 

Since for corresponding points u has the same value, the rangs are 
projective. 

Theorem 5. The lines joining corresponding points of two projective 
ranges of points lying on skew lines are the lines of a regvlus. The lines 
of the ranges belong to the conjugate regvlus. 

The method of proof is the same as that for Theorem 3. 

Theorem 6. There is one and only one regvlus which contains three 
given mutually skew lines. 

Bet the three given lins be Li, In, Lt, and let Mi, M t be two arbi¬ 
trarily chosen lins which intersect La, In, L%, in the points Ai, B h Ci 
and At, Pi, Ct- Establish the projective 
corrspondenee between the rangs of points 
on Afi, Mt determined by the three pairs 
o f _ corresponding points A\ i —> A t , 

$£H —4 Bt, Ci«—* Ct. Hie lins joining 
‘&Rmpea£ding points of the two rangs are, 
by Tk. 6, the lines of a regulus, R u which contains La, In, Lt. 

Suppose that Pi is a second regulus to which la, Lt, Lt belong. 
Ttwn Mi, Mt belong to the regulus conjugate to R'i, since each has 
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three distinct points in common with the quadric determined by R[. 
Hence, by Th. 4, the lines of fii cut Mi, M% in two projective Tanges of 
points for which A\ <— > A s , B\ <—» Bi, Ci <—» Ci are pairs of corre¬ 
sponding points. Thus, R[ answers to the same description as Ri and 
coincides with Si. The theorem is, then, established. 

Since the lines Mi, M 2 were arbitrary lines intersecting Li, la, Li, 
every line intersecting Li, L t , L s belongs to the regulus Ri conjugate to 
Hi. Conversely, every line of R t intersects L,, Li, L,. Hence: 

Theorem 7. The lines which intersect three given mutually skew lines 
are the lines of a regulus. The three given lines belong to the conjugate 
regulus. 

As a consequence of either Theorem 6 or 7, we have 

Theorem 8. There is a unique nonsingular quadric having three 
given mutually skew lines as rulings. 

Theorem 9. There is a unique nonsingular quadric containing a 
given skew quadrilateral and a point not lying in a face of the tetrahedron 
determined by the quadrilateral. 

Theorem 9 may be established directly, or by means of Theorem 8. 

Projective Geometry in a Regulus. A regulus is a one-dimensional 
fundamental form of the second order and, like the previous forms of 
this description,' possesses the usual one-dimensional projective ge¬ 


ometry. . 

The cross ratio {LiU, L»L t ) of four distinct lines of a regulus Hi is 
defined as the cross ratio (PiP 2 , P»P«) of the four points in which the 
lines intersect a ruling M of the conjugate regulus Ri, or as the cross 
ratio (pips, p,p«) of the four planes which the lines determine with M. 
Since pi, ps, pa, pa are the tangent planes at Pi, Ps, Pa, Pi to the quadric 
determined by Ri, the cross ratios (PiP 2 , PaPi) and (p,p,, P * P <) are actu¬ 
ally equal (§ 9, Ex. 1). That they are independent of the particular 
ruling, M, chosen from Ri is clear from Theorems 2, 4. 

A cross ratio of four lines of our regulus Ri, expressed analytically in 
terms of the values of u for the four lines, evidently has its customary 
form. Hence, the parameter w, which we have already recognized as a 
projective coordinate in the pencils of planes (2) and the ranges of 

* These are: the points of a nondegenerate conic, the lines of 
oonic (Ch. XV, $ 9) and their space duals, the pianes of a non_^e 
and the lines of a nondegenerate cone; the regulus completes 
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points (3), is also a projective coordinate in the regulus R t . Similarly, 
tat projective coordinate in the regulus Ra. 

The corresponding homogeneous coordinates («i, uj) and fa, e*) are 
obtained in the usual way by Betting 


(4) 


wi 

«4 


U, 



P. 


The theory of projective transformations of a one-dimensional form 
into itself, or into a second one-dimenBional form, applies without 
change to reguli. Thus the pairs of equations 


put = «i«i + (hth, 

P«i — biUi + bath, 


|a 6| j* 0, 


pv'i = Ci«i + out, 
pv't = diUi + da us, 


|c d\ 7* 0, 


represent, respectively, the general projective transformations of the 
regulus Ri into itself and into the regulus Rt. The first pair of equa¬ 
tions may also be interpreted as a change to new projective coordi¬ 
nates in 22i. 


Projective Geometry on a Quadric. Through a given point x of the 
quadric (1) there passes a unique ruling (wi, ui} and a unique ruling 
fa, v t ). Conversely, two given rulings («i, Uj), fa, v 2 ) determine a 
unique point x of the quadric. Thus there is a perfect one-to-one 
correspondence between the points x of the quadric and the pairs of 
rulings (»i, «*), (v lt v t ). 

The equations of the correspondence may be obtained by solving the 
equations of Theorem 1, after introducing the homogeneous parameters 

(4) , for Zi : Za : x» : Xt or for «i : u* and Vi : v t . They turn out to be 

( 5 ) pXi = ttiPi, pX i = Ultlj, PXi = UtV i, PX« = UaVa, 

(0) «! : Ut *> Xi : Xt = z t : x«, »i: v t = x t : x t = x, : x 4 . 

Since to a given point of the quadric there correspond unique ratios 
Ui : th t Vi - Vt, neither 0, 0, and conversely, («i, ua; v it v 2 ) constitute 
mixed homogeneous coordinates for the points of the quadric. We 
shall call them homogeneous projective point coordinates for the 
quadric.* 

* la the corresponding system of nonhomogeneous coordinates («, v), the 
points of the rulingB A t A, : u - » and AiA, : v == » which pass through At 
are toe “ infinite points,” that is, the points which, strictly speaking, have 
no ooordiaates. In light of this fact, let the reader compare the mixed homo¬ 
geneous projective coordinates for the points of the quadric (1) with the mixed 
homogeneous isotropic coordinates of Ch. XVIII, $ IS for the points of the 
complex kversive plane. 
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Equations (5) may be thought of as constituting the parametric repre¬ 
sentation of the quadric (1) in terms of the coordinates (u,, u*; th, v t ) 
on the quadric, or as representing the change from these coordinates 
to the space coordinates (x t , x t , x t , x t ). 

Theorem 10. The equation in the coordinates on the quadric of the 
conic in which the plane (ajz) = 0 intersects the quadric is 

(7) OittiPi + chu iti* + atu&i + UiUtVt — 0. 


Conversely, every equation bilinear in «i, u s and v h t? 2 , not all of whose 
coefficients are zero, represents a conic on the quadric. 

The result of carrying out simultaneously a projective transforma¬ 
tion of the rulings of R\ into the rulings of Ri and a projective trans¬ 
formation of the rulings of Ri into the rulings of is a transformation 

. put = ajt»i + OiUi, av'i = c,v, + c 2 Vi, | a b | ^ 0, 

put = b,u, + biUi, av j = d,V\ + d 2 v 2j | c d | ^ 0, 


of the points of the quadric into themselves. Similarly, the trans¬ 
formation 


(8 b) 


pv[ = aiUi + ojUs, 
pvt - biUi + b 2 Ui, 


ffv!i = cifi + cjPj, | a b | j* 0, 

out = diVi + diVi, \c d| 0, 


which is the result of simultaneous projective transformations of the 
rulings of Ri into those of Rt and the rulings of Rt into those of Ki, 
is also a transformation of the points of the quadric into themselves. 

Theobem 11. A collineation of space which leaves the quadric in 
place establishes on the quadric a transformation (8 a) or (8 6). Con¬ 
versely, there exists a unique collineation of space which carries the quadric 
into itself and establishes on it a given transformation (8 a) or (8 6). 

A collineation which carries the quadric into itself carries skew lines 
on the quadric into Bkew lines on the quadric and hence transforms each 
reguius of the quadric into itself or into the opposite regulus. Since 
these transformations of the reguli are necessarily projective, the 
transformation of the points of the quadric is of the form (8 a) or (8 6). 

Conversely, let T be a transformation on the quadric which we as¬ 
sume, to be explicit, to be of type (8 a), and let Ti and IF* be respectively 
the component projective transformations of the reguli Ri and Rt- 
Think of Ti as determined by three distinct rulings L\, In, In of Ri and 
their transforms In, In, In, and of 7* as similarly determined by 
M x Mi, Mi <—» Mi, Mi <—► Mi. Form the skew quadrilateral de¬ 
termined by Lit In, Mi, Mi and the corresponding skew quadrilateral 
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determined by Li, L*, Mi, M»; and mark the point P of intersection of 
Li, Mt and the point P' of intersection of Li, Mi. There exists a unique 
collineation of space which carries P and the four vertices of the first 
quadrilateral respectively into P’ and the corresponding four vertices 
of the second quadrilateral. By Th. 9, this collineation carries the 
quadric into itself. It obviously carries L\, L 8 , Mi, Mi, into Li, Li, 
Mi, Mi, and, since La, M» are the rulings of the quadric through P and 
L», Mi those through P', it carries L», Ms into Li, Mi. The projective 
transformations of the reguli Ri, R t established by it are, then, Tj and 
Ti. Therefore the transformation of the points of the quadric which 
is established by it is the given transformation T. 

The theorem justifies us in defining the transformations (8 o) and 
(8 6) as the projective transformations of the quadric into itself. 

Theorem 12. The group of projective transformations of a quadric 
into itself consists of 2 • <» * transformations, namely, the group of <x> * 
transformations (8 a), each of which carries each of the two reguli on the 
quadric into itself, and the set of <»* transformations (8 b), each of which 
interchanges the two reguli. 

According to Theorem 11, there is a one-to-one correspondence 
between the transformations (8 a), (8 b) and the collineations in space 
which carry the quadric into itself. 

Theorem 13. There are 2 • « * collineations of space which leave fixed 
a given nonsingvlar quadric surface. 

EXERCISES 

L Establish Theorems 2, 4 by use of § 9, Ex. I. 

2. Prove Theorem 9 by both the methods suggested in the text. 

3. Show that there is a unique nonsingular quadric which contains two 
given skew lines and passes through three given points no two of which are 
coplanar with either of the given lines. 

4 . Count the number of quadrics in space, assuming that the general quad¬ 
ric is determined (a) as in Theorem 8, (f>) as in Theorem 9, (c) as in the previous 
exercise. 

9. How many lines are there which intersect each of four mutually skew 
lines? Discuss all possibilities. 

6. Find the condition in terms of the o’s that the conic (7) be degenerate. 
Hence write the equation in plane coordinates of the quadric (1). 

7. Characterize geometrically the involutory homologies and the skew in- 
volutions-cf space which leave a given nonaingular quadric in place. 



SPACE GEOMETRY 451 

8. Show that every no nsin gular quadric ia represented parametrically, in 
terms of homogeneous projective point coordinates on it, by equations of the 
form 

= a.iuiPi + a^uivt + autwi + auWh , (» = 1, 2, 3, 4), |a,,| s* 0, 
and conversely. 

9. Deduce for the quadric 

Xi* + Xi 1 + Xi 1 + xf = 0 

the parametric representation 

Xi: iXi: x»: ix* — Uiv t + mvi: u,v, — u*v, : uiu, — mjVj : + u&t. 

10. Dualize the aontents of the text, starting with the equation in plane 
coordinates of the quadric (1). 

11. Prove that a cross ratio of four rulings of a regulus on a quadric is equal 
to the corresponding cross ratio of the four points in which the rulings intersect a 
nondegenerate conic on the quadric. .Hence show that the regulus meets two 
npndegenerate conics on the quadric in projective ranges of points. 

12 . What special property have the rulings on a sphere? 

13 . Show that a necessary and sufficient condition that a regulus lie on a 
paraboloid is that three and hence all of its finite rulings be parallel to a plane. 

14 . Show that the corresponding segments which finite rulings of one regulus 
of a paraboloid intercept on two finite rulings of the conjugate regulus are pro¬ 
portional. 

12. Inversive Geometry on the Sphere. In this paragraph we 
propose to show, first, that the inversive geometry of the plane may 
be reproduced in all detail on the sphere and, secondly, that the result¬ 
ing inversive geometry on the Bphere is identical with the projective 
geometry on the sphere. It will follow that the inversive geometry of 
the plane is abstractly identical with the projective geometry on any 
nonsingular quadric which has a real trace but is without real rulings. 

Stereographic Projection. The reproduction on the sphere of in¬ 
versive geometry in the plane is affected by means of a transformation 
of the plane of inversion into the sphere which is known as stereographic 
projection. We Bhall first describe it as applying only to real points 
of the plane and sphere. 

Think of the plans as the equatorial plane of the sphere and, from 
the north pole N of the sphere as center, project the plane on the sphere. 
To saoh finite point P of the plane corresponds a unique point P', other 
than ?/, of the sphere, and conversely. When P recedes indefinitely! 
P’ approaches N as a limit. Accordingly, to JV is ordered the point at 
infinity in the plane. 
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Theorem la. Stereographic projection establishes'between the real 
points of the plane of inversion and the real points of the sphere a con¬ 
tinuous correspondence which is one-to-one 
without exception. 

Taking the radius of the sphere as the 
unit of length, introduce rectangular co¬ 
ordinates ( x , y) and (£, 17 , f) in the plane 
and in space respectively, as indicated in 
Fig. 7. The equation of the sphere is 

? + i? + p = 1 . 

If P and P' have the coordinates (x, y) 
and ((, 17 , f), then, by similar triangles, 

x y OP OP 1 

I ij OM’ 



kp 1 i-r 


X 

* 


V 

n 


Hence we obtain, as the equations of the transformation of (£, 17 , f) 
into (x, y): 


( 1 «) 


£ 


1 - r 


V = 


1 -r 


** + »* = 


1+1 
1 -r 


The equations of the inverse transformation are 
2z 2 y 


(1 b) f 


x* + y 1 + 1 


x 2 + V 1 + 1 


f - 


x 2 + p* - 1 
X 2 + y 1 + 1 


It is convenient to replace ($, »j, £) by homogeneous coordinates 
(xi, x*, x*, x*) so chosen that the equation of the sphere takes the 
symmetric form 

( 2 ) x* + x\ + xl + x\ — 0 . 

This is accomplished by setting 


* Xl Xt . Xs 

E = -- , ff 3= -- , =S -- • 

t X* l X« l x« 

It is true that a real finite point does not possess real coordinates 
(®i, x», x t , X 4 ), but xi, x», xt may always be taken as real, with x< as pure 
imaginary, so that the inconvenience is negligible. 
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The equations of the stereographic projection now become 

pxi = 2x, u 


(3) pit - 2 y, 

pz* = X* + J/ 1 - 1, 
pz 4 = - i'(x* + y* + 1), 


x = — • 

V - - 
+ y* = - 


Z| — t Z4 

zj — i x t 
Xs + i Xt 


X t — l Xt 

Stereographic Projection of the Complex Plane of Inversion. When 
(x, y) are replaced by (ui, u*; »i, v 2 ) where 

it = x + iy, v = x — i y, 

the first set of equations (3) becomes 


Ul 

— = u, 
th 


Vl 

- — v, 
Vi 


(4) Zi: i Xi: x»: i x t = Uiv 2 + UtVi : U\v 2 — usVi : uiVi — u&t : mvi + u 2 vi. 

We recall that (mi, 142 ; v X) v 2 ) are homogeneous isotropic coordinates 
for the complex plane of inversion (Ch. XVIII, § 18). On the other 
hand, we know that equations (4) constitute a complete parametric repre¬ 
sentation of the complex points of the sphere in terms of (i4i, tt 2 ; v h t> 2 ) 
as homogeneous projective coordinates on the sphere (§11, Ex. 9). 
Hence, equations (4) represent a transformation of the inversive plane 
into the sphere, which establishes between the complex points of the 
plane and the complex points of the sphere a perfect one-to-one cor¬ 
respondence. This transformation is the analytic extension, to all 
complex points of the inversive plane, of stereographic projection. 
Accordingly, we shall call it the stereographic projection of the complex 
inversive plane on the sphere. That it actually represents the geo¬ 
metric process of projection for all finite complex points of the plane is 
readily verified.* 

Theorem 1 b, Stereographic projection establishes between the com¬ 
plex points of the inversive plane and the complex points of the sphere a 
continuous one-to-one correspondence. 

Theorem 2. The isotropic coordinates of a point in the plane and the 
projective coordinates of the corresponding point on the sphere are 
identical. 

* Since we cannot think of the complete complex plane of inversion, but only 
of its finite portion, as immersed in projective space, the process of stereo- 
graphio projection cannot be applied to the infinite points of the plane. The 
fates of these points become, then, a matter of definition and they are fixed 
here by equations (4). 
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Properties of Stereographic Projection. Theorem 2 has & number of 
important consequences. In the first place, we recall that the equa¬ 
tions 

-f- fcatij = 0, l\Vi + 2)0} = 0 

represent the two families of isotropic lines in the plane (Ch. XVIII, 
§ 18). They also represent the two families of rulings on the sphere. 
But the rulings on the sphere are isotropic lines. Hence: 

Theorem 3. Stereographic projection establishes a one-to-one cor¬ 
respondence between the isotropic lines in the plane and the isotropic lines 
on the sphere. 

In particular, to the isotropies at infinity in the plane correspond the 
isotropies through the north pole of the sphere. 

Theorem 4. Stereographic projection establishes a one-to-one cor¬ 
respondence between the circles in the plane and the circles on the sphere. 

For, the circles in the plane are represented by the equations which 
are bilinear in » lt u t and Vi, v 2 (Ch. XVIII, § 18), and these equations 
also represent the circles on the sphere, considered as the curves in 
which the planes of space meet the sphere (§ 11). 

Theorem 5. Stereographic projection is conformal. 

The fact that the geometric process of stereographic projection 
carries the finite isotropic lines of the plane into isotropic lines on the 
sphere enables us to give a simple proof of the theorem. Let P be a 
finite point in the plane corresponding to a finite point P' on the 
sphere, and let Ci, C t be two curves in the plane intersecting in P and 
Ci, Ci the corresponding curves through P' on the sphere. Denote 
the tangent lines to C\, C t at P by T\, Tt, and those of Ci, Ci at P' by 
T 1, Ti', the isotropic lines through P by Ji, /*, and those through P' by 
t\, It. The lines 71, Tt, l[, It lie in the tangent plane to the sphere at 
P r , and the projection from N of this tangent plane on the plane of 
inversion evidently carries them into Ti, Tt, h, It. The cross ratios 
(TiT't, Itit), {TiTt, hh) are then equal, and therefore, by Laguerre’s 
definition of angle, the corresponding angles are equal. 

We have achieved our first aim. Theorems 1-5 imply that stereo- 
graphic projection carries the inversive geometry of the plane into 
precisely the same geometry on the sphere. Point goes into point, 
circle into circle, orthogonal circles into orthogonal circles, a pencil into 
a pencil (Ex. 3), and an orthogonal system into an orthogonal system. 
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Moreover, when inversion and circular transformations are defined on 
the sphere as in the plane, inversion goes into inversion and circular 
transformations into circular transformations. 

On the sphere, all nondegenerate circles are obviously of one type; 
the distinction between proper circles and straight lines disappears 
completely. And, what is more important, all points are on the same 
footing; no points play special rflles. The truth of this we realized 
while still in the plane (Ch. XVIII, § 17, Th. 10, § 18), but it iB brought 
out most strikingly on the sphere. The sphere is, in fact, the perfect 
example of the inversive domain. 

Theobem 6. The circular transformations of the plane or the sphere 
are identical with the projective transformations of the sphere. 

For, equations (8 a), (8 b) of § 11 evidently represent the complex 
circular transformations of the plane or the sphere as well as the pro¬ 
jective transformations of the sphere. 

Herewith we have completed the proof of our second contention. 
Theobem 7. The inversive geometry on the sphere is identical with 
the projective geometry on the sphere. 

The Inversive Geometry of the Sphere in its Relation to the Surrounding 
Projective Space. The transformation (3) carries the equation of a 
circle in the plane 

(5) a'iCx 1 + y 1 ) + air + o!%y + ai = 0 

into the equation of the plane of the corresponding circle on the sphere, 
namely 

(6) fliXi + a 2 Xj + aiXi + a A x t = 0 
where 

(7) ai = a'i, a 2 = a[, a t = a\ — a«, a t = i(a[ + ai). 

It is to be noted that, if the a"s are real, oi, a 2 , a 3 are real and a« is 
pure imaginary or zero. 

If 6' is a second circle in the plane and b the plane of the correspond¬ 
ing circle on the sphere, we readily establish, by means of (7) and the 
corresponding relations between the 6’s and b'’s, the identities 

(8) (a 16) ■ (a', 6'), (a|a) m (a', a'), 

where (aja), (a|6) have their usual meanings and (o', a r ) (o', V) are 
the symbols of Ch. XVIII, §§ 1, 6. 
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Theorem 8. Two circles on the sphere are orthogonal if and only if 
their planes are conjugate with reaped to the sphere. 

For, by (8), the condition (o', b') = 0 that the two circles be orthog¬ 
onal is equivalent to the condition (a| 6) = 0 that the two planes be 
conjugate with respect to the sphere (xjz) = 0. 

Theorem 9. A necessary and sufficient condition that two distinct 
points of the sphere be mutually inverse in a given circle on the sphere is 
that they be coUinear with the pole of the plane of the circle. 

If Pi, Pi are the given points, the line PiP s is the line of intersection 
of the planes of two circles Ci, Ci on the sphere which pass through Pi, 
Pu If Pi, Pi are mutually inverse in a given circle C on the sphere, 
Ci, Ci are by definition orthogonal to C. The planes of Ci, Ci are then 
conjugate to the plane m of C and so go through the pole M of this plane 
m. Hence their line of intersection PiP 2 passes through M. Con¬ 
versely, each two points Pi, Pi of the sphere which are collinear with M 
are inverse in C, for the argument may be reversed. 

Since the point M and the plane m are pole and polar, the points 
Pi, Pi separate M and the intersection of their line with m harmonically. 
Hence, the inversion in the circle C is established by the involutory 
homology of space which has M as center and m as central plane. 

Theorem 10. The inversions on the sphere are established by the 
involutory homologies of space which leave the sphere in place. 

Theorem 11. The Moebius involutions on the sphere are established 
by the skew involutions of space which carry the sphere into itself. 

The latter theorem is readily proved when it is recalled that a 
Moebius involution is the product of two inversions in mutually 
orthogonal circles (Ch. XVIII, § 17, Ex. 8). 

Lemma. A necessary and sufficient condition that the linear trans¬ 
formation 

(9) x\ « g, agzj, (* - 1,2, 3,4), A = | ay | ^ 0, 

has (x\x) as an absolute invariant: (s'J x') m {x\x) is that its coefficients 
satisfy the relations 

(10) = 1, - 0, (t * j, i, j = 1,2,3, 4). 

We leave the proof to the reader. Let him also establish, as a 
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consequence of (10), the relation 
(11) A - ± 1. 

The transformations (9) for which the relations (10) are valid are 
known in algebra as the quaternary orthogonal substitutions or linear 
transformations.* Those for which A = 1 are characterized as direct, 
and those for which A = — 1, as indirect. The direct transformations 
form a group, whereas the indirect ones do not. 

The collineations (9) for which the relations (10) hold are the colline- 
ations which carry the sphere (x| x) = 0 into itself. Those which are 
direct carry each family of isotropies into itself and those which are 
indirect interchange the two families, as considerations of continuity 
readily show. Hence, we have, in accordance with Th. 6 and § 11, 
Th. 11: 

Theorem 12. The direct ( indirect) circular transformations on the 
sphere (x|x) = 0 are precisely the transformations established on the 
sphere by the direct ( indirect ) orthogonal collineations of space, f 

EXERCISES 

1. What circles on the sphere correspond to the straight lines of the plane? 
What circle in the plane corresponds to the circle at infinity on the sphere? 

2. Show analytically that the circles in the plane which correspond to the 
circles on the sphere whose planes are isotropic planes (§ 10, Exb. 13, 14) are 
the circles which are tangent to x* + y 1 + 1 =0. 

3. Prove that the circles of a pencil on the sphere, that is, the totality of 
circles corresponding to a pencil in the plane, lie in the planes of a pencil of 
planes. Classify real pencils of circles according to the relationships of the 
corresponding pencils of planes to the sphere. 

4. What can you say about two pencils of planes which intersect the sphere 
in the circles of an orthogonal system? 

5. Show that to the inversion in the unit circle of the plane corresponds the 
reflection of the sphere in the equatorial plane. What corresponds to the re¬ 
flection of the plane in the x-axia7 To the transformation *' = 1/z? 

6. Prove Theorem 11. 

* They are called “ quaternary ” because four variables are involved and 
“ orthogonal ” because (x\x) is an absolute invariant. We have already had 
an example of ternary orthogonal substitutions in the equations of a rotation 
leaving fixed the origin erf coordinates (§ 7). 

f If only real transformations are desired, au, i “ 1, 2, 3 should be 
taken as pure imaginary or zero and the remaining a’s real. Then xi, xi, X| 
will be real and x\ pure imaginary or zero, whenever Xi, x», x» are real and x< 
pure imaginary or zero. 



HIGHER GEOMETRY 


7. What transformations of the plane correspond to the rotations of the 
sphere about the f-aads? To the rotations of the sphere about an arbitrarily 
choeen diameter? 

8. Prove directly that the circular transformations on the sphere are pre¬ 
cisely the transformations which are established by the collineations of space 
which leave the sphere in place. 

9. Deduce from the theory of cross ratio on a quadric a theory of cross 
ratio in the complex plane of inversion. In particular, discuss cross ratio for 
four isotropies of the same family, for four points on an isotropic, and for four 
points on a nondegenerate circle (§ 11, Ex. 11). Show that two pairs of points 
on a nondegenerate circle are harmonic if and only if they are orthocyclic in 
the sense in which the term was defined for the real plane of inversion (Ch. 
XVIII, § 17). 

10. Let Pi, P )( Pi, P 4 be any four distinct points of the plane of inversion, 
and La, Lt, Lt, L t the four isotropies of the one family, Mi, M%, Af«, M, the four 
isotropies of the other family, through them. Prove that, if Pi, Pi, P S) P 4 are 
real points, the cross ratios (LiLt, LtLt), (MiMi, M t Mt) are conjugate-complex, 
and that one of them is precisely the cross ratio (PiPi, PjP 4 ) as defined in the 
real plane of inversion (Ch. XVIII, § 17). 

11. If, in stereographic projection, the inversive plane is replaced by the 
projective plane, the process of projection may be applied to all the complex 
points of the plane. The resulting correspondence is, however, not one-to-one. 
Why? 

12. Prove the Lemma and establish relation (11). 

13. Show that relations (10) are equivalent to 

£ alt - 1. £ «**»/*=■ 0, (i j-ij, i,j = 1, 2 3,4). 

i-i t>: 

« 

Suggestion. Begin by proving that the transformation u< = 2 a„uj 

/-i 

(i ~ 1,2,3,4), carries (w'l*/) => 0 into (u|u) =» 0. 

13. Tetracyclic Coordinates. In the preceding section we con¬ 
sidered the ordered number sets (zj, zj, zj, z<) which satisfy the relation 

(1) x\ x\ -{• xl x] = 0 


as homogeneous coordinates of the points on the sphere. We shall 
now think of them as homogeneous coordinates of the corresponding 
points of the inversive plane. They are known, then, as tetracyclic 


coordinates,, for reasons which we shall go into later. 

Tetraoyfiic coordinates differ from previous pure * homogeneous 
coordinate^ for a two-dimensional manifold in that they number four, 
insteadj|^the usual three, and must always satisfy the relation (1). 

* That is, not mixed. The mixed Isotropic coordinates («i, «j; Vi, »i) are 
four^J* number, but only the two ratios u \: U|, t>i : v t count geometrically. 
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The analytic form which inveraive geometry takes in terms of tetra- 
cyclic coordinates is evident from the last section. A circle is repre¬ 
sented by a linear homogeneous equation 

(2) 0 1X1 + ojxj + ojXj + (Z4X4 = 0, 

whose coefficients are not all zero, and conversely. The equations of 
the group of direct circular transformations are those of the group of 
direct orthogonal substitutions 

(3) H = t <Wi, (i = 1, 2, 3, 4), A = 1, 
where 

4 4 

£ = 1 . £ awa*,' = 0 , (i j, i,j = 1 , 2 ,3,4). 

1-1 t-i 

The advantage of tetracyclic coordinates lies in the fact that equa¬ 
tions (2) and (3) are linear. The quadratic element in the analytic 
theory has been concentrated in the relation ( 1 ). 

Equations (4) of § 12 represent the transformation from isotropic 
coordinates to tetracyclic coordinates. The equations of the inverse 
transformation are 

«i : lii = x\ + t Xt : — x t + i 14 = x% + t x 4 : xj — i x*, 

Vi :v t = xi — i Xt : — x» + i 14 = x* + i x 4 : Xi + i x*. 

Circle Coordinates. There are only two types of complex circles in 
the inversive plane, the nondegenerate or proper circles (including the 
n^nisotropic lines), and the degenerate or null circles; see Ch. XVIII, 
§ 18. 

Theorem 1. The circle (2) is •proper or null according as (a|a) ^ 0, 
or (a| a) = 0 . 

We shall call the ordered coefficients <zi, a?, a s , in equation (2) 
homogeneous coordinates of the circle. Evidently, each ordered quad¬ 
ruple ( 3 / 1 , 3 / 2 , yt, 1/4) other than ( 0 , 0 , 0 , 0 ) constitutes coordinates of a 
circle. We shall speak of this circle as the circle y. 

When the circle 0 is a null circle: (a| a) = 0, then ( 01 , aj, o», aO are 
also the coordinates of a point. This point is the center of the null 
circle. For, when (a|a) — 0, the plane (a|x) = 0 is the tangent plane 
to the sphere (x|x) = 0 at the point 0 . 

Theorem 2. The tetracyclic coordinates of the center of a null circle 
are identical with the coordinates of the circle. 



We next note &n obvious but important fact 
Theorem 3. The point r lies on the circle a if and only if (a|r) = 0. 
According to S 12, (8) and Ch. XVIII, § 10, (1), the angles 6 between 
two proper circles a and b are given by 

<4) 

The condition for the orthogonality of any two cirdeB is 

(5) <<*!&) = 0, 

and that for tangency, 

(0) (a|c)(b|b) — (fl|b)* = 0. 

Theorems 2 and 3, applied in conjunction with (5) and (6), inform 
us immediately that a null circle b is orthogonal or tangent to a given 
circle a if and only if its center b lies on the given circle. 

A Metric Interpretation of Tetracyclic Coordinates. The transforma¬ 
tion from rectangular to tetracyclic coordinates is, by § 12, (3), 


2 x, pxt = 2 y, px t ~ x* + y* - 1, 


7(* , + v» + l>. 

i 


Theorem 4. The tetracyclic coordinates of a finite point are propor¬ 
tional to relative powers of the point with respect to four mutually ortho¬ 
gonal proper circles. 


That each two of the four circles x< = 0, i = 1, 2, 3, 4, are mutually 
orthogonal is readily verified. By a relative power of a finite point 
With respect to a proper circle, not a straight line, we mean the ratio of 
the actual power of the point to a determination of the radius.* The 
limit of this ratio, when the circle approaches a straight line as a limit, 
we take as the definition of a relative power of & point with respect to 
the line. It turns out to be twice a directed distance from the line 
to the point (Ex. 6). 

The theorem is now clear. From it tetracyclic coordinates take their 
name. 

* We agree here to recognise two radii, namely, the square roots of the 
“ square of. the radius.” There are then two relative powers of a point with 
respect to a proper circle, just as there are two directed distances from a 
straight fine to a point. 
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EXERCISES 

1. For a real circle a, ai, at, at are taken aa real md cu pure imaginar y or 
aero. Show that the circle is, then, a circle with a real trace, a null circle, or a 
circle without a real trace according as (o|o) > 0, = 0, or < 0. 

2. Prove that three circles belong to a pencil if and only if their homogene¬ 
ous coordinates are linearly dependent. 

3. Show that the inverse of the point x in the proper circle a is the point 

x' = 2 (o|x) a — (a|a) x. 

4. Prove that the formula of Ex. 3 also represents the inverse of the circle 
x in the proper circle a. 

5. Three circles are given, no one of which belongs to the pencil conjugate 
to that determined by the other two. Show that the three circles, each of which 
is coaxal with two of the given circles and orthogonal to the third, are coaxal. 

6. Show that a relative power of a finite point with respect to a straight line 
is twice a directed distance from the line to the point. 

7. Prove that a relative power of a finite point x with respect to the proper 
circle a is of the form 

±k&$, 

Vo la 

where k depends only on z, not on a. 

8 . Show that four distinct real circles, if they are mutually orthogonal, 
must all be proper, and that three must have real traces and the fourth no 
real trace. 

9. The coordinates xj, x{, xj) defined by equations (3), considered as a 
change of coordinates, are known as general tetracyclic coordinates.* Show that 
inversive geometry has the same analytic form in terms of them as in terms of 
the original tetracyclic coordinates. 

10. Prove that Theorem 4 is true for the general tetracyclic coordinates of 
Ex. 9. 

Suggestion. Employ Ex. 7 and $ 12, Ex. 13. 

14. Line Geometry. Pluecker Line Coordinates. We bring the 
book to a close with a brief introduction to the line geometry of space. 
Since space contains « 4 lines, this geometry is four-dimensional. In it 
points and planes, that is, sheaves of lines and planes of lines, are two- 
dimensional, and pencils of lines and reguli, one-dimensional. 

Coordinates for a line in space may be obtained by considering the 
line as determined by two points or as determined by two planes. 
Dual line coordinates arrived at in these two ways were developed by 

* The most general tetracyclic coordinates are those defined by the general 
linear transformation of x 1( Sj, x,, x«. In distinction to them, the coordinates 
of the text and exercise are often called orthogonal tetracyclic coordinates. 
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the founder of line geometry, Julius Pluecker, and were called by him 
ray coordinates and axis coordinates, respectively. Both sets of co¬ 
ordinates are homogeneous, are six in number, and satisfy a quadratic 
relation. They resemble then, in structure, the tetracyclic coordinates 
in the inversive plane. 

Ray Coordinates. Let a line L be given and choose on it two distinct 
points x, y. From the matrix of the coordinates (xi, xa, x», x 4 ), 
(yi, y*, y», y 4 ) of the two points form the two-rowed determinants 

(1) Pa = x f yj - x,y it (i ^ j, i,j = 1, 2, 3, 4). 

These twelve determinants are negatives of one another in pairs: 


Pti — — Pa- 

Accordingly, we restrict ourselves to six of them: 

( 2 ) pit, Pit, Pu, Pm, Ptt, Pit- 

These six p’s are Pluecker ray coordinates of the line L. They satisfy 
the relation 

(3) PnVu + PitPtt + PuPn = 0, 

as is readily proved by expanding the determinant in the identity 
|xyxy[ = 0 .* 

If x' = iii + hy, y' = fax + l*y are any two distinct points on L, 
p'a = x<y'j — x'fy'i = (Alfa — fali)p</- 
Hence, each two sets of ray coordinates of L are proportional. 

If L does not intersect the edge A t A t of the tetrahedron of reference, 
Pw # 0. For, when L is thought of as determined by the distinct 
points Pt; (xi, 0, x*, x 4 ), Pi : (0, y s , y», y 4 ) in which it meets the faces 
Xi = 0, Xi = 0 which intersect in AiAt, its coordinates are 


(4) 


Pu 


y**i, Pu = y*x u pu = y&i, 

Pm = X%y* ™ 2'42/it 

xiyit pa = — x$ i/j, p 4 i = X4P2, 


and, since xiy* ?* 0, pu ?* 0, 

We are now in a position to give a simple proof that six numbers (2) 
which satisfy (3) and are not all zero are the coordinates of a line. We 
may assume, for example, that pu?* 0. Then the six equations (4) 

• It»to be noted that the number of inversions in each of the orders, 12 3 4, 
13 43,142 3 , in tb» srfwaryts of the terms of (3) is even. 

*Ibe identity *V ji DM4 easily expanded into (3) by means of 

Laplace's adej see B&im Algebra, Ch. II, § 8. 
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in Vi, y», y* t &it ic*i are compatible and determine two points Pi, P* 
whose line has the given numbers as its coordinates. Moreover, since 
coordinates of the two points are obviously 

(5) Pi : ( 0 , pu, pis, p u ), Pi : (pi*, 0, - p M , p a ), p u ?£ 0, 

the line does not intersect AsA*. 

Axis Coordinates. If u, v are two distinct planes through the line L, 
the six numbers 

(6) ?«> ?«» Qu, 3m, 3«, Sat 
where 

qa = - UjVi, (i,j > 1 , 2, 3, 4), 

are Pluecker axis coordinates of L. They are connected by the relation 

(7) 3i2?M + 9ia3« + QuQn — 0. 

It is evident that the justification of the definition is the exact dual 
of that in the case of ray coordinates. 

The Relations between Ray and Axis Coordinates. Once more we think 
of the line L as not intersecting AjA, : p 12 0. Then coordinates of 

two distinct points on L, expressed in terms of the ray coordinates of 
L, are given by (5), and coordinates of the two planes through L 
which contain respectively A» and A, are readily found to be 

(P42, pu, 0 , — P 12 ), (p», — pu, pu, 0 ). 

The axis coordinates q of L, determined by these planes, are 

( 8 ) 9 ,,- = Xp«, \ = pu j* 0, 

where ij ranges over the combinations 12, 13, 14, 34, 42, 23 and kl 
over the complementary combinations 34, 42, 23, 12, 13, 14. 

Theorem 1. The ray coordinates p and the axis coordinates q of a 
line are connected by the equations 

Pu : Pu : Pm : Pm : p« : Pu = 3 m : 9« : 3a : 9i* '• 2»* '• 9»«- 

The content of the theorem is frequently expressed in brief by saying 
that the coordinates of the one kind are proportional to the comple¬ 
mentary coordinates of the other kind. 

Fundamentals of Line Geometry in Line Coordinates. The two lines 
with ray coordinates p and p f determined respectively by the pairs of 
points 1 , y and x', y’ intersect if ami only if | x y x'y* J = 0 or, as is 
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readily shown by expanding the determinant if and only if 

Pupil + Pap'a + PuPu + PmPu + P«Pa + PaPu = 0. 

Theorem 2. A necessary and sufficient condition that the two lines 
with ray coordinates p, p' intersect is that 

(p, p') = 0, 

where 

(9) (p, p') as pupil + p u p« + pupa + p«pl* + pupil + pap'u- 

It follows, by Th. 1, that, if q, q' are axis coordinates of the two lines, 
the condition for intersection is (q, q') — 0. 

We shall make frequent use of the symbol (p, p') defined by (9), 
and also of the related symbol 

(10) (p, p) * 2 (pup* + pupu + PuPa), 

whose vanishing is the condition that the Bix p’s, not all zero, be the 
coordinates of a line. 

A finite number of lines shall be said to be linearly dependent if 
their ray coordinates are linearly dependent or, what is the same thing, 
if their axis coordinates are linearly dependent. 

The theory of linear dependence and linear combination is affected 
by the fact that the coordinates of a line must always satisfy the rela¬ 
tion (p, p) = 0 or (g, g) = 0. Let us consider, for example, the lines 
linearly dependent on two distinct lines p', p". We write as usual 

(11) p=k l p'+fap”. 

The p’s thus defined are the coordinates of a line when and only when 
hi, kt satisfy the equation 

(kip' + kip’, kip' 4- kip") = 0, 
or 

*!(?', p') 4- 2 kMp', P") + k\{p", p") = 0. 

Since (p', p') = 0 and (p", p") = 0, this equation reduces to 

(12) kik,(p', p") = 0. 

If (p', p") 7 * 0, (12) is satisfied only if hi = 0 or ha = 0. Hence, 

the only lines linearly dependent on two skew lines are the lines themselves. 

If (p'» p") “ 0, (12) is an identity ind every linear combination 

(11) represents a line. In this case, we have: 

Theobem 3. The lines which are linearly dependent on two distinct 

* 

intersecting lines are the lines of the pencil determined by them . 
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For, think of p', p" as determined by the point x common to the 
given lines and two points y\ y" lying respectively on them. Then 


Pa 


fa 


Xi Xj 

v'x v'i 


+ fa 


Xi Xj 

It II 

Vi Vi 


Xi X) 

fay'i +fay" kiy'i + fay'/ 


Thus, p is the line joining x to the general point fay' + fay" of the 
range determined by y 1 , y". 

Theorem 4. Three dieting lines are linearly dependent if and only if 
they belong to the same pencil. 


If the word “distinct” were omitted, the theorem would be false.'' 
Why? 


EXERCISES 


1. Determine the ray coordinates of the edges of the tetrahedron of 
reference. 

2. Characterize the ray coordinates of a line which (a) meets the edge A>At 
of the tetrahedron of reference; ( 6 ) meets the opposite edges AiA%, AsAi) 
(c) lies in the face a,; (d) goes through the vertex A u 

3. Describe the lines whose ray coordinates satisfy the equations: 

(a) pa = 0 ; ( 6 ) p«i «= 0 , pu = 0 ; (c) pn = 0 , pu = 0 ; 

(d) Pm = 0, Pm = 0, p« - 0; (e) pu = 0, p„ - 0, p a = 0. 

4. Justify the definition of the q’ s as line coordinates. 

5. Write a condition necessary and sufficient that the line with ray co¬ 
ordinates p meet the line with axis coordinates q. 

6 . Prove Theorem 3, using axis coordinates. Establish Theorem 4. 

7. Three linearly independent lines go through a point. Prove that the 
lines whioh are linearly dependent on them are the lines of the sheaf determined 
by them. 

8. State and prove the dual of the theorem of the previous exercise. 

9. Prove that four lines, no three linearly dependent, are linearly dependent 
if and only if every line which meets three of them intersects the fourth. Show 
that then the four lines (a) belong to a sheaf or to a plane of lines, or (b) inter¬ 
sect in pairs so that the pencils determined by the two pairs have a line in 
common but lie in different planes and have different vertices, or (c) belong to 
a regulus. 

10. Show that there are two lines, distinct or coincident, which intersect 
four given linearly independent lines, or all the lines of a pencil intersect the 
four lines. When does the latter case occur? 


15. Linear Complexes. Null Systems. A three-parameter family 
of js known as a complex of lines. Since the number of lines in 
apace is a single equation homogeneous in the ray or the axis co- 
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ordinates of a line, but not equivalent to (p, p) = 0, represents a com¬ 
plex. When the equation is linear, the complex is called a linear complex. 
The two equations in ray and axis coordinates 

( 1 ) HoaPa ~ 0 , HbaQa = 0 , 

where ij ranges over the combinations 12, 13, 14, 34, 42, 23, represent 
the same linear complex, provided that 

by = \ au (X 0) or an = p bu (p A 0), 

when ij ranges over the given, and k l over the complementary, com¬ 
binations. 

It is clear, from the relationship between the a’s and the b’ s, that 
(a, a) and ( b, b) vanish simultaneously. In this case, the a’s and V s 
may be thought of respectively as the axis and ray coordinates of the 
same line. The complex consists, then, of all the lines which intersect 
this line, including the line itBelf. The line is known as the axis of the 
complex, and the complex is said to be special. 

We turn to the general case: 

(a, a) ( b , b) A 0, 

and rewrite equations (1) in the forms 

(2) 'E.OiiixiVi — x,-yi) - 0, Y.hiu&i - u,Vi) = 0. 

Introducing new a’s and b’ b: 

op = — a,,-, a*i = 0, bji = — bn, b k k= 0, 

where ji ranges over the combinations 21, 31, 41, 43, 24, 32 and 
k = 1, 2, 3, 4, we may replace equations (2) by 

1-4 1-4 

(3) T.oifccyj =0, - ay, T.bijU t Vj =0, 6* = - 

where now t and j range independently over 1, 2, 3, 4 in the usual 
fashion. 

The determinants | a#| and |&#| resulting from the accession of the 
new a’s and b'a are evidently skew-symmetric. Their values are 
readily found to be; 

}a#| = (a, a)* 9 * 0, |M = ( b , b)* A 0. 

For a given point y the first of equations (2) or (3) represents the 
locus of a point x which moves so that the line joining it to the point 
y is always a line of the complex. Since the equation is linear in the 
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x’s with coefficients which cannot all vanish, the locus is a plan e 
Hence, the lines of the complex which go through a given point form a 
pencil. 

Similarly, the lines of the complex which lie in a given plane form a 
pencil. For, the envelope of a plane u which moves so that the line in 
which it intersects a given plane is always a line of the complex is the 
point which is represented by the second of equations (2) or (3), when 
the v’b are coordinates of the given plane. 

Theobem 1 . A nonspecial linear complex has a pencil of lines in 
every plane and a pencil of lines through every point in space. 

The complex orders to each point a unique plane, the plane of the 
pencil of lines at the point, and to each plane a unique point, the vertex 
of the pencil of lines in the plane. Moreover, if it orders to the point 
P the plane p, it evidently orders to the plane p the point P. 

The point-plane involution of space thus established is represented 
by either of the equations (3), since the first of these equations defines 
the plane p corresponding to a given point P, and the second deter¬ 
mines the point P corresponding to a given plane p. 

Thus, equations (3) represent the same involutory correlation of 
space. Since a n , a M , a u , a M , a«, a-* are subject only to the condition 
(a, a) ^ 0, the sixteen ai,’s are subject only to the condition that 10,71 
be skew-symmetric, 7^ 0. Hence, to each nonspecial complex (1) 
corresponds an involutory correlation (3), and conversely. 

An involutory correlation with skew-symmetric determinant is 
known as a null system. We may, then, state our result as follows: 

Theobem 2. A nonspedal linear complex determines a null system, 
and conversely. 

It is customary to employ the same terminology for a null system as 
for a polar system. The general properties of the null system, that is, 
those depending only on the fact that the system is an involutory cor¬ 
relation, are identical with those of a polar system (§9). Of the special 
properties of the null system, bearing on its relationship to the corre¬ 
sponding linear complex, we already have 

Theobem 3. A point and a plane are pole and polar in the null system 

and only if the point is the vertex of the pencil of lines of the complex 
which lies in the plane , or the plane is the plane of the pencil of lines of the 
complex which issues from the point. 
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Theorem 4. Every point lies in He polar plane and every plane con¬ 
tains its pole; in other words, every point and every plane is self-conjugate. 
Since the polar plane of a point contains every line of the complex 
passing through the point, the polar plane p of 
a point P on a line L of the complex always 
contains L. Consequently, as P traces L, p 
rotates about L : L is its own polar line. 

If L is not a line of the complex, the polar 
plane p of a point P on L never contains L. 
As P traces L, p rotates about L', the polar 
line of L. Since the lines of the complex which 
meet L are precisely the lines through the 
points P lying in the planes p, they all meet U 
and clearly exhaust all the lines which meet both L and L' (Fig. 8). 



Theorem 5. The lines of the complex are self-polar. Two lines not 
belonging to the complex are mutually polar if and only if the lines of the 
complex which meet the one intersect the other, or if and only if the lines 
which meet both all belong to the complex. 

Incidentally, we have determined all the lines of the complex which 
intersect a given line. 

Theorem 6. There are oo* lines of the complex intersecting a given 
line. If the line is not in the complex, the «* lines are all the lines which 
meet it and its polar line. If the line belongs to the complex, the « 3 lines 
are distributed with respect to it as are the tangent lines to a nonsingular 
quadric surface at the points of a ruling. 

We leave to the reader the justification of the description in the latter 
case (Ex. 2). 

Since two polar lines not belonging to the complex are skew lines, a 
line meets its polar if and only if it belongs to the complex and so is its 
own polar. Hence: 


Theorem 7. The self-conjugate lines of the null system coincide with 
the ssl&m alar lines, in the lines of the complex. 

EXERCISES 

directly that equations (3) represent the same involutory oorrela- 

2. Justify the description, in Theorem 6, of the lines of the complex which 
meet a given line of the complex; see { 9, Ex. 1. 
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3. A tetrahedron whose vertices and faces are pole and polar with respect to 
a null system is said to be self-polar. Show that a necessary and sufficient 
condition that a tetrahedron be self-polar is that two opposite edges be polar 
lines or that two pairs of opposite edges belong to the complex. 

4. Show that four mutually skew lines which are polar in pairs in a null 
system belong to a regulus. 

5. Prove that the lines of a nonspecial complex which intersect two non¬ 
conjugate lines form a regulus. 

6. Show that the polar of a regulus with respect to a null system is a regulus. 
When is a regulus self-polar? 

7. Prove that five lines are linearly independent if and only if they are 
intersected by at most one (singly counting) line. 

8 . Show that there is a unique linear complex containing five given lines 
which are intersected by at most one line and that the complex is nonspecial 
if no line meets the five given lines. 

9. Prove that there is a unique null system with respect to which two pairs 
of lines of a regulus are polar lines. 

10. Show that there is a unique null system in which two given lines are 
mutually polar and a third self-polar, provided the three lines are skew to 
one another. 

16. Continuation. Metric Properties. In order to obtain a clearer 
picture of a linear complex, considered as a whole, we proceed to 
discuss it with reference to the metric geometry of Cartesian space. 
We assume that the complex is nonspecial and real. 

If L is a finite line through the pole As of the plane at infinity, the 
polar of L is a line L' in the plane at infinity and the planes deter¬ 
mined by U and the finite points of L, that is, the polar planes of the 
finite points of L, are all parallel. In particular, if L' is the polar line 
of Aj with respect to the absolute conic, the polar planes of the points 
of L are all perpendicular to L, and conversely. 

Theorem 1. There is a unique finite line which is perpendicular to 
the polar planes of the finite points lying on it. 

This line is called the axis of the complex. 

If A< is an arbitrarily chosen finite point on the axis L , and Ai, A* 
are any two points on L' which are conjugate with respect to the abso¬ 
lute, the finite edges of the tetrahedron AjAjAjAi are mutually per¬ 
pendicular, and the tetrahedron may be used as tetrahedron of refer¬ 
ence for rectangular Cartesian coordinates. Since AjA s , AjA 4 are 
polar lines, the remaining edges of the tetrahedron belong to the 
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complex and the equation of the complex in ray coordinates becomes 

(1) ouPm + a u pu — 0, ouo»4 9* 0. 

Restricting ourselves to the finite domain and thinking of the line p 
as determined by the points with nonhomogeneous Cartesian coordi¬ 
nates ( x, y, z), (5, y, I), we replace (1) by 

(2) xy —x y + k(z - z) = 0, k 0. 

Since the origin A t was any finite point on L and the points at 
infinity Ai and A% in the directions of the axes x and y were any two 
points on V conjugate with respect to the absolute, it is reasonable to 
expect that equation (2) is invariant with respect to any Bcrew motion 
about the axis of z—the axis of the complex. That this iB, indeed, the 
case may be readily verified analytically. 

Theorem 2. A nonspecial linear complex is invariant with respect 
to the group of screw motions about its axis. 

It is clear from the definition of the axis that the lines which inter¬ 
sect the axis at right angles belong to the complex. To visualize the 
complex, we seek a picture of the lines of the complex intersecting an 
arbitrary ray R which issues from a point of the axis and is perpendi¬ 
cular to it. Since, by Th. 2, this picture is the same for every ray R, 
it suffices to construct it for one ray, for example, the positive half of 
the x-axia. 

The equation of the polar plane p of the point P : (r, 0, 0), r = 0, on 
the positive half of the axis of x, obtained by setting x = r,y = z = 0 
in (2), is 

(3) ry — kz = 0. 

Evidently p goes through the axis of x and meets the (y, z)-plane in 
the line through the origin whose slope with respect to the y-axis is 
rjk. Hence, p may be obtained by rotating the (x, y) -plane about 
the axis of x through the angle 6 defined by 

(4) tan 0 = 

where the positive direction of rotation is that from the positive y-axis 
$jjp fefe positive z-axis. 

**The desired picture is now clear. As the point P, starting from the 
origin, recedes indefinitely on the positive half of the z-axis, the plane 
p, starting from the horizontal position, rotates gradually about the 
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*-axis and approaches the vertical position as a limit. If the rotation 
of p is viewed from a point on the negative axis of x, the direction of 
rotation is that of a right-handed or left-handed screw according as 
k > 0 or < 0. 


. „ EXERCISES 

1» Prove Theorem 2. 

2. Prove that there is a two parameter family of helices, or circular screws, 
which have the s-axis as axis, rise a given vertical distance with each turn about 
the axis, and wind about the axis in the same direction. Prove that, if 2nd 
is the given distance, the equations 

* = p cos (<^ + a), y = p sin ($ + a), z = d $, /> = 0, 

constitute a representation, in terms of the parameter of the helix of the 
family which passes through the point in the (x, y)-plane with polar coordinates 
(Pi a). 


3. Show that there is a family of helices of the type just described which is 
associated with a given nonspecial linear complex in such a way that the polar 
plane of an arbitrary point P is the normal plane at P of the helix which passes 
through P. 


17. linear Congruences. Reguli. A two-parameter family of 
lines is known as a congruence of lines. Two independent equations 
homogeneous in ray or axis coordinates determine, in general, a congru¬ 
ence. If the equations are both linear, the congruence is called linear. 

We shall represent a linear congruence by two linearly independent 
linear equations in the ray coordinates p, writing the equations in the 
symbolic forms 

0) («, P) = 0, ( b, p) = 0. 

The lines of the congruence are the lines common to the two linear 
complexes represented by the two equations taken individually. 
Hence, they belong also to every complex of the 'pencil of linear com¬ 
plexes: 

(2) k (a, p) + l (b,p) = 0 or (fc a + l b, p) = 0, 

and are the lines common to each two distinct complexes of this pencil. 

Theorem 1. The lines of a linear congruence belong to each of the 
complexes of a pencil of linear complexes associated with the congruence, 
and are precisely the lines common to each two complexes of the pencil. 

Since the lines of the congruence belong to whatever special com¬ 
plexes are contained in the pencil, they must intersect the axes of the 
special complexes of the pencil. These axes are called the directrices 
of the congruence. 



472 


HIGHER GEOMETRY 


Theorem 2. The lines of a linear congruence intersect every directrix 
of the congruence. 

The general complex of the pencil (2) is special when and only when 
k, l satisfy the equation 

(3) k*(a, a) + 2 kl(a, b) + P(b, b) = 0. 

Hence, the congruence has two distinct directrices, one doubly count¬ 
ing directrix, or ® 1 directrices. It is known respectively in these three 
cases as nonparabolic, parabolic, and special. 

For a nonparabolic congruence, the pencil contains two distinct 
special complexes. If these are taken as the complexes o, b, then 
(a, a) — 0, (6,6) — 0 and hence, since (3) may not reduce to the identity, 
(a, b) & 0. Consequently, the two directrices of the congruence are 
skew lines, and the congruence consists of all the lines which intersect 
them both. 

Theorem 3. A linear congruence of lines consists, in general, of the 
lines which meet two skew lines. 

Since the lines of the congruence belong to eveyy complex of the 
pencil, we have, by § 15, Th. 5: 

Theorem 4. The directrices of the general linear congruence are polar 
lines with respect to every nonspecial complex of the associated pencil of 
linear complexes. 

A parabolic congruence has a single (doubly counting) directrix L and 
consists of the lines of a nonspecial complex of the pencil which meet L. 
If L did not belong to this nonspecial complex, these lines would inter¬ 
sect a second line skew to L, by § 15, Th. 6, and the congruence 
would be nonparabolic. Hence, L is a line of the nonspecial complex 
and the lines of the congruence are distributed with respect to it as arc 
the tangent lines to a nonsingular quadric at the points of a ruling. 

The w* directrices of a special congruence are the lines of a pencil. 
The congruence consists of all the lines through the vertex of the pencil 
and all the lines in the plane of the pencil. 

Beguli. We define a regulus anew as the totality of lines which 
satisfy three linearly independent linear equations in, let us say, the 
ra^ coordinates p: 

(4) (a<*\ p) = 0, (o«p)-0, («<»>, p) = 0. 

The regulus consists, then, of the lines common to the three linearly 
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independent linear complexes represented by the individual equations 
(4), or of the lines common to any three linearly independent com¬ 
plexes of the sheaf of complexes 

( 6 ) *i(o Cl) , p) + fa(a w , p) + hi (a <8> , p) = 0. 

Theorem 5. The lines of a regulus belong to each of the complexes of 
a sheaf of linear complexes associated with the regvlus, and are precisely 
the lines common to any three linearly independent complexes of the sheaf. 

The axes of the special complexes of the sheaf are called directrices 
of the regulus. 

Theorem 6. The lines of a regulus intersect every directrix of the 
regvlus. 

The condition that the general complex f5) of the Bheaf be special is 
that k\, fa, k t satisfy the quadratic equation 

(6) )ktkj — 0. 

Let us interpret ki, fa, fa as homogeneous point coordinates in a 
projective plane, and think of the point (fa, fa, fa) of the plane as 
ordered to the complex (5) of the sheaf, and vice versa. There is thus 
established a one-to-one correspondence between the points of the 
plane and the complexes of the sheaf which has the following proper¬ 
ties: (a) to three noncollinear points of the plane correspond three 
linearly independent complexes; ( b ) to a point of the point conic (6) 
corresponds a special complex and hence a directrix of the regulus; 
(c) to two conjugate points of the point conic (6) correspond two inter¬ 
secting directrices of the regulus. Each of these properties is re¬ 
versible. Only the third requires proof, and the proof of it is straight¬ 
forward. 

Nondegenerate Reguli. If the point conic (6) is nondegenerate, the 
regulus is said to be nondegenerate. Since in this case two distinct 
points of the conic cannot be conjugate, each two directrices of the 
regulus are skew lines. Hence, the regulus consists of the <* )1 lines 
which meet three skew lines (Ths. 5, 6). It is then a regulus in the 
sense in which the term was originally defined; see §§ 8, 11. 

Theorem 7. The directrices of a nondegenerate regvlus constitute 
the conjugate regvlus. 

Since the lines of the regulus meet every directrix, the « 1 directrices 
belong to the conjugate regulus. Conversely, a line p* of the con- 
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jugate regulus is a directrix of the given regulus. For, if p a> , p (t) , p Cs) 
are three lines of the given regulus and a (1) , a (J) , a (s) three directrices, 
p* is a solution of the three linear homogeneous equations 

P*) = 0, <p<*>, p*) = 0, (p<*\ p*) = 0, 

of which a (1 \ a lt) , a U) are three linearly independent solutions; hence 
p* is & linear combination of the three directrices a (l) , a (1) , a (rt , and so 
is itself a directrix. 

Degenerate Reguli. These are of three different types, according as 
the rank r of the matrix of the quadratic form in (6) is two, one, or zero. 
We content ourselves with a statement of the results in each case. 

A: r = 2. The regulus consists of two pencils of lines which have 
different vertices and planes, but a common line. Its directrices con¬ 
stitute a second regulus of the same type. 

B: r = 1. The regulus is a single doubly counting pencil of lines, 
and the regulus of directrices coincides with it. 

C: r = 0. In this case, the regulus consists of °o 2 lines, namely all 
the lines of a sheaf of lines or all the lines of a plane of lines. Here, 
too, the regulus of directrices coincides with the given regulus. 

We may now draw the following conclusion. 

Theorem 8. The directrices of a given regulus constitute a regulus 
of the same type as the given regulus. 

EXERCISES 

1. Show that there is a unique linear congruence which contains four given 
linearly independent lines. 

2. Prove that a parabolic congruence actually consists of the lines tangent 
to a nonsingular quadric at the points of a ruling. 

3. Show that a special congruence consists of the lines which meet two inter¬ 
secting lines. 

4. Prove that all the lines of a congruence meeting a line which does not 
belong to the congruence and is not a directrix of the congruence form a regulus. 

5. Show that there is a unique regulus which contains three given linearly 
independent lines. 

6 . Prove that, if a linear complex does not contain a linear congruence, the 
two have a regulus in common. 

7. Establish the facts concerning degenerate reguli. 

& Find the number of linear complexes, linear congruences, and reguli in 
space. 
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9. Show that the lines linearly dependent on five linearly independent lines 
are the lines of a linear complex, and conversely. 

10. Show that the lines linearly dependent on four linearly independent lines 
are the lines of a linear congruence, and conversely. 

11. The lines linearly dependent on three linearly independent lines are the 
lines of a regulus (§ 14, Ex. 9). Is the converse true? 

12. Why is it that a regulus, which has in general « 1 lines, may have «* lines, 
whereas a linear congruence always has lines, and a linear complex always 
has oo* lines? 

13. Show that every linear complex which contains a given linear congruence 
belongs to the pencil of linear complexes associated with the given congruence. 

14. Does every linear complex which contains a given regulus belong to the 
Bheaf of linear complexes associated with the regulus? If your answer is in the 
negative, justify it by an example. 
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182; 

— in space, 441, 442. 
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s in complex inversive plane, 
398, 399; 

— s on the sphere, 454-457; 
equation of—in isotropic coordi¬ 
nates, 390, 391, 398; 

in tetracyclic coordinates 

459; 

coordinates of —, 459. 

Circle, special; 
nine-point —, 321; 

— at infinity, 425, 426, 429; 
osculating — 294, 324; 

— s in an isotropic plane, 445, 457; 

' s in a pencil of point conics, 324, 

325; 

— s on a quadric, 443, 444. 

Circles, related to two or more circles; 

— of similitude, 361-363; 

— of antisimilitude, 368-370, 371; 
radical —, 354; 

— cutting at the same angles, 370- 
376. 


Cartesian coordinates, see Metr 
coordinates. 

Center, of a conic, 235, 245; 

— 8 of conics of a pencil of conic 
318; 

— of a quadric, 441; 

— s of similitude, 360, 362. 
Central conics, 235-243; 

special imaginary —, 249; 
similar and similarly placed —, 29 
- 300 ; 

conjugate 298-300; 

confocaJ 308,309,313,324,325. 

Central quadrics, 441-444. 

* theorem, 81. 

Circle, general, see Contents, Ch. 
XVlII; 

Projective-metric propertiee of the 


Circles, two or more, radical axis of, 
348-352; 

radical center of —, 358; 
axes of similitude of —, 361; 
centers of similitude of —, 360. 
362. 

Circles, orthogonal, 346-348, 355 ,356, 
460; 

system of —, 355-357, 379; 

— to three circles, 357, 358; 

— on the sphere, 454, 456; 
set of four —, 460, 461. 

Circles, tangent, 373, 381-384, 460; 

— to tm circles, 373, 374 382-337/ 

— to three circles, 375, 384; 
poristic systems of —> 382-384. 

Circles, pencil of, 48, 49, 353, 356,357, 

378, 379; 

conjugate — B, 357. 
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Circles, coaxal, 349,360,352,353,354; 

systems of —*, 350-355. 

Circular points at infinity. 122, 126. 
128-130. 

Circular transformations, 384-388, 
390,393-396; 

— in the complex plane of inver¬ 
sion, 399, 459; 

— on the sphere, 455-458. 
Cpfactor, 14. 

Collineations of the plane, 110-112, 
114, 168, 278; 

fixed points of —, 172,173; 
involutory — 272-274; 
applications of —, 334-342. 
Collineations of space, 422-424, 429; 

— leaving a quadric fixed, 449,450; 
orthogonal —, 457. 

Complete quadrangle, 25; 
diagonal points of —, 28, 45; 
diagonal triangle of —, 46, 64; 
harmonic properties of —, 60, 61, 

326, 327; 

miscellaneous theorems concerning 
— #, 25, 26, 28, 46, 248, 317,318, 
321, 324, 354, 362. 

Complete quadrilateral, 25; 
diagonals of —, 28, 46; 
mid-points of diagonals of —, ool- 
linear, 64, 81, 318; 
diagonal triangle of —, 59, 64; 
harmonic properties of —, 58-61, 

327, 334; 

miscellaneous theorems concerning 

R —#, 27,28,46,64,248, 317,361. 
plex numbers, 115; 
ujugate —, 117,119. 
plex of lines, 465-471, 474, 475. 
Cones, 415, 416, 431. 

Congruences of lines, 471, 472, 474, 
475. 

Conics, nondegenerate, as point con¬ 
ics, 192-195; 

—, as line conics, 196,197; 

—, as both, 198,199; 
complex —, 200; 

projective properties of —, see Con¬ 
tents, Cha. XIV-XVI; 
affine properties of —, 132, 133, 
186, 235-239, 245, 249, 276, 277; 
metric properties of —, 131-136, 
240-243, 246, 248, 249; 


projective c l as sifi c a t ion of —, 232- 
235* 

jt 00 ’ . v 

affine classification of —, 186, 237 - 
239; 

metric classification of—, 131,132, 
240, 241; 

projeotive generation of —, 281- 
253, 255-259, 277; 
invariants of —, 246-248, 321-323; 
parametric representation of — 
225, 274-276; 

contact of —, 282-284, 292-295, 
304, 305; 

similar and similarly placed —, 298 
-300,325; 

confocal —, 308-310, 313,324, 325. 
Conics, degenerate, 131,132,189-191, 
196, 199; 

tangents to, and contact points of 
- 200 ; 

properties of —, 243-246; 
projective generation of —, 253, 
255; 

—, of a pencil of conics, 285, 287, 
292, 306; 

contact of —, 283,304. 

Conics determined by points and 
tangents, 253, 254, 257-269, 285, 
289, 290, 306, 307, 313. 

Conic, eleven-point, 320, 321. 

Conics, pairs and pencils of, see Con¬ 
tents, Ch. XVI. 

Conjugate diametera, of a conic, 236, 
237, 239, 241-243; 

— and diametral planes of a quad¬ 
ric, 444. 

Conjugate elements with respect to, a 
conic, 226, 227, 243-245; 

— a pencil of point conics, 319-321, 
403; 

— a quadric, 437-441; 

— a null system, 468. 

Construction, of the fourth harmonic 

element to three given elements, 
61; 

— of complete quadrilateral with 
given diagonal triangle, 64; 

— of an involution determined by 
two pairs of points, 154; 

— (t poles and polars, 229, 230; 

— of tangents from an external 
point, 230; 
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— of tangent to a conic, 230, 263; 

— of contact point of a conic, 230, 
264; 

— a of conic* determined by points 
and tangents, 261, 262,264; 

— S of projective correspondences, 
266, 268, 269; 

miscellaneous —s relating to con¬ 
ics, 277, 278. 

Contact lines of a quadric cone, 415, 
416. 

Contact point, on a line, of a line 
conic, 197, 200; 

-of a line curve, 204; 

-of an algebraic curve, 215; 

—, in a plane, of a plane quadric, 
433. 

Continuity of analytic proofs, 336, 
337 

Coolidge, 139, 386, 395. 

Coordinates, see also Metric, Affine, 
Projective, Isotropic; 
barycentric —, 170; 
circle —, 459; 
tetracyclic —, 458-461; 
tetrahedral —, 420; 
tri linear —, 170. 

Correlations of the plane, 168, 326; 
involutory —, 230, 231, 326-334. 

Correlations in space, 422-424; 
involutory —, 436, 437, 467. 

Correspondences, one-to-one, 19, 97. 

Counting constants, 174-178. 

Cramer’s rule, 1. 

Cross ratio, in the plane, see Contents, 
Ch. VI; 

of lines, in terms of angles, 77; 

— in projective coordinates, 141, 
161,163; 

— of complex elements, 145; 

— of points on a conic, 267, 275; 

— of tangents to a conic, 267; 

— of rulings of a regulus, 447; 

— in the plane of inversion, 391- 
396, 458; 

analytic definition of —, 411- 
413. 

Curves, point and line, see Contents, 
Ch. XIII; 

-, fundamental theorem for, 

206-208, 218; 
algebraic —, 212-225; 


parametric representation of —, 
207, 209, 210, 223-226. 

Ciosp, 219. 

Cyclic order, 33, 

Cylinder, 444. 

Deficiency, 221. 

Deeargues, 23. 

Desargues’ involution theorem, 311; 

— for a pencil of circles, 153; 

— for a complete quadrangle, 154. 
Desargues’ triangle theorem, 23-25, 

27, 41-43, 328. 

Determinants, 14; 
symmetric and skew-symmetric —, 
15; 

product of two —, 15. 

Diameters, of conics, 236-243; 

— and diametral planes of a quad¬ 
ric, 441, 444. 

Dimensionality, 178. 

Directed distance from a line to a 
{Mint, 46, 49, 460, 461. 
Directrices of conics, 134—136, 241- 
243, 310. 

Discriminant, of a conic, 131, 133, 
187,196, 246; 

— of a quadric, 430, 433. 

Division, of a line-segment, 50, 71; 

— of two lines, 47, 53. 

Domain, complex, of metric geometry, 

116; 

—, of projective geometry, 116, 
145; 

—, of inversive geometry, 398; 
metric geometry of —, 119-136, 
424-430. 

Domain, infinite, of metric geometry, 

22 ; 

—, of inversive geometry, 377,397, 
399. 

Double points and double tangents of 
an algebraic curve, 219, 220,223. 
Duality, in the plane, 26-28, 68, 76; 
analytic — in the plane, 66, 68-70; 
—- and correlations, 168; 

— in space, 407. 

Eccentricities of a conic, 135, 136, 
246, 248. 

Eleven-point conic, 320, 321. 

Ellipse, 131-136, 235-243, 245. 
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Ellipsoid, 442. 

Envelopes of lines, 209-212. 
Equi-aaharmonic sets of elements, 
148. 

Equivalence, concept of, 234. ' 
Euclidean geometry, 130, see also 
Metric geometry. 

Foci of conics, 134-138,241-243,308- 
310, 324, 325. 

Foundation for projective geometry, 
413, 414. 

Fundamental forms, one dimensional, 
in the plane, 144; 

-of the second order, 267, 447; 

— in the plane, 144,166; 

— in space, 407. 

Generalizations of theorems, concept 
of, 62; 

— by polar reciprocation, 332-334, 
341, 403; 

— by projection, 334-340, 342; 

— by inversion, 379, 380, 389; 

— by a quadratic transformation, 
403. 

Genus, 221. 

Geometry, general, see Contents, Ch. 
XI. 

Geometries, special, see Projective, 
Affine, Metric, Inversive. 
Gergonne, 27. 

Group of transformations, definition 
of, 91, 92; 
continuous —, 387. 

^Harmonic division, see Contents, Ch. 
IV; 

condition for —, 79, 155; 

— of two pairs by a third pair, 151, 
155, 271, 272, 380; 

— of points on a conic, 270, 272; 

— of tangents to a conic, 272; 

— in theplaneof inversion,392,393. 
Homology, 423, 456. 

Homothetk transformations, 113, 

300, 359, 388. 

Hyperbola, 131-136, 235-243, 245; 

rectangular —, 321, 324. 
Hyperboloid, 442. 

Hypocycloid of four cusps, 204, 209, 

222 . 


Inflection, points of, 220; 

— oj^a cubic curv^of genus one, 

Inflectional tangents, 220. 

Intersections of two point conics, 
279-284, 323. 

Invariants, concept of, 93-95; 
relative —, 129; 
weight of —, 246; 
arithmetic —, 248. 

Inverse points, in a circle, 346, 347, 
354, 366, 367, 378, 400, 461; 

— in each of two circles, 349, 379, 
380; 

— in a circle on the Bphere, 455, 
456. 

Inversion, in the real Cartesian plane, 
363-368; 

— in the real inversive plane, 377; 

— in the complex Cartesian plane, 
400, 403; 

— on the sphere, 465-457; 
applications of —, 378-384; 

— of regions, 380-382. 

Inversive geometry, 388-390; 

projective equivalent of real—,395. 

Lnvereive geometry on the sphere, 
451-458; 

—, equivalent to projective geom¬ 
etry on a quadric, 451, 456; 
relation of — to surrounding pro¬ 
jective space, 455-458. 

Inversive properties, 388, 390. 

Involutions, one dimensional, 149- 
155; 

-, represented by bilinear 

forms, 154; 

-, determined by pairs of 

quadratic forms, 155; 

-, on a conic, 270-273; 

-, determined by a pencil of 

conics, 311-314; 

— in the plane, 272-274; 

— in space, 423, 424, 456; 

Moebius —, 394, 396. 

Isogonal conjugate points, 49, 172, 
324, 403. 

Isotropic cone, 425, 426. 

Isotropic coordinates, in real inversive 
plane, 390, 391, 394; 

— in complex inversive plane, 396, 
397, 399, 448, 453. 
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Isotropic line& in the plane, 120-130; 
quadrilatertfts with — as sides, 126 
128, 135, 242; ’ “ ’ 

— in space, 424-426; 

— in the plane of inversion, 396- 
400. 

Isotropic planes, 426, 426, 429. 

Klein, 18. 

Laguerre's projective interpretation 
of perpendicularity and angle, 
127, 130, 426, 429, 454. 

Laplace, 462. 

Line, as fundamental element, 65, 
178, 407, 461; 
extended —, 137,138; 
projective —, 143; 

— s at infinity in metric spaces, 22, 
31,171; 

— s at infinity in inversive plane, 

397, 398; 

imaginary — a, 116-119, 145, 397, 

398. 

Lines in the plane, pencils of, 36; 
linear dependence of —, 36, 44, 68; 
concurrent —, 32, 38; 
parallel —, 123, 180; 
harmonic sets of —, 56. 

Lines in space, pencil and sheaf of, 
407; 

coordinates of —, 462, 463; 
linear dependence of —, 464, 465, 
469, 475; 

condition that two — intersect, 464; 

— intersecting four lines, 450, 465; 
complex of —, 465-471, 474, 475; 
congruence of —, 471,472,474,475; 
regulus of —, see Reguli. 

Line conics, see Contents, Chs. XII, 
XIV-XVI, also Conics. 

Line curves, see Contents, Ch. XIII, 
also Curves. 

Line geometry in space, 461-475. 
Linear combination, of number sets, 
ii; 

— of lines, 34, 44, 69; 

— of points, 40, 44, 69; 

— of conics, 284, 286, 305; 

— of circles, 48, 353; 

— of points or planes in Bpace, 406, 
407; 


— of lines in space, 464, 465,475. 

Linear dependence, of number sets, 8; 

— of lines or points in the plane, 
37-40, 44, 68; 

— of circles, 352, 359; 

— of points or planes in Bpace, 406, 
407; 

— of lines in space, 464, 465, 460, 
475. 

Linear equations, see Contents, Ch. I. 

Linear transformations', one-dimcn- 
sional, 99-102, 142; 

—, two-dimensional, 103-112, 114, 
160-162; 

—, three-dimensional, 422; 

— of the complex variable, see Cir¬ 
cular transformations; 

—, singular, 100, 114, 244. 

Maclaurin’s method of generating a 
conic, 257. 

Matrices, 1-3. 

Menelaus’ theorem, 81, 361. 

Metric (Cartesian) coordinates, of 
points in the plane, see Contents, 

Ch. Ill; . 

— of lines in the plane, see Con¬ 
tents, Ch. V; 

— in a range of points or pencil of 
lines, 137; 

— of points and planes in space, 
404. 

Metric geometry, 18, 112, 185, 429; 

—, relation of, to projective geom¬ 
etry, 112, 130, 185; 

— of the circle, 389, 396. 

Metric property, definition of, 18,112, 
185; 

— with respect to inversive geom¬ 
etry, 389; 

relative nature of —, 389. 

Minimal line, see Isotropic line. 

Minimal plane, see Isotropic plane. 

Moebius, 56,170, 394, 456. 

Newton’s method of generating a 
conic, 258. 

Nine-point circle, 321. 

Null systems, 467-471. 

Orthogonal substitutions, 457-459. 

Osculating circle, 294,324. 
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Osgood, 123, 205, 210, 215, 218. 

.Parabola, 131-134, 235-243, 245; 
special imaginary —, 249; 

— s in a pencil of point conics, 
292,300; 

similar and similarly plaoed —s, 
299,300; 

oonfocal — s, 310, 313, 324, 325. 
Paraboloid, 441-444, 451. 

Parallelism of lines, 123,180. 
Parameters, count of, 174-178; 
homogeneous —, 175; 
mixed —, 176, 390, 397, 448. 
Parametric representations, of curves, 
207-210; 

— of unicursal curves, 223-225; 

— of conics, 225, 274-276; 

— of quadrics, 449, 451. 

Pascal’s theorem, 259-264, 278, 297, 

335. 

Pencil, of lines, 36; 

— of circles, 48, 353; 

— of tangents to a conic, 267; 

— of conics, 284-292, 305-308, 
311-321; 

— of planes, 405, 406; 

— of circles on the sphere, 454,457; 

— of linear complexes, 471. 
Perpendicularity, projective interpre¬ 
tation of, 127, 426. 

Perspective correspondences, 254, 
255, 264-267, 414, 415. 

Plane, as fundamental element, 178, 
407; 

— at infinity, 22; 

I extended Cartesian —, 22; 
extended complex —, 116; 
projective —, 159; 
real — of inversion, 377, 395; 
complex — of inversion, 397. 
Planes, pencil and sheaf of, 405-407; 
linear dependence of —, 406, 407; 
coaxtd—, 406; 
copunctual —, 407. 

Flans quadrics, 432, 433, see also 
Quadrics. 

Pluecker, 30, 34, 67; 

— line coordinates, 461-463; 
equations of —, 220, 221. 

Foist, as fundamental element, 65, 
178,407; 


— Bat infinity in metric spaces, 21, 
22,404; * 

—-s at infinity in inversive plane, 
377, 397, 398; 

imaginary — s, 115-119, 145, 397; 
geometry at a —, 415, 416. 

Points, ranges of, 40, 69, 267, 406; , 
linear dependence of —, 39, 44, 68, 
406, 407; 

col linear —, 33, 40; 
coplanar —, 407; 
harmonic sets of —, 53, 392; 
concyclic —, 392, 395; 
orthocyclic —, 392, 395, 468; 
isogonal conjugate —, 49,172, 324, 
403. 

Point conics, see Contents, Chs. XII, 
XIV-XVI, also Conics. 

Point curves, see Contents, Ch. XIII, 
also Curves. 

Point quadrics, 430-432, see also 
Quadrics. 

Polar elements with respect to, a 
conic, 227-231, 243-245; see also 
Polar reciprocation; 

— pairs and pencils of conics, 314- 
318; 

— a circle, 243, 331; 

— a quadric cone, 416; 

— a quadric, 436-441; 

— a null Bystem, 467-472. 

Polar reciprocation, 326-334. 

Poncelet, 18, 27, 30, 326, 336. 

Poristic system of circles, 382-384. 

Power of a point, 345, 351; 

relative —, 460, 461. 

Principal planes of a quadric, 443. 

Projection, of a line upon a line, 16, 
23, 95, 97; 

— of a plane upon a plane, 16, 23, 
102; 

vanishing points and lines of — s, 
19, 20, 23; 

applications of — s, 334-342. 

Projective coordinates, one dimen¬ 
sional, see Contents, Ch. IX; 

-in the points of a conic, 274, 

275; 

-in a regolus, 448; 

-in space, 408-411, 418; 

— in the plane, see Contents, Ch. 
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—, two-dimensional, in space, 414. 
415,418; ’ ’ 

of points and planes in space. 
416-421; v ’ 

— of lines in space, 462, 463; 

— on a quadric, 448. 

Projective correspondences, one-di¬ 
mensional, 95-97, 144, 145, 264- 
267, 413, 445, 446; 

-on conics, 267-272, 278; 

-on quadrics, 448, 451; 

—two-dimensional, 414, 415. 
Projective geometry, 18, 112, 185, 
429; 

complex —, 145; 

— at a point, 415, 416; 

— on a quadric, 448-451; 

— in a regulus, 447, 448; 

— in the lines of space, 461-475. 
Projective property, definition of, 17, 

112, 185. 

Projective transformations (one-di¬ 
mensional), see contents, Ch. VII, 
Part B; 

— in projective coordinates, 141, 
145; 

— of any fundamental forms, 145; 
fixed elements, invariant, and clas¬ 
sification of —, 146-149, 186; 

involutory —, 149-155; 

—, represented by bilinear forms, 
154; 

— on a conic, 267-272, 275, 278; 

— on a quadric, 448-450. 

Projective transformations (two-di¬ 
mensional), see Contents, Ch. 
VII, Part C, and Collineations, 
Correlations; 

— in projective coordinates, 162; 

— of any fundamental forms, 166; 

— on a quadric, 449, 450. 

Projective transformations, three- 

dimensional, 421-424. 
Proportionality, see linear depend¬ 
ence. 

Quadratic forms in two variables, 155. 
Quadratic forms, in three variables, 
invariants of, 246-248; 
polar forms of —■, 436. 

Quadratic transformations, 401-403. 
Quadric cone, 415, 416, 431. 


Quadrics, nonsingular, as point quad¬ 
rics, 432; 

—, as plane quadrics, 433; 

—, as both, 433, 434; 
rulings of —, 434, 435; see also 
Raguli; 

projective properties and classifica¬ 
tion of —, 434-441, 445-451; 
affine properties and classification 
of —, 441-443; 

metric properties and classification 
of —, 443, 444; 

projective generationof —, 445-448; 

— determined by given conditions, 
447, 450. 

Quadrics, singular, 431, 433. 

Radial transformation, 113. 

Radical axis, 348-352. 

Radical center, 358. 

Radical circle, 354. 

Range of points, 40, 406; 

— on a conic, 267. 

Rank of a matrix, 2. 

Reciprocal polar figures and curves, 
326, 328-330, 343. 

Rectangular trihedrals, 426-430. 

Reflections, of the plane, 388; 

— of epace, 428. 

Reguli, 435, 445-451, 472-475; 
degenerate —, 474; 
conjugate —, 435; 
projective geometry in —, 447,448. 

Relative slope of a line, 124,125,128. 

Rigid motions, of the plane, 18,84-05; 

-, fixed points of, 126; 

-, as circular transformations, 

388; 

— of space, 427-430; 

—, as collineations, 130, 429. 

Rotations, of the plane, 84, 85, 88, 92, 
93; 

-, as circular transformations, 

388; 

— of space, 427, 428, 430. 

Screw motion, 430, 470. 

Self-conjugate tetrabedra, 439, 441. 

Self-conjugate triangles, 231,232,236, 
241,248, 322,323; 

— with respect to a pair or a pencil 
of conics, 316-318- 



INDEX 


Sheaf, of lines or planes, 407; 

— of linear complexes, 473. 
Similarity transformations, 113; 

direct and indirect —, 387, 388; 

— of space, 428, 429; 

—, as collineations, 129, 130, 429; 
—, as affine transformations, 184, 
429; 

—, as circular transformations, 
384-388. 

Singular lines, of a line conic, 196; 

— of a pencil of line conics, 315- 
318; 

— of an algebraic curve, 215, 218- 

222 . 

Singular planes of a plane quadric, 
433. 

Singular points, of a point conic, 189; 

— of a pencil of point conics, 315- 
318; 

— of an algebraic curve, 214, 218- 

222 ; 

— of a point quadric, 431. 

Skew quadrilateral, 435; 

— on a quadric, 436, 441, 447, 449. 
Skew involutions, 423, 424, 456. 
Space, extended, 22, 404. 

Steiner’s theorem, 252, 253. 
Stereographic projection, 451-455, 

457, 458. 

Sturm’s involution theorem, 311. 

Tangent line, at a point, to a point 
conic, 193, 200; 

--to a poj^it curve, 204; 

-to an algebraic curve, 214,225; 

, — to a quadric, 432, 433. 

'Tangent plane, to a quadric, 432; 

— to a quadric cone, 415. 

Tangents common to two line conics, 


ool linear points on the sides of a 
—, 43, 62-64, 71, 80, 82; 
bisectors of angles of a —, 47, 49, 
63, 71; 

medians of a —, 47, 172; 
altitudes of a—, 49, 172; 
centers of inscribed and escribed 
circles of a —, 172; 
circumscribed circle of a —, 172; 
area of a —, 95, 182. 

Transformations, see Contents, Ch. 
VII; 

associative law for —, 88; 
involutory —, 149; 
conformal —, 365; 
fixed points of —, 146. 

Transformations, applications of, see 
Contents, Ch. XVII. 

Transformation of coordinates, met¬ 
ric, in the plane, 141, 142; 

—, projective, in one dimension, 
141-143, 409; 

—, projective, on a conic, 275; 

—, projective, in the plane, 160- 
162; 

—, projective, in space, 417; 

—, metric to projective, 140, 160, 
417; 

—, affine, in the plane, 181; 

—, metric to isotropic, 396; 

—, isotropic, 394; 

—, isotropic to tetracyclic, 459. 

Translations, in the plane, 84, 85, 88, 
92, 93, 102; 

-, as circular transformations, 

388; 

— of space, 427, 428. 

Unicursal curves, 224. 

Unit element of projective coordinate 
system, 158, 163, 409, 417. 

United position, 408. 


303-305. 

Tetrfthedra, extension of Desargues’ 
triangle theorem to, 421. 

Tetrahedron of reference, 416. 

Triangle, of reference, 158, 163. 

—, self-conjugate, see self-conjugaj 
triangle. 

Triangle, theorem of 
25, 27,41-43, 328; 
concurrent lines through 
a 43, 62-64, 80, 



ishing points and lines, 19,20,23, 
% 105 . 

of a parabola, 240. 
jtaudt, 139. 

mtggpf projective coordinate 

■Tie, 416. 






